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then lim,_, _F(x)=0 and lim,_, F(x)= p(RY). If p is a probability
measure, F is called a distribution funciion (the adjective. cumulative is
sometimes added).

Measures u are often specified by means of the function F. The followmg
theorem ensures that to each F there does exist a p.

MEASURE

Theorem 12.4. If Fis a nondecreasing, right-continuous real function on the
line, there exists on B a unique measure p. satisfying (12.5) for all a and b.

As noted above, uniqueness is a simple consequence of Theorem 10.3.
The proof of existence is almost the same as the construction of Lebesgue
measure, the case F(x) = x. This proof is not carried through at this point,
because it is contained in a parallel, more general construction for k-dimen-

~ sional space in the next theorem. For a very simple argument establishing
Theorem 12.4, see the second proof ?f Theorem 14.1.

Specifying Measures in R*

The o-field #* of k-dimensional Borel sets is generated by the class of
bounded rectangles

(12.7) . A=[x1a,<x,<b,i=1,... k]

(Example 10.1). If I, = (a;, b;], A has the form of a cartesian product

(12.8) . A=IX-- XI,.

Consider the sets of the special form

(12.9) Se=[yiy<x,i=1,...,k];

S, consists of the points “southwest” of x = (xy,..., x;); in the case k = 1
it is the half-infinite interval (— oo, x]. Now S, is closed, and (12.7) has the
form

(1210) 4 = S, .19 =[Sy 50 Y Struas w80V - US(oyts...a)]-

Therefore, the class of sets (12.9) generates %%, This class is a 7-system.
The objective is to find a version of Theorem 12.4 for k-space. This will
in particular give k-dimensional Lebesgue measure. The first problem is to
find the analogue of (12.5).
A bounded rectangle (12.7) has 2% vertices—the points x = (xy,- .-, xk)
for which each x; is either a; or b,. Let sgn ,x, the signum of the vertex, be
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+1 or —1, according as the number of i (1 < i < k) satisfying x;=a, is
even or odd. For a real function F on R¥, the difference of F around the
vertices of 4 is A, F'=Ysgn,x - F(x), the sum extending over the 2%
vertices x of 4. In the case k = 1, 4 = (a, b] and A F = F(b) — F(a). In
the case k = 2, A F = F(b,, b,) ~ F(by, a,) — F(a,, b,) + F(a,, a,).

Since the k-dimensional analogue of (12.4) is complicated, suppose at
first that p is a finite measure on %% and consider instead the analogue of
(12.6), namely

(12.11) F(x)=ply:yy<x,i=1,...,k].

Suppose that S, is defined by (12.9) and 4 is a bounded rectangle az2.7.
Then :

.(12.‘12') *u(A4) = A F.

To see this, apply to the union on the right in (12.10) the inclusion-exclusion
formula (10.5). The k sets in the union give 2¥ — 1 intersections, and these
are the sets S, for x ranging over the vertices of A other than (b,,...,b &)
Taking into account the signs in (10.5) leads to (12.12).

+ —|+ -
+ —

Suppose x| x in the sense that x{(™ | x, as n — oo for each i =

: L..., k. Then Sy | S,, and hence F(x") — F(x) by Theorem 10.2(ii). In

this sense, F is continuous from above.

"Theorem 12.5. Suppose that the real function F on R* is continuous from

above and satisfies A F > 0 for bounded rectangles A. Then there exists a
unique measure p, on R* satisfying (12.12) for bounded rectangles A.

The empty set can be taken as a bounded rectangle (12.7) for which
a; = b; for some i, and for such a set 4, A F = 0. Thus (12.12) defines a
finite-valued set function p on the elass of bounded rectangles. The point of
the theorem is that p extends uniquely to a measure on %%, The uniqueness
is an immediate consequence of Theorem 10.3, since the bounded rectangles
form a 7-system generating #*. '
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If F is bounded, then p will be a finite measure. But the theorem does
not require that F be bounded. The most important unbounded F is
F(x)=xy -+ x. Here A F = (b; — a,) -+ (b, — a,) for A given by
(12.7). This is the ordinary volume of A as specified by (12.1). The
corresponding measure extended to R*.is k-dimensional Lebesgue measure

as described at the beginning of this section.

