1.

Statistics 521, Midterm Exam Solutions
Wellner; 11/9/2007

24 points). Define three of the following five terms:

a) Convergence in probability of a sequence of random variables {X,,}.
b) Convergence in distribution of a sequence of random variables { X, }.
c) liminf A, for a sequence of events {A,}.

d) A uniformly integrable sequence of random variables {X,,}

e) A simple function defined on a measurable space (€2, A).
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Solution: See PfS, chapters 1-3.
20 pomts) Give careful statements of two of the following four theorems or

a) The monotone convergence theorem.
b) The Helly-Bray theorem.

¢) Liapunov’s inequality.

d) The Caratheodory extension theorem.
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Solution: See PfS, chapters 1-3.

30 points).
) Suppose that X is a non-negative measurable function on a measurable space
A). Give an explicit sequence of simple functions X, satisfying X,, ~ X.

) Now suppose that (€2,.4) = ((0,1),B,1)), and that we give this measurable
space the Lebesgue measure A, which we call P since it is a probability measure on
this (€2,.4). Suppose that X (w) = w2 for w € (0,1).

(b-1) For the simple functions X,, as given in (a), evaluate

(
(a
(€2,
(b

lim [ X,dP = lim E(X,).

n—oo n—oo

(b-2) Find the (induced) distribution function F' = Fy of X on R.

Solution: (a) From section 2.2 (and (2.2.10) in particular), for X > 0 we can take

n2™

k-1 k—1
X, =) o 1{ o <X<—}—|—n1X>n]
k=1

Then X, (w) /" X(w) for every w.
(b1) By the monotone convergence theorem,
Wl/2

B(X,) = B(X) = [ o = S -



(b2) By definition

Also note that

E(X):/Ooo(l—F(x))dx:/Olldx+/100x_2dx:1+1:2.

. (24 points). Let X, Y > 0a.s. with P(XY > 1) =1and P(Q) = 1. Let ux = E(X),
(a) Show that px - py > 1.
(b) Show that

(1+2)? < B{1 + X*)Y?} <1+ pux.

Solution: (a) Since XY > 1 a.s. we have 1 = /1 < /XY a.s. and hence, by the
Cauchy-Schwarz inequality;,

1 < B(VXY) < VEX)E(Y) = Viixfir

and this gives the conclusion by squaring.
(b) Let g(x) = (14 2%)"/2. Then we compute

g"(x) = Nl 2(=1/2)(1 + %) (22)
1

m>0 fOI'ZEZO.

Thus g is convex, and by Jensen’s inequality

9(px) = g(E(X)) < Eg(X),

which is the inequality on the left side in (b). On the other hand, for z > 0,
g(z) <1+ x for z >0 (since g(z)> =1+ 2> <14 2x+ 2% = (1 + 2)?), and hence
EgX)<EQ1+X)=1+FE(X)=1+ pux.

. (30 points). Consider the sequence of random variables { X, },>1 with df’s

(1—n"?)z, 0<z<1,
F,(x)=P(X,<z)=1¢ (1-n"?), 1<x<n,
1, n <z <oo.

(a) Does X,, —4 “some” X? If so, what is the distribution function F' of X7
(b) Does exp(sin(nX,,/2)) —4 something? If so, what is something?
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(c) Compute EX” forr >0andn=1,2,....
(d) For what values of r > 0 does EX] — something finite?
(e) For what values of r > 0 is { X} uniformly integrable?

Solution: (a) Note that

o~ {7 95550 Yo,

1, 1<z <0

the Uniform distribution on [0, 1]. So yes, X,, —4 X where X ~ Uniform]0, 1].

(b) The function g(x) = exp(sin(mx/2)) is continuous. Thus by the Mann-Wald or
continuous mapping theorem g(X,,) —4 g(X) where X ~ Uniform|0, 1] as in (a).
(c) For any r>0andn > 1,

o0 1
EX! = / a"dF,(z) = (1 — n2)/ z"dx +n"°n"
0 0
~ (1—n)— e
r+1 '

(d) Ifr <2, then EX! - 1/(r+1) < .

If r=2, then EX! - 1/(r+1)+1=(r+2)/(r+1) < oc.

If r > 2, then EX] — oo.

(e) Since X" = fol x"dx =1/(r+1) for all » > 0, we have EX] — EX" for r < 2.
Thus by Vitali’s theorem, {X},>1 is uniformly integrable for r < 2.



