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Ecological studies investigate relationships at the level of the group, rather than at the level
of the individual. Although such studies are a common design in epidemiology, it is well-

known that estimates may be subject to ecological bias. Most discussion of ecological bias
has focused on rare disease events, where the tractability of the loglinear model allows
some characterization of the nature of different biases. This paper concentrates on non-rare

events, where the Poisson approximation to the binomial distribution is not appropriate.
We limit the discussion to bias that arises from within-area variability in exposures and
confounders. Our aims are to investigate the likely sizes and directions of bias and, where

possible, to suggest methods for controlling the bias or for addressing the sensitivity of
inference to assumptions on the nature of the bias. We illustrate that for non-rare events it
is much more difficult to characterize the direction of bias than in the rare case. A series of
simple numerical examples based on a chronic study of respiratory health illustrate the

ideas of the paper.
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1. Introduction

Ecological studies are studies in which data are available for groups only, rather than
for the individuals within the groups. Such studies arise in many disciplines,
including epidemiology (Morgenstern, 1995), political science (King, 1997), sociol-
ogy (Goodman, 1953; Goodman, 1959), geography (Openshaw, 1984), economics
and education; see Salway and Wakefield (2004a) for a discussion of the links be-
tween the aims and methods of analysis in epidemiology and the social sciences. In
this paper we will concentrate on the use of ecological studies in environmental
epidemiology, where typically the emphasis is on making individual inference about
causal relationships between a disease outcome and an environmental exposure, in
the presence of confounding. Ecological studies are particularly appealing in this
context since individual exposures to environmental factors, such as pollutants in air
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or water, are difficult and expensive to obtain; pollution measures taken from
monitoring sites may be routinely available, however. It is well-known that the
interpretation of ecological studies is problematic. Fundamental to the problem is
that relationships at an ecological level cannot be assumed to hold for the individuals
within the groups. The difference between the expectation of an estimator from an
ecological study and the individual-level parameter of interest is known as ecological
or cross-level bias (with incorrect inference being referred to as the ecological fallacy),
and has been discussed in detail by a number of authors including Piantadosi et al.
(1988), Greenland and Morgenstern (1989), Greenland (1992) and Greenland and
Robins (1994).

Previous work (for example, Richardson et al., 1987, Richardson, 1992;
Plummer and Clayton, 1996; Richardson and Montfort, 2000; Wakefield and
Salway, 2001; Wakefield, 2003) has focused on investigating ecological bias for
studies involving rare disease events, with a loglinear Poisson model being used
for inference. This has led to an improved understanding of the underlying causes
of ecological bias, and a number of approaches have been suggested to help
compensate for the bias. One approach is to assume a particular individual-level
model, make assumptions about the within-area exposure distributions and derive
the aggregate form; this may then be fitted to the aggregate data (Richardson
et al., 1987; Wakefield and Salway, 2001) if the required data summaries are
available. An alternative is to use the derived aggregate model to carry out a
sensitivity analysis (Wakefield, 2003).

The purpose of this paper is to extend this work to consider non-rare disease
events. Although this situation is less common in epidemiology, it may occur when
studying high-risk subgroups; an important example is the prevalence of asthma and
wheeze, where childhood prevalence can be greater than 10%. In such cases a logistic
model may be appropriate. In particular we wish to answer the following questions:

• How may ecological bias affect estimators of disease risk? For example, can
we characterize situations in which ecological estimators over- and under-
estimate the true exposure effect?

• How does the behavior of estimators in a non-rare setting differ from the
behavior when dealing with rare disease events?

• Finally, can we improve estimation from ecological studies of non-rare dis-
ease events?

There are a variety of different ways in which ecological bias may arise. These
include confounding, including the consideration of within-area variability in
exposures and confounders, parameters that vary between areas (effect modification
by area), contextual effects, measurement error and mutual standardization. In this
paper we will consider only the first of these, since it occurs most frequently in
epidemiology, and in practice will often give rise to the largest bias.

We will begin by describing an example of a typical ecological study in Section 2.1,
and this will be used to illustrate the main ideas of the paper. Although, as just
stated, this paper will concentrate on ecological bias that arises as a result of within-
area variability in exposures and confounders when dealing with non-rare disease
events, we will briefly describe other sources of potential bias (Section 2.2) and
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summarize the main results that apply to rare disease events (Section 2.3). In Section
3 we describe a framework for ecological studies and introduce notation.

The remainder of the paper falls naturally into two halves. Firstly, in Section 4 we
will characterize the bias in terms of the size and direction. We are interested par-
ticularly in when there is little or no bias, whether we have attenuation of the
estimator and how this compares to the results for rare diseases. In Section 4 we will
consider a range of distributions for within-area variability. Secondly, in Section 5
we will investigate the extent to which approaches that help compensate for bias in
rare disease models may be extended to the non-rare case. These will then be applied
to simulated data in Section 6. Section 7 contains a concluding discussion.

2. Motivation

2.1 Motivating example

A typical example of a non-rare disease and the association with an environmental
exposure is the study of the chronic effects of air pollution on respiratory health.
Such studies tend to be ecological or semi-ecological in design, see for example
Gardiner and Crawford (1969); Chinn et al. (1981) in the UK, and the Harvard Six
Cities Study (Dockery et al., 1993) and American Cancer Society Study (Pope et al.,
1995) in the US. In a semi-ecological study individual outcomes and confounders are
available, along with an ecological exposure measure. Alternatively, all of the data
may be ecological with disease counts stratified by age and gender and population
counts available by area. The exposure data are often collected from monitoring
sites, or perhaps from a modeled exposure surface (Colville and Briggs, 2000; Zhu
et al., 2003). Interpretation is further complicated due to unmeasured confounders,
which may typically exhibit much larger effects than the exposure.

