Statistics 521, Problem Set 6
Wellner; 10/31,/2007

Reminder: Midterm exam on Friday, November 9.
Reading: Shorack, PfS, Chapter 4, sections 4.1 - 4.4, pages 67 - 85; Chapter
5, sections 5.1 - 5.3, pages 87 - 97.

Due: Wednesday, November 7, 2007.

1. P1S, Exercise 3.5.7, page 61, modified as follows: Suppose that fy, fi, ...
are > 0, defined on a sigma-finite measure space (€2, A, ). (a) Suppose
that fQ fodp =1 forn = 0,1,..., and f, —4. fo with respect to p.
Show that

sup | fnd,u—/fod,u|—>0 as n — 00.
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(b) Show that the conclusion of (a) holds if just f, —, fo and

2. Suppose that P, () are two probability measures on the same measur-
able space (€2,.A) which are both absolutely continuous with respect
to the measure p with densities (Radon-Nikodym derivatives) p and
q respectively. Thus P(A) = [, pdp and Q(A) = [, qdp for A € A.
Show that

drv (P, Q) = sup [P(A) — Q(A)| = %/Ip— qldp = /(p—CI)+dM-
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3. Suppose that X,, ~ Binomial(n, p,) forn =1,2,... with np, — A > 0,
and let P, be the induced distribution of X,, on R. Let X, ~ Poisson(\)
and let P, be the corresponding induced distribution on R. Show that
dry(P,, Py) — 0 as n — oc.

4. P1S, Exercise 4.11, page 51: If X is a non-negative random variable

satisfying fooo VP(X > t)dt < oo, then we say that X € Ly;.
(a) Show that if X € Ly, then X € L.
(b) Show that if X € £, for some r > 2, then X € L, ;.
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5. PfS, Exercise 4.1.2, page 67: Identify ¢, ¢~, |¢| and |¢|(Q) in the
context of the prototypical situation of example 4.1.1, page 66. Be sure
to specify QF and Q™.

6. Optional bonus problem:
Let X,1, ..., X,, be independent, X, ~ Bernoulli(p,x), and let Y,, ~
Poisson (), _, pnk). Let P, be the distribution of y_;_, X, and let @,
be the distribution of Y,,. Show that

drv(Fa, Qu) = sup|P(Sy € A) = P(Y, € A)| < > vl
€ k=1

Note that when p,; = p, — 0 for all k and np, — A, then >, p2, =
np? = (np,)?/n=0(n"1).

Hint: Construct S,, and Y,, on a common probability space as fol-
lows: let T, ~ Poisson(p,x), K = 1,...,n be independent, and let
Zni ~ Bernoulli(1 — (1 — p,)eP*), k = 1,...,n be independent and
independent of the T},;.’s. Define

Xk = Lim>1) + r =0 1(z,,=1)-

Set S, = > r_y Xk, Yoo = >y Tr. Check that X, ~ Bernoulli(py),
Y,, ~ Poisson(} ] puk), and

P(Tnk = OaXnk = 1) = ¢ Pnk _ (1 — pnk)
P(Tw>2) = 1—e Pk —p e Prk,

Show that

n

dTV(Pm Qn) < p(Sn 7é Yn) < P(Xnk 7é Tnk) < Zpik
k=1

k=1



