Statistics 521, Problem Set 7, Solutions
Wellner; 11/23/98

1. Let p be a sigma-finite measure and let v be a finite measure on (€2, .A).
Set ¢ = u — v; i.e. define ¢ : A — (—00,00] by ¢(A) = u(A) — v(A).
(a) Show that ¢ is a signed measure.

(b) Show that

o(A) = / (f — 9)d(u+v)

for some measurable functions f and g, g € L£1(p + v). Thus ¢ can
be written in the canonical form of the signed measure discussed in
example 4.1.1 and the preceding problem.

(c) Apply the results of Problem Set 6, problem # 5 to ¢: compute
ot &7, |¢|, and |¢[(2), assuming for the latter that u is also a finite
measure.

Solution: (a) First ¢(0) = u(@) —v(@) = 0—0 = 0,; next, for

A € A we have ¢(A) = u(A) —v(A) € (—oo, 00| since v(€2) < oo and
u(A), v(A) > 0; finally, for any collection of disjoint sets A,, € A,

¢(Z Ap) = M(Z An) — V(Z Ap) = ZM(AH) - Z v(An)
= Z(M(An) —v(4,)) = Z P(Ay) -

Thus ¢ is a signed measure.
(b) Now p < p+v and v < p+v, so by the Radon-Nikodym theorem,

f= d(:fiu) and g = d(j-yw) exist, are measurable, and, for A € A,

u(A) = [ gty o) = [ gdurn).
Hence we have

H(A) = p(A) — v(A) = / (f - g)d(pu+ ).

(c) Note that in part (b) we have written ¢ in the form of the signed
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measure treated in problem #1 with X replaced by (f — ¢g) and u
replaced by u + v. Hence it follows that

T(A) = —g)" v A4) = —-9g) v
¢@®—Au Ot y),  6(A) Lu g)~d(u+v)

and

6](A /v gld(u +v).

Thus we have [¢|(Q) = [, |f — gld(p+v).

. For probability measures P and @ on (€2, A), define

drv(P,Q) = sup | P(4) - Q(A).

AcA
You showed in problem 2, problem set #6 that dry (P, Q) = (1/2) [ |p—
q|dp for any measure p dominating both P and Q; ie. P << p,
Q << .
(a) Show that dy (P, Q) does not depend on the choice of p.
(b) Use the results of problem 1, part (c¢) to show that dry (P, Q) =

(1/2)|P = QI(%).

Solution: (a) Thisis actually pretty easy given the equality dry (P, Q) =
supea |[P(A) — Q(A)| = (1/2) [ |py — quldp for any measure p domi-
nating both P and Q: if i and v are two such measures then we have

/m auldie = sup [ P(4) /m—mw

On the other hand, another proof which does not use this identity goes
as follows. Since y < p+ v and v < p + v, we know that the Radon-
Nikodym derivatives f = du/d(p + v) and g = dv/d(p + v) exist.
Furthermore, P < p+ v and () < u+ v . Hence

_ 4P P _dp
Puev = G+ v) ~ dpdp+v) ¥
P dP  dv

= Warn) Aty PO



similarly, ¢+, = q.f = ¢,g. Hence it follows that

/ P — quldu = / 1D — qulfd(u+v)
- / 1Duf — gl + v)

= / ‘pquu - Q/Hru‘d(,u + V)

= /|pu _QI/|dV

where the last inequality follows from the previous chain of equalities
with u replaced by v and f replaced by g.
(b) From problem #2, part C, for any measure i dominating both P

and @ (e.g. p = P+Q) we have |P—Q|(Q) = [ |p—qldu = 2drv(P, Q).

. Suppose that ¢ is a sigma-finite signed measure and X € L;(|¢|). The
integral [ Xd¢ is defined by

/Xd¢:/ngb+—/qub.
Show that | [ Xd¢| < [ |X|d|¢|.
Solution: Note that

/Q Xdp = / Xdot — / Xdo~
_ /X+d¢+ /X dot — /X+d¢— /X )

where all integrals, [ XTd¢™, [ X~d¢™, [ XTdp~, and [ X~ d¢~ are
> (. Thus it follows that

’/QX(M’ < /X+d¢++/Xd¢+
+ / X*dg™ + / X~d¢
~ [ 1x1d0r+ [ ixlao
~ [ 1Xldlal.