Throughout this paper we will use as an example a hypothetical study of the
chronic effects of air pollution on respiratory health in children. In this case the
outcome is a binary indicator of respiratory problems; such data may be available at
various geographical scales, for example, from hospital admissions data. Among
children, the incidence of respiratory disease is high, with a prevalence greater than
10% so a loglinear Poisson model is not appropriate. The predictor variables of
interest are exposures to airborne pollutants such as sulphur dioxide, ozone, nitrogen
dioxide, particulate matter and black smoke. While it is extremely difficult, if not
impossible, to accurately measure long-term exposure to pollutants at the level of the
individual, monitoring stations may provide data from a number of sites across the
study area. In this paper we will assume that such monitoring sites provide an
accurate estimate of the average level of pollution in an area. If this is not the case,
for example if the monitoring site is placed at a location with high or low pollution
level, then estimates will be biased still further.

In practice a study such as this would also need to control for confounding.
Standard census-based measures of deprivation, such as the Carstairs Index
(Carstairs and Morris, 1991) in the UK, are often used as a proxy for behavioral
variables, such as diet, alcohol and smoking and to capture other unmeasured
confounders. The use of such ecological control is a serious deficiency of such
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studies, since a single area-level variable is attempting to characterize a complex joint
distribution of within- and between-area confounders; in particular it will be
insufficient to capture within-area variation in confounders.

There are a number of reasons why we use simulated data based on this example
rather than genuine data. Real data will be more complex with issues such as
measurement error, missing data and random effects which require more sophisti-
cated modeling; the intention in this paper is to keep the examples as simple as
possible so it is clear what bias is ecological in nature and what is caused by other
factors. Secondly, to determine the success of methods to remove bias, we need to
know the ‘true’ exposure effect, for which individual data are required, and few
datasets have such information available.

2.2 Sources of ecological bias

Sources of ecological bias include within-area variability, unmeasured confounding,
effect modification, contextual effects and measurement error (Greenland, 1992;
Wakefield and Salway, 2001).

As with any epidemiological observational study where causality is of interest,
unmeasured confounding is a major source of potential bias. In an ecological study,
bias due to confounding arises from omitting either within-area (variables measured
on individuals) or between-area (variables measured at the group level) confounders.
Although identifying and obtaining appropriate data in studies at the level of the
individual is not a trivial problem, it is at least well-understood; as with individual
studies the solution in the ecological context is to identify such variables and either
include them in the model or to control for them at the design stage. In an ecological
setting the issues are more complex. A key point is that if we have ecological data on
a within-area confounder, for example, the area mean, there will still be bias due to
the within-area variability, since the ecological data are not sufficient to fully char-
acterize the within-area distribution.

In general, we would expect effect modification, when the exposure effect varies
between areas, to be present. Ecological data do not contain enough information to
estimate each parameter separately without additional uncheckable assumptions.
Hence it is usual to assume that the variability in effects is small, and include a single
effect for all areas.

Contextual effects are area-level variables that affect the individual disease risk in
addition to the individual exposure; for example the contextual effectmay be the average
exposure. While this occurs often in infectious disease epidemiology or social epide-
miology (for example, an individual’s healthmay depend both on their own poverty and
the average poverty level of those around them), contextual effects in the exposure
variable are less common in chronic non-infectious disease epidemiology, although they
may be induced by unmeasured confounding (see Sheppard and Wakefield, 2004).

Finally, measurement error may be present. For continuous exposures, problems
of measurement error in individual exposures can be reduced by an ecological study
(Prentice and Sheppard, 1995). Aggregate measures, such as the average, can be
more robust to measurement error and so area-level measurements are more stable
and reliable, although systematic measurement error will still cause bias in ecological
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estimates. For discrete exposures, non-differential exposure misclassification can
cause bias away from the null (Brenner et al., 1992; Greenland and Brenner, 1993),
in contrast to individual studies.

We will concentrate on ecological bias that arises as a result of within-area vari-
ation in exposures and confounders. Unlike other sources of ecological bias, this is
unique to ecological studies and arises when we incorrectly assume that all indi-
viduals in an area have the same exposure (or value of the confounder). When the
relationship between individual disease risk and exposure is nonlinear, it is tempting
to assume that the same relationship holds between the disease rate and the average
exposure; however, this is in general not the case. Unless either the underlying risk-
exposure model is linear, or all individuals truly have the same exposure, the within-
area variability will cause bias in ecological estimates of disease risk. The mean
exposures and mean confounders alone are not sufficient to control for this
misspecification and the size and direction of the bias will depend on the underlying
risk-exposure relationship, the parameters in the model and the within-area joint
exposure-confounder distribution.

2.3 Ecological bias for rare disease events

We summarize some of the main results derived for loglinear models (Wakefield
and Salway, 2001) when the disease events may be considered rare. In further
sections we will explore the extent to which these results hold for non-rare disease
events.

Firstly there are a number of situations in which there is no pure specification bias.
As we have already described, there is no bias when there is no within-area vari-
ability; that is when exposures and confounders are the same for all individuals
within an area. Secondly, if we suppose exposure only varies within areas, there is no
bias if within-area means are independent of all higher moments; in particular this
means there is no bias for a normal within-area distribution if the within-area
variances are all constant. In practice bias will therefore be small when these con-
ditions hold approximately; that is, when the within-area variation is small,
approximately constant or approximately independent of the mean.

If these conditions do not hold, the bias depends on the form of the risk-exposure
model, the size of the exposure effect, the amount of within-area variability and the
within-area exposure distribution. Previous work with a loglinear disease model has
looked at normal, gamma, and uniform within-area exposure distributions, for
which the ecological model may be derived explicitly. For all these cases, if within-
area variances increase with the means, then the true exposure effect is over-esti-
mated. Thus in a typical application bias from this source is away from the null.