PROOF OF THEOREM 12.5. As already observed, the uniqueness of the extension is

easy to prove. To prove its existence it will first be shown that g as defined by

(12.12) is finitely additive on the class of bounded rectangles. Suppose that each side

I, = (a;, b;] of a bounded rectangle (12.7) is partitioned into #; subintervals

Jij= (4, -0ty J= 1,...,n;, where @; = t;g <ty < '+ <1{,;, = b;. The nyn,
- n, rectangies

(1213) ‘le"'jk::]ljlx”.x']kjk’ ;]-Sjlsnl,...,llsjkﬁnk,

then partition A. Call such a partition regular. It will first be shown that p adds for

regular partitions:

(12.14) w(4) = Z p( By )
. itk

The right side of (12.14) is £ ;X sgngx - F(x), where the outer sum extends over
the rectangles B of the form (12.13) and the inner sum extends over the vertices x

of B. Now .

(12.15) };,Esgngx “F(x) = ZF(x)§sgan,

where on the right the outer sum extends over each x that is a vertex of one or more
of the B’s, and for fixed x the inner sum extends over the B’s of which it is a

vertex. Suppose that x is a vertex of one or more of the B’s butis not a vertex of 4.
Then there must be an i such that x, is neither @; nor b;. There may be several such
i, but fix on one of them and suppose for notational convenience that it is i = 1.

Then x; =1t; with 0<j<n,. The rectangles (12.13) of which x is a vertex

.therefore come in pairs B’ =B, .., and B” =Biq ;.. and sgngx =
—s$gn z»x. Thus the inner sum on the ngkht in (12.15)4s 0 if x is not a vertex of 4.

On the other hand, if x is a vertex of 4 as well as of at least one B, then for each

i either x; = a; = t;q or x, = b; = t;,, . In this case x is a vertex of only one B of the

form (12.13)—the one for which j; =1 or j; =n,, according as x; = a; or x; = b;

—and sgnyx = sgn,x. Thus the right side of (12.15) reduces to A 4 F, which proves
(12.14).
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Now suppose that 4 =U%_,4,, where 4 is the bounded rectangle (12.8),
A, =1I,%X - XL, for u=1,...,n,and the 4, are disjoint. Foreach i (1 < i <
k), the intervals I,,..., I, have I, as their union, although they need not be
disjoint. But their endpoints split I; into disjoint subintervals J;, ..., J;,, such that
each I, is the union of certain of the J;;. The rectangles B of the form (12.13) are a
regular partition of 4 as before; furthermore, the B’s contained in a single 4, form
a regular partition of 4,. Since the 4, are disjoint,. it follows by (12.14) that

WA =Tu(B) = L W(E) = X ud,).

u=1 Bcd,

Therefore, p is finitely additive on the class #* of bounded k-dimensional

rectangles.
As shown in Example 11.5, #* is a semiring, and so Theorem 11.3 applies.
Now suppose that U?_; 4, € 4, where 4 and the 4, are in #* and the latter
are disjoint. As shown in Example 11.2, 4 —U!_,4, is a finite disjoint union
U, B, of sets in #*, Therefore, Li—1p(4;) + 72 p(B,) = p(A4), and so

n o, : n
- (12.16) Y op(4) sp(d) it Ud,cd, A,NnA,=0.
u=1

=1

Now suppose that 4 ¢ U"_, 4, where 4 and the 4, arein #*. Let B, = 4 N 4,
and B,=ANA,NA{N - NAS_,. Again, each B, is a finite disjoint union
U, B,, of elements of #*. The B, are disjoint, and so the B,, taken all together are
also disjoint. They have union 4, so that.p(4) =X, X, u(B,,). Since U,B,, = B, C
A, an application of (12.16) gives

n

1) )= Na4) it ac U4,

u=1 u=1

Of course, (12.16) and (12.17) give back finite additivity again.

. To apply Theorem 11.3 requires showing that u is countably subadditive on .#,
Suppose then that 4 € U®_, 4, where 4 and the 4, are in #*. The problem is to
prove that ‘

(12.8) MMS%A&)

Suppose that €> 0. If 4 is given by (12.7) and B=[x: a,+ 8 <x;, < b,
i < k], then p(B) > p(A) — € for small enough positive 8 because p is defined by
(12.12) and F is continuous from above. Note that 4 contains the closure B~ = [x:
a;+ 8 < x; < b;, i <k]of B. Similarly, for each u there is in F* aset B, =[x
a,, <x; <b,+8, i<k] such that p(B,) < p(4,) +¢/2 and 4, is in the
interior B = [x: a;, < x; < b, + 8,, i < k] of B,.

Since B-c 4 c U2, 4, c U?_, B, it follows by the Heine—Borel theorem that
Bc B~cU?_,B? cU"_,B, for some n. Now (12.17) applies, and so p(4) — € <
p(B) <XTi_pn(B,) < I pm(4,) + €. Since € was arbitrary, the proof of (12.18) is
complete, )