4. PfS, Exercise 4.2.3, page 73: Flip a coin. If heads results, let X be a
Uniform(0, 1) random variable; if tails results, let X be a Poisson(\)
random variable. The resulting distribution of X on R is labeled ¢.
(a) Let p denote Lebesgue measure on R. Find the Lebesgue decom-
position of ¢ with respect to p; that is, write ¢ = ¢ue + @s.

(b) Let p be counting measure on {0,1,2,...}. Find the Lebesgue
decompositionn of ¢ with respect to p.

Solution: First let Y ~ Bernoulli(1/2) denote the coin toss variable
with P(Y = 1) = 1/2 = P(Y = 0). Then

P(X <a]n[Y = 1)) = (1/2){(x V 0) A 1},
/\k:

[z]
P(X <a] N[Y = 0) = (1/2) Y esp(-N)

for x € R, and ¢ is the measure on R corresponding to the distribution
function given by

(2] k
A
F(z)=P(X <) = (1/2){(xVO0) A1} +(1/2) Zexp(—x)ﬁ
k=0 ’
(a) If uis Lebesgue measure on R, then the Poisson part of ¢ is singular
with respect to u, and the Uniform(0, 1) part is absolutely continuous
with respect to . Thus with

Pac(A) = (1/2)u(AN[0,1]) = /A
)\k

6.(4) = 53 ep(-N)7

1 1
51(0,1)(2)du(2’):/ 51(0,1)(2’)652’,

A

we have ¢(A) = Pu.(A) + ¢5(A) for all Borel sets A. Note that with
D ={0,1,2,...} we have ¢,.(D) = 0 and ¢5(D) = 0.

(b) If u is counting measure on D = {0, 1,2, ...}, then the Uniform(0, 1)
part of ¢ is singular with respect to u, and the Poisson part of ¢ is ab-
solutely continuous with respect to . Thus with

60.4) = (/DA D) = [ S (e)a,

1 \Fk A\
ul ) = 5 S ep( N7 = [ e raut),
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we can write ¢(A) = ¢uc(A)+ ¢s(A) . Note that now ¢u.(D¢) = 0 while
¢s(D) = 0.

. P1S, Exercise 4.4.3, page 84: Let ' be /', right-continuous and bounded
on R with F'(—o0) = 0. Define up via pp((a,b]) = F(b) — F(a) for all
a < b. Show that ur << X if and only if F' is an absolutely continuous
function on R.

Solution: First suppose urp << A. Then by Theorem 4.2.1, page 72
(the Radon-Nikodym theorem), for all Borel sets A we have

A
Since F' is bounded and F'(—o00) = 0
/,LF(R) = / Z()d)\ < 00, and Zy > 0.
R

Thus Zy € L£4(\). By Theorem 3.2.5 (absolute continuity of the in-
tegral), for every € > 0 there exists a §. > 0 such that A\(A) <
implies pip(A) = [, ZodX\ < e. Take A = Y7 (¢, di] with A(4) =
Y pei(dy — ) < 6. Then

n

€ > /AZodA = pp(A) = up() (er, di]) =Y [F(di) — Flcx):

k=1
i.e. I'is an absolutely continuous function on R.

Conversely, suppose F' is an absolutely continuous function on R with
F(—o0) =0, F /', and F(0c0) < oo. Then, by Theorem 4.4.1 (the
fundamental theorem of calculus), F” exists a.e. A and

F(z)=F(x) — F(—) = /x F'dx  forall z €R,

—0o0

Thus if pp is the corresponding measure with pp((a,b]) = F(b) — F(a),
it follows that for any Borel set A

jir(A) = /A Fd).

But then pup << A by the Radon-Nikodym theorem 4.2.1.