For the distributions listed above, one may derive explicitly the ecological model
that corresponds to the true underlying individual model. In these cases, it is possible
to either collect additional exposure data and fit the derived aggregate model directly
(although it will be impossible to test the assumed form of the model when only area-
level exposure data are available), or use the derived model as a the basis of a
sensitivity analysis. Unfortunately, an exact model for lognormal exposures is not
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available (Wakefield and Salway, 2001); however, a gamma distribution may be used
and will mimic the mean-variance relationship of the lognormal.

3. Statistical framework

3.1 Model

We will use the same statistical framework as that presented in Wakefield and
Salway (2001). The general approach is to begin with the underlying individual-level
model and then consider how this aggregates to produce an ecological-level model.
This is beneficial when trying to link ecological parameters to individual parameters,
and in attempting to identify causal relationships.

Suppose we have a study area A partitioned into a set of N disjoint areas, with
area Ak containing nk individuals, k=1,…,N. The Bernoulli random variable Yki

represents the response of individual i in area k, k=1,…,N, i=1,…,nk; so Yki=1
indicates an individual with respiratory disease, and Yki=0 without. In this paper,
for notational convenience, we will consider a single exposure variable Xki1 and a
single confounder Xki2; we also write Xki=(Xki1,Xki2)

T.
We assume that individual disease status depends on Xki through the relationship

Yki �indep BernoulliðpkiÞ
E½YkijXki� ¼ pðb0; b;XkiÞ;

ð1Þ

where b0 and b=(b1,b2)
T are unknown parameters; b0 is a baseline parameter, b1 the

parameter of interest associated with the exposure Xki1, and b2 the nuisance
parameter associated with the confounder Xki2. It is convenient to consider b0 sep-
arately from the effect parameters b. For simplicity we have assumed no effect
modification by area or by confounder stratum.

For rare disease events a common choice for p(b0, b, Xki) is the loglinear model
pðb0; b;XkiÞ ¼ expðb0 þ b1Xki1 þ b2Xki2Þ with emphasis on estimation of the relative
risk of disease, expðb1Þ. In this paper we consider non-rare diseases, in which case a
plausible model at the individual level is the logistic model

pðb0; b;XkiÞ ¼ expitðb0 þ b1Xki1 þ b2Xki2Þ; ð2Þ
where the function expit(x)=ex/(1+ex) is the inverse of the logit function. The
parameter of interest is the odds ratio expðb1Þ. A probit link function is also a
possible choice; the probit function is given by

UðxÞ ¼ 1
ffiffiffiffiffiffi

2p
p

Z x

�1
e�

1
2u

2

du;

and is related to the expit function through the relationship

expitðxÞ � U
16
p
3

15p
x

� �

¼ UðcxÞ ð3Þ
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(Johnson and Kotz, 1970), with c ¼ 16
p
3=ð15pÞ. For non-rare diseases, logistic and

probit link functions behave similarly, and as we will see the probit function can be a
useful analytically tractable approximation to the logistic function.

In an ecological study the data consist of the total disease counts in each area,
Yk ¼

Pnk
i¼1 Yki, and limited information on the exposures and confounders, denoted

by /k. For example, we may have estimates of the means in each area
�Xk ¼ ð�Xk1; �Xk2ÞT with �Xkj ¼

Pmk
i¼1 Xkij=mk. If a full census of exposure values is ob-

tained then mk=nk; alternatively the mean may be evaluated from a subset of the
population or, in the context of air pollution, from a set of mk monitoring sites. For
the ecological response Yk we have

EY½Ykjb0; b;/k� ¼ nkEX½pðb0; b; kiÞj/k�: ð4Þ

Throughout this paper expectations are with respect to Y unless otherwise stated. In
general, when there is non-constant within-area exposure, expression (4) will not be
equal to

nk � pðb0; b; �XkÞ: ð5Þ
We will refer to this as the naive ecological model, where it is assumed that the
individual relationship is the same (that is, has the same functional form) as the
ecological relationship:

E½Ykjb�0; b�; �Xk� ¼ nkexpitðb�0 þ b�1 �Xk1 þ b�2 �Xk2Þ: ð6Þ

The ecological parameter that is estimated in the naive ecological model is
b� ¼ ðb�1; b

�
2Þ

T and ecological bias corresponds to the difference between E½b̂�� and b.
We are interested in how b� relates to b; in particular how b�1 relates to b1, and when
the naive ecological estimate b�1 may be used as an unbiased estimate of b1, the
individual parameter of interest. If there is no within-area variability in exposures or
confounders, then b�1 ¼ b1 and the naive ecological model may be used to estimate
the individual exposure effect. In general we are interested in the size and direction of
the bias and how this depends on other factors. In some cases, other parameters may
also be of interest, but in this paper we restrict ourselves to the situation where we
are interested in estimating the individual exposure effect (odds ratio), controlling for
confounders.

To derive the true distribution for the ecological data Yk|/k in the absence of the
individual exposures, we need to specify the within-area exposure distribution. If we
assume that Xki are continuous independent random variables from the distribution
f(Æ|/k), then the induced ecological model is

Ykjb0; b;/k �ind Binfnk; p�ðb0; b;/kÞg;
where

p�ðb0; b;/kÞ ¼ EY½Ykijb0; b;/k�
¼ EX EY½Ykijb0; b;Xki�f g

¼
Z

pðb0; b;xÞfðxj/kÞdx ð7Þ
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This can be interpreted as the average individual risk. For discrete exposures the
integral sign in (7) is replaced by a summation. We will refer to model (7) as the
corresponding ecological model; that is the aggregated ecological model which cor-
responds to the specified underlying individual model. To emphasize, ecological bias
arises because p(b0, b, Xki) in (1) is not of the same functional form as p*(b0, b, /k)
in (7). If the exposures are not independent then (7) is still the average risk but the
aggregate outcome is no longer Binomial; for example, for discrete Xki and condi-
tioning on the exposure margin the distribution is a convolution of Binomial dis-
tributions (see Wakefield, 2004b, and the accompanying discussion). The mean and
variance may in general be derived, however, and an estimating functions approach
followed (see Wakefield and Salway, 2001), if an appropriate dependence structure
can be determined.

