CHAPTER 1. MEASURES: SUPPLEMENT

JON A. WELLNER; MATH/STAT 521

1. COMPLETION AND p*—MEASURABLE SIGMA-FIELDS

Theorem 1.1 (Minimal Measurable Cover theorem). (Dudley, RAP (2002), page 101).
For any measure space (2, A, 1) and any B C Q there is a set C € A with B C C and

w(B) = p(C).

Remark 1.2. In the notation and terminology of van der Vaart and Wellner (1996), C = B*
and we have p*(B) = u(B*). Such a set C = B* is called the minimal measurable cover
of B. See van der Vaart and Wellner (1996), section 1.2, pages 6-9 and especially Lemma
1.2.3 on page 9. This goes back to Blumberg (1935) and Eames and May (1967).

Proof. If B C U,A, and A, € A, let A=U,A,. Then B C A and A € A. By countable
sub-additivity of p, p(A) < >°°, u(A,). Hence p*(B) = inf{u(A): B C A, A e A}. For
each m = 1,2,... choose C,,, € A with B C C,,, and u(C,,) < pu*(B)+1/m. Let C =N, Cp,.
Then C' € A since A is closed under countable intersections, B C C, and u*(B) = p(C)
since p(C) = lim,, u(C,,) by Proposition 1.2(b). 0

Here is a preliminary result of Dudley’s connecting two ways of completing (2, A, it). Let
N(p) ={F CcQ: p*(F)=0}. Note that if G C U, F, with F,, € N'(u), then G € N (u).
Let AVN(u) = o[AUN ()], and define

A, = {ACQ: AAB € N(p) for some B € A}
= {all almost equal to sets A for some B € A}.

Proposition 1.3. (Dudley, RAP (2002), pages 101-102). For any measure space (2, A, 1)
and A3, as defined above, A, = AV N ().

Proof. If AAB € N(p) and B € A, then A\ B € N(u) and B\ A € N(p), so A =
(BU(AB)\ (B\ A) € AV N(p). Thus A%, C AUN (p).

To prove the reverse inclusion, first note that A C A% and N (u) C A;. Furthermore, if
A,AB, € N(p) for all n, then

(UnAn)A(ULB,) € (J(AnAB,) € N (p)
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and (Q\ A))A(Q\ By) = AiAB; € N(u). Thus A% is a o—field containing both A and
N (1), and hence

AVN(u) C A,
Combining the two inclusions completes the proof of the claimed equality. a

Here is a proposition connecting these developments in Dudley with the definitions of .ATM
given in Shorack, Probability for Statisticians, page 15.

Proposition 1.4. ./Zl\u =A = AVN(n).
Proof. The gacond equality has been proved already in Proposition 1.3.

Let A € A,. Then (from the first definition in Exercise 2.1 of Shorack), there exist
Ay, Ay € Awith Ay C A C As and pu(Ay\ Ay) = 0. Now take B = Aj in the definition of A
with B = Ay, AAA; = AA{] where pi*(AA7) < p*(AA7) = u(Az \ A1) = 0. Thus A € A,
(Similarly, if we take B = Ay in the definition of A, then with B = Ay, AAA; = A°Ay
where p*(A°Ag) < (A N AS) = p(A2 \ A;) =0, so again A € A%.) Thus le\u C A

To show the reverse inclusion, it is convenient to use Aj, = AV N (i), and the second
description of /T“ in Shorack’s exercise 1.2.1:

A, ={AUN: A€ A, and N C (some B) € A having u(B) = 0}.
Thus we clearly have Xu - .ﬁl V N (1), which also follows from what has been proved above.
On the other hand, A C A, and
{NCQ: p*(N)=0}Cc{NCQ: N C (some Be Awith u(B) =0}
by taking B = N* from Theorem 1.1 with N C N* and u(N*) = p*(N) = 0. Thus
AV N (1) = o]AUN ()] C A,..

Combining the two inclusions yields the claim. O

Theorem 1.5 (Completion equals p*—measurable for sigma-finite p ). (Dudley, RAP (2002),
page 103). For any o— finite measure space (2, A, i), ﬁ# = A* (or, in the notation of RAP,
AV N(p) = M(pr)).

Proof. Let Q = > €, with p(€2,) < oo for each n > 1 and let A € A*. To show that
A€ ﬁ“ it suffices to show that AN, € A\u for all n. Thus we can assume that p is finite.
Let B € A be a minimal measurable cover for A by Theorem 1.1. Thus A* = B D A and
p*(A) = p(B). Then p*(A) = u(B) = p*(B) = p*(BA) +p*(BA®) = p*(A) + p*(BA). This
implies that p*(BA°) =0 and A= B\ (B\ A) € A,. Thus we have shown that A* C A,.
The reverse inclusion, .»Zl\u C A*, has already been proved in our proof of the Caratheodory
extension theorem together with the fact that p*(/V) = 0 implies that N € A*; so the claimed
equality, A7, = A", follows. a

Remark 1.6. Theorem 1.2 is stated in Cohn, Measure Theory, page 42; see Problem 9.