An important point to note is that we have derived the ecological model in terms of
the underlying parameters of the within-area exposure/confounder distribution, /k,
rather than in terms of the available ecological data, which will generally take the
form of estimates, /̂k; for example, the average pollution over a number of moni-
toring sites in an area, rather than the true underlying mean pollution. Furthermore,
in a typical application the available data will often consist of estimates of only a
subset of the parameters of /k; for example, estimates of pollution means may be
available, but not within-area variances. In the following discussion we will derive
equations in terms of /k, that is the true parameters. If the ecological data are
estimates of all the parameters additional bias may be present due to measurement
error. In the following discussion we will not address this problem; we will assume
that all estimates where available are sufficiently accurate to be interchangeable. If the
available data consist of estimates of only a subset of the parameters /k, then bias will
result. We consider explicitly the situation where /̂k ¼ f�Xkg, so only estimates of the
means are available. This corresponds to the naive regression model (6).

4. Ecological bias for non-rare disease events

This section extends the work summarized in Section 2.3 to consider non-rare disease
events. We are firstly interested in when there will be no ecological bias present, and
how this relates to the conditions for rare disease events. If bias is present, we wish to
characterize the bias in terms of its size and direction in different situations. In
particular, these situations will depend on possible within-area exposure and con-
founder distributions, and the size of the true exposure effect, b1. We wish to know
when bias will be small, and in what circumstances it will over- or under-estimate the
true effect.

4.1 Conditions for no bias

As for rare disease events, there will be no bias if we have a linear risk-exposure
model (that is, a model of the form p(b0, b, Xki)=b0+b1 Xki1+b2 Xki2) or if there is
no within-area variability in exposures or confounders. These are the only situations

Salway, Wakefield328



in which we may avoid ecological bias due to within-area variability for non-rare
disease events. In particular, even if the within-area variances are constant across
areas there will still be bias in the ecological estimates of disease risk, as we illustrate
in Sections 4.2–4.4.

In terms of the air pollution example, there will be no bias if all individuals within
an area are exposed to the same pollution level (this may occur in the context of
other exposures, for example, fluoride, in community intervention studies). In this
case there is no missing data and the individual exposure effect may be estimated
without bias. Alternatively, if disease risk increases linearly with pollution levels,
then the mean pollution in each area will be sufficient to characterize the within-area
exposure distribution, whatever that may be. However, in practice both these situ-
ations are implausible, although if the relative risk is small a nonlinear form may be
adequately approximated by a linear model. Unfortunately, if the relative risk is
small the results are likely to be viewed with caution because of the possibility of
unmeasured confounding.

4.2 Normal within-area distributions

We have seen that ecological bias will result in the presence of within-area vari-
ability. From the integral (7) we can see that the magnitude of such bias will in
general depend on the within-area distribution. We will now consider the case where
we have a normally distributed exposure and confounder, with Xki|/k1,/k2 �
N(/k1,/k2), with /k1 the 2 · 1 vector of means, and /k2 the 2 · 2 covariance matrix of
the within-area exposure-confounder distribution for area k. The integral in equa-
tion (7) is not available in closed form but using the probit approximation to the
logistic function (equation (3)) gives

p�ðb0; b;/kÞ ¼ E½expitðb0 þ XT
kibÞ�

� expit ð1þ c2bT/k2bÞ
�1ðb0 þ bT/k1Þ

n o

ð8Þ

where c is the constant c ¼ 16
ffiffi

3
p

15p . In the case with a single exposure variable, and no
confounder so that Xki1 � N(/k1,/k2), this simplifies to

p�ðb0; b1;/kÞ � expit ð1þ c2b2
1/k2Þ�1=2ðb0 þ b1/k1Þ

n o

: ð9Þ

As for the rare case the equivalent ecological model depends on the within-area
variances as well as the means. The naive ecological model is given by
expit ðb�0 þ b�1/k1Þ; that is, the same form as equation (9) without the factor
(1+c2 b1 /k2)

)1/2. Ecological bias will be negligible when there is very little within-area
variation or the exposure effects are small, since in each of these cases, the term b2

1/k2
will be small (or in the two-dimensional case, when the term bT /k2 b is close to 0).

These are the same circumstances under which the simple ecological Poisson
model performs adequately. However, for rare events there is also no bias when the
within-area variances are constant; this is not true for non-rare events, when even
constant variances will result in ecological bias. For example, if /k2=/2 in equation
(9) we have
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b�1 �
b1

ð1þ c2b2
1/2Þ1=2

� b1; ð10Þ

and there is attenuation.
If the aggregated ecological model involves the within-area variances, as is the case

for both loglinear and logistic models, then the variances may be viewed as acting as
additional area-level covariates. So fitting the simple ecological model without the
variance term may be viewed as analogous to omitting a between-area covariate. If
the variances are associated with the means, they are acting as between-area con-
founders, and omitting them from the model will introduce bias (this is analogous to
the usual problem of confounding in individual studies, since the area is the level of
analysis). However, if they are constant (or more generally, unrelated to the mean)
then they behave as independent covariates. For rare diseases with a loglinear
Poisson model, as in individual studies, there is no bias in omitting such a covariate
since the variance-effect is absorbed into the intercept and the model does not change
its form, and so there is no ecological bias in fitting the simple ecological regression
model. However, a non-rare disease with either a logistic or Probit link function
behaves like a standard Binomial model with a missing covariate and there will be
attenuation (Neuhaus and Jewell, 1993). Greenland et al. (1999) describe this type of
behavior as noncollapsibility without confounding, and note that no bias will result if
an estimate of a population-averaged effect is required. In terms of ecological anal-
ysis, this means that omitting the variances will not result in bias in the marginal
effect, that is to say the ecological effect; however, in this paper we are concerned
with the situation in which individual effects are of interest, and in this case constant
variances will introduce bias into the estimation of such effects.

We are interested in the potential size and direction of the bias in the general case.
For simplicity, consider the case of one exposure only, and no confounding, so the
corresponding ecological model is approximated by (9). Suppose that there is a linear
relationship between the exposure means and variances, so E [/k2|/k1]=a+b /k1;
we will consider the case where b>0 so that variances increase with the means, as
will typically be the case in an environmental epidemiology scenario. For rare disease
events this leads to b�1 ¼ b1 þ bb2

1=2 where b>0 so that for positive b1 we will always
have overestimation of a detrimental exposure. Intuitively this overestimation occurs
because the variance is acting like an unmeasured confounder that is positively
associated with the exposure.

For non-rare disease events the relationship is more complicated. It is difficult to
derive even an approximate expression for the relationship between the exposure
effect estimate, b�1, from the simple ecological regression model and the individual
effect parameter, b1. Figure 1 is based on simulation and shows the bias for two
situations. For each value of b1 on the graph, exposures are generated from a normal
distribution with means between 1 and 10. In the first case, variances are between 1
and 10 (with a between-area to average within-area variance ratio of 1) and in the
second case, variances are between 1 and 5 (with a between-area to average within-
area variance ratio of 2); in both cases means and variances increase linearly across
areas. Disease incidences are generated via the individual model (2) and the simple
ecological model is then fitted to the aggregated ecological data to give an estimate
for b�1. The two cases are represented by the solid curve and dashed curve respec-
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tively, and show the average of these estimates over 10,000 replications. Also shown
for comparison is the bias for rare disease events using the Poisson model for the first
scenario, given by the dotted curve.

For values of b1 close to zero, the bias is not substantially different to the bias in
the Poisson model. However, as |b1| increases the curves separate and the bias will
act very differently. For small positive b1 it is possible to see very slight over-
estimation of the exposure effect. However the bias is very small in this case, and for
larger b1 the bias is towards the null, increasing with the size of b1. This is the
opposite of the behavior when the disease is rare. The dashed line, with the larger
between to within variance ratio, generally has smaller bias than the solid line. For
large negative values of b1 both cases result in positive estimates for b�1; although it is
not shown on the figure, for large positive values of b1 both cases give negative

0 2

0.
0

0.
5

1.
0

β 1
*

β1

1
2

rare bias: case 1

1

Figure 1. Illustration of the bias in the ecological estimate b�1 versus the individual estimate
b1, for a normally distributed exposure. The solid and dashed lines show the bias in a logis-
tic model with normal within-area exposures for two cases: in the first case, variances are

between 1 and 10 (with a between-area to within-area variance ratio of 1) and in the second
case, variances are between 1 and 5 (with a between-area to within-area variance ratio of
2); in both cases means and variances increase linearly across areas. The dotted line is the

bias for the rare model.
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estimates for b�1. So for very large b1 ecological estimates will be in the opposite
direction to the true effect.

We will briefly consider two other within-area exposure distributions; in both
cases we will assume there is no confounder. First we will look at the bias for
uniform within-area exposures, and secondly we will consider lognormal within-area
exposures; such a skewed distribution is likely to occur in practice for many envi-
ronmental exposures, especially air pollution variables.

4.3 Uniform within-area distribution

The assumption of uniform exposures has been considered by Greenland (1992) and
Wakefield (2003) in the rare case. We assume that Xki|/k �indep U(lk)sk, lk+sk) so
that /k=(lk, sk). For this distribution, evaluation of (7) yields

p�ðb0; b;/kÞ ¼
1

2b1sk
log

1þ expfb0 þ b1ðlk þ skÞg
1þ expfb0 þ b1ðlk � skÞg

� �

ð11Þ

Again, bias will occur even when sk=s, that is when the range is constant across
areas; in this case there is always attenuation, and the size of the bias increases with
the size of b1, and with s. Table 1 gives the average estimates of b�1 (and % bias) for a
range of values of b1 and s in the air pollution context, based on 100 simulations. The
baseline parameter was b0=)2, and the within-area means range between 20 and 40
with a common within-area variance of s2/3. The ratio of the between-area vari-
ability to the within-area variability is 33/2, 33/5, 33/10, 33/15 which gives a plausible
range for environmental exposures. The bias increases as a function of both the effect
size and the variance of the uniform distribution. Such a table may be used to assess
the sensitivity of inference for b1 to ecological bias using plausible values of s. For
example, if the odds ratio associated with NO2 is truly 2 then if the within-area
variance of NO2 is 9 (s � 5), the observed estimate will be 1.6, that is, downwardly
biased by 28%. If within-area samples are available then model (11) may be fitted if a
uniform distribution is plausible.

The situation is more complicated when sk varies between areas. Fig. 2 shows the
size of bias in the naive ecological regression model, estimated via simulation as in
Section 4.2, for 100 areas with means between 1 and 5, and sk varying between 0.2
and 2. The means and variances increase linearly across areas. The dashed line shows

Table 1. The entries in the table contain the bias for uniform within-area variability in

exposure of NO2.

True b1

Variance parameter s

2 (bias) 5 (bias) 10 (bias) 15 (bias)

log(1.2)=0.182 0.180 ()1%) 0.172 ()6%) 0.148 ()19%) 0.121 ()33%)
log(1.5)=0.405 0.392 ()3%) 0.341 ()16%) 0.247 ()39%) 0.174 ()57%)

log(2.0)=0.693 0.644 ()7%) 0.500 ()28%) 0.320 ()54%) 0.215 ()69%)

There is attenuation in every case.
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the bias in the rare case for comparison. When exposure variances differ between
areas, for rare events the naive model overestimates the effect parameter. For non-
rare events there is very slight overestimation for small b1. For larger exposure effects
however, the naive estimate underestimates the true effect, with the bias becoming
larger as the true effect parameter b1 becomes larger; for very large values of b1 we
will underestimate to such an extent that b�1 is negative.

4.4 Lognormal within-area distribution

A common situation for environmental exposures is for within-area distributions to
be heavily skewed. We will consider a lognormal within-area exposure distribution;
Xki � LogNormal(/k1,/k2). For rare diseases the integral (7) takes the form of the
moment generating function for the within-area distribution, which does not exist
for the lognormal distribution. It can be shown that for the non-rare case equation
(7) does converge, although evaluating the integral is problematic.

−3 −2 −1 0 1
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Figure 2. Illustration of the bias in b�1, for a uniformly distributed exposure. The solid line
shows the bias in the simple ecological model for non-rare diseases, and the dashed line is
the bias for rare disease events.
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Figure 3 illustrates the bias by direct simulation, using the same values as in
Section 4.2. The solid lines is the bias in fitting the simple model when the exposures
are lognormal within areas, and the dashed line shows the bias from Section 4.2
when they are normally distributed. For small values of b1, which would be typical in
environmental studies, the bias is larger for the skewed distribution. As the skewness
increases, estimates become more biased.

In summary ecological bias for non-rare disease events is more complicated than
for rare disease events, where we will over-estimate the true effect in common situ-
ations. For all three within-area distributions considered, the exposure effect is
slightly over-estimated for small values of b1, whereas for larger values we will see
attenuation to the null. In all cases studied, for very large effect parameters the
ecological effect will be estimated in the opposite direction; that is, for a positive
individual relationship we may observe a slight protective effect. The point at which
this occurs depended on the within-area distribution and on the parameters of the
within-area distribution.

Unlike the rare case in which one expects overestimation when the variance in-
creases with the mean, it is more difficult to predict the direction of the bias in the
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β 1
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Figure 3. Illustration of the bias in b�1, for a lognormal distributed exposure. The solid line
shows lognormal distributed exposures, and the dashed line is the bias for normal expo-
sures for comparison. The dotted line is b�1 ¼ b1 corresponding to non bias.
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non-rare case. In the rare case, constant spread in the within-area distributions will
usually imply no bias; in the non-rare case we obtain attenuation. Only for very
small values of b1 is ecological bias likely to be small, and in this situation unmea-
sured confounding will cast doubt on the validity of the estimate.

4.5 Confounding

In the previous sections we considered a simple situation with a single exposure only
and no confounding. Extending the results to consider an exposure and a con-
founder is not straightforward since the bias in the exposure effect will depend also
on the size of the confounder effect, the within-area variation in confounders and the
correlation between exposure and confounder. To illustrate this, we will consider the
case of a normal distribution for the joint within-area exposure-confounder distri-
bution. Suppose

Xki1

Xki2

� �

� N
lk1

lk2

� �

;
r2
k1 rk12

rk12 r2
k2

� �� �

so /k ¼ ðlk1; lk2; r
2
k1; r

2
k2; rk12Þ, then the full model corresponding to equation (8) is

p�ðb0; b;/kÞ

� expit 1þ c2ðr2
k1b

2
1 þ 2rk12b1b2 þ r2

k2b
2
2Þ

� ��1ðb0 þ b1lk1 þ b2lk2Þ
n o

ð12Þ
where c ¼ 16

ffiffi

3
p

15p as before. So the bias in the estimate b�1 will depend on the size of the
exposure and confounder effects, the within-variation in both exposure and con-
founder, and the within-area covariances. Note that there will be bias even if Xki2 is
not a within-area confounder (so rk12=0). This is because although it is not an
individual confounder, the within-area variability in Xki2 is still acting as a between-
area confounder.

In general, determining the size and direction of the bias becomes much more
complex; in particular we may observe over- or under-estimation of the exposure
effect at any value of the true effect b1, even if the average lk2 is included. It will be
difficult to predict the bias that will be introduced by ignoring within-area variability
in exposures and confounders.

5. Adjusting for bias

5.1 Extended models

If we are able to make an assumption about the within-area exposure distribution,
then in some cases it may be possible to directly fit the corresponding ecological
model, as derived in Section 4, to obtain unbiased estimates. We need to be able to
derive the model explicitly, and have appropriate data available, since these models
require additional information about higher moments of the within-area distribution
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(so we need good estimates of all the parameters /k). For example, if it is reasonable
to expect exposures to be normally distributed within areas, then if the within-area
exposure variances are available, the corresponding ecological model (9) may be fitted
directly from Section 4.2. This may be used as an approximation for small exposure
effects and weakly skewed distributions, since Fig. 3 shows that the bias curves are
close within this range. Unfortunately it is not possible to derive the corresponding
ecological model for lognormal or gamma exposures in closed form, so fitting an
appropriate model in cases in which the within-area distributions are heavily skewed
is more troublesome, though one may resort to numerical integration.

In terms of inference, the parametric approach uses a full likelihood; for non-rare
events the binomial distribution for disease counts is used. The log-likelihood for the
disease counts, Yk, is

lðb;YkÞ ¼ Yk logfpðb;/kÞg þ ðnk � YkÞ logf1� pðb;/kÞg
and can be maximized using standard maximization techniques, with the estimated
Fisher’s information matrix being used to obtain standard errors. In practice excess-
binomial variation is likely to be encountered (due to unmeasured variables, within-
areas variability in exposures/confounders, model misspecification, see Wakefield
(2004a) for further discussion), and so a quasi-likelihood or random effects model
would be preferred. We have also assumed a binomial distribution which follows if
the exposure sampling is independent within areas; strictly speaking the binomial is
inappropriate when we have estimated moments but this should not be a big problem
if the areas contain a large number of individuals. For a discrete exposure the true
likelihood is a convolution, see Wakefield (2004b) and the accompanying discussion
and response.

As we mentioned at the end of Section 3.1, we have derived the models, such as
equation (9) in terms of the true parameters of the within-area distributions, /k. In
practice, we will have only estimates, /̂k. This may result in extra bias due to
imprecise estimation.

5.2 Including individual data

Suppose that in addition to the ecological data, Yk, we have observed the cova-
riates Xki on a subset of individuals mk ; 2 £ mk £ nk in each area; we write
X

mk
k ¼ ðXk1; . . . ;Xkmk Þ. Prentice and Sheppard (1995) use an estimating functions

approach and derive expressions for the mean and variance of Ykjb0; b;X
mk
k for a rare

disease. We may extend this in the obvious fashion for non-rare diseases.
We define

pðb0; b;X
mk

k Þ ¼ E½Ykijb0; b;X
mk

k � ¼
1

mk

X

mk

i¼1
expitðb0 þ b1Xki1 þ b2Xki2Þ ð13Þ

The mean of Yk is given by lk ¼ mk � pðb0; b;X
mk
k Þ, and the variance by

varðYkjb0; b;X
nk
k Þ ¼ nkpðb0; b;X

nk
k Þ �

X

nk

i¼1
expitð2b0 þ 2b1Xki1 þ 2b2Xki2Þ
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We may then use the estimating function

X

N

k¼1
DT

k ðbÞV�1k ðbÞ yk � lkf g ¼ 03;

where 03 is a 3 · 1 vector of zeroes and DT
k ðbÞ is the 3 · 1 vector of derivatives. For

rare diseases, Prentice and Sheppard (1995) show this estimating equation is
asymptotically biased (due to the use of subsamples rather than a complete census)
and give an adjustment when Vk=1. However, the bias correction requires estimates
of the third moment and the instability in the latter means that in some situations the
adjustment is not worthwhile (Sheppard et al., 1996).

Unlike the parametric approach, the aggregate approach does not encounter any
additional difficulties in implementation when dealing with non-rare rather than rare
events. Since it does not require specification of the within-area distribution, if
subsample data can be obtained then it is a viable model particularly when the
exposures follow non-normal distributions. However, as with the parametric ap-
proach, there are problems if the subsample data are subject to non-differential
measurement error. For rare diseases with a loglinear model, Prentice and Sheppard
(1995) show that the aggregate estimator can help to alleviate bias due to mea-
surement error. However, Carroll (1997) shows that for non-rare diseases mea-
surement error causes the aggregate estimator to overestimate (although a probit
link function is used in their paper, we would expect that the same would be true for
a logistic link function).

One of the appeals of the aggregate approach for rare diseases is that it lies
between truly ecological studies on the one hand, and individual studies on the other.
When dealing with rare diseases, it is unlikely that a random sample within an area
would record many disease events, so an individual study is still not possible. The
aggregate approach allows individual data on exposures to be incorporated whilst
still using aggregate data on health outcomes. However, for non-rare disease events,
it may be worthwhile to collect both exposure and health data on the sample; if
possible this should be incorporated fully into the analysis instead of using the
aggregate approach (which does not include the link between individual exposures
and health). The likelihood in this case will have two contributions for each area, one
from the aggregate and one from the individual-level data.

5.3 Sensitivity analysis

When insufficient data are available (such as within-area variances) the models in the
previous two sections cannot be fitted, but a sensitivity analysis similar to that
described in Wakefield (2003) for a loglinear model can be employed. The approach
is to make assumptions about the within-area exposure distribution and derive
expressions for the bias in the estimate b̂�1 as in Section 4. These can then be used to
investigate the uncertainty of results.

Unfortunately, this approach is less straightforward for logistic models than for
loglinear models. As was seen in Section 4 it is much more difficult to derive useful
expressions for the bias in estimates, even using approximations, and for several
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important distributions that may occur frequently in practice this is not possible.
However, figures similar to those in Section 4 may be plotted by direct simulation to
give some idea of the size and direction of bias. Of those distributions considered in
Section 4, only normal within-area exposures can be used in a sensitivity analysis
with a closed form expression, using equation (9). However, this may be used as an
approximation for weakly skewed distributions, since Fig. 3 shows that the bias
curves are close within this range. A sensitivity analysis without a closed-form
solution will be much more laborious since some form of approximate integration
will be needed to evaluate the mean function.

An alternative approach to a sensitivity analysis is to make use of the aggregate
approach described in Section 5.2, which uses within-area samples of individual
exposure data. To use this idea to explore the sensitivity to within-area distributional
assumptions, we may use simulated exposure data rather than real samples. Suppose
we have only the average exposure in each area. We fit the naive ecological regression
model and obtain a biased estimate of the relative risk. We can assess the extent of
the bias by considering samples of simulated individual data. For example, suppose
we believe that the within-area exposure distribution is highly skewed. We may
generate a sample of lognormal data for each area, with mean given by the actual
data, fit the model (13), and compare estimates from this model with estimates from
the naive model. By considering different within-area assumptions we may see how
estimates are affected by these factors. This approach works because the Prentice and
Sheppard model does not require the individual link between exposure and disease
status.

6. Simulation studies

In this section we describe the use of different estimation techniques/models in three
sets of simulations. The first two consider the bias when we have a single exposure
only; in the first case exposures are assumed to be normal within areas, and in the
second they are lognormal. The third study looks at the bias when there is an
exposure and confounder, which follow a bivariate normal within-area joint distri-
bution.

In the context of the respiratory health scenario described in Section 2, we gen-
erate data for N=100 areas, with each area containing nk=400, k=1,…,100, boys
aged 7–9. In the United Kingdom this corresponds to areas that are larger than
electoral wards, but smaller than counties. The response, Yki, will represent the
presence/absence of wheeze in child i in area k. We consider only the subgroup of
boys between the ages of 7 and 9 to simplify the analysis, since we may then discount
potential confounding due to age and sex. We assume we have a single exposure
variable, Xki1, representing the level of NO2 concentration, and a single confounder,
Xki2, nominally representing some measure of deprivation or poverty (for example a
measure of diet). The confounder is a continuous within-area confounder and may
be viewed as acting as a surrogate for parental smoking, diet and other factors
related to socio-economic factors. As discussed in the context of deprivation mea-
sures in Section 2.1, such proxy confounders are not ideal for ecological studies;
however, unlike deprivation measures such as the Carstairs Index, our Xki2 is a
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variable measured at the individual level, and so it is reasonable to think about
within-area variation.

6.1 Simulation: normal exposures

In the first simulation study we ignore the confounder, and concentrate on the
exposure only; we assume a normal distribution for the within-area variability in
NO2 with the variance a linear function of the mean. Individual normal NO2 levels
were generated with means 15 £ /k1 £ 35, and variances 10 £ /k2 £ 100,
k=1,…,100, both increasing linearly across areas so that the first area has mean 15
and variance 10. The within-area coefficients of variation range between 20% and
30% which is not unreasonable in environmental studies.

We consider two specific examples with different values of b1. In the first we
assume a small effect of NO2 with relative risk expðb1Þ ¼ 1:1, with individual level
data generated using this value and b0=)3.5. This produces area-level average risks
in the range 0.14 to 0.35. In the second scenario we assume a much larger NO2 effect,
with a relative risk of expðb1Þ ¼ 1:5 (and b0=)11).

In each case we compare four different analyses: an ‘‘Individual’’ level analysis
that analyses the individual-level data with a logistic regression model; a ‘‘Naive
ecological’’ model that takes a binomial logistic regression of the number of cases as
a function of the mean exposure; a ‘‘Normal parametric’’ model that fits the
approximate induced model given by (8), with first two moments taken as known
(the best possible scenario); an aggregate data model based on the mean function
(13). For the aggregate model, subsamples of size 100 were used. This represents 25%
of the individuals in each area and so will be unrealistically large in many instances.
The results, based on 1000 simulations, are presented in Table 2.

As predicted by Figure 1, when the true effect is small the naive ecological model
performs reasonably well, with only slight underestimation of the effect of NO2 and
confidence interval coverage (with 91% of intervals containing the true value). In the

Table 2. Parameter estimates and standard errors (*· 10)2), for various models/estimation

procedures for normal within-area exposures.

Assumed model

NO2 Effect b1

NO2 Odds Ratio 95% CI CoverageEstimate % Bias Std. Error*

Truth 0.10 1.10 0.95
Individual 0.10 (0%) 0.14 1.10 0.94

Naive ecological 0.09 ()2%) 0.21 1.10 0.91
Normal parametric 0.10 (0%) 0.23 1.10 0.95
Aggregate 0.09 ()1%) 0.24 1.10 0.91

Truth 0.41 1.50 0.95
Individual 0.41 (0%) 0.42 1.50 0.95
Naive ecological 0.21 ()48%) 0.24 1.24 0.00
Normal parametric 0.39 ()3%) 1.37 1.48 0.94

Aggregate 0.39 ()3%) 1.52 1.48 0.83
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second example, the exposure effect b1 is much larger and as a result the bias is much
larger when the naive model is used, showing severe attenuation as predicted. The
ecological estimate gives an odds ratio for NO2 of 1.24, far below the true value of
1.5, and the nominal 95% confidence intervals have zero coverage.

The parametric and aggregate approaches both improve the estimate in the case of
expðb1Þ ¼ 1:5. A larger value of b1 causes more variation in the counts, Yk, which is
more difficult to model at the ecological level, and we see a substantial increase in the
standard error of the estimate. This seems to cause additional problems in the
parametric model, with only 71% of simulations converging for the large exposure
effect. This may be helped with the use of an additional overdispersion parameter in
the disease model.

6.2 Simulation: lognormal exposures

In the second simulation study, we use the same parameter values and exposure
means and variances as above, but generate exposures from a lognormal distribu-
tion. These distributions are moderately skewed (with skewness between 0.6 and 0.9),
and the within-area coefficients of variation range between 20% and 30%. The results
are shown in Table 3.

Results for the naive ecological model are similar to those in the previous section
for normal exposures: there is very little bias for the small exposure effect, but
significant bias for the larger exposure effect. Of most interest here, however, is the
effect of incorrectly assuming a normal within-area exposure distribution in the
parametric model. The extent of bias due to the incorrect distributional assumption
depends on the exposure effect. For very small exposure effects, there is hardly any
bias, although the standard errors do not take into account the extra variability over
and above the normal distribution, and consequently the coverage of confidence
intervals is reduced. This suggests that for small exposure effects the normal model
may be a reasonable approximation.

Table 3. Parameter estimates and standard errors (*· 10)2), for various models/estimation
procedures for lognormal within-area exposures.

Assumed model

NO2 Effect b1

NO2 Odds Ratio 95% CI CoverageEstimate % Bias Std. Error*

Truth 0.10 1.10 0.95

Individual 0.10 (0%) 0.14 1.10 0.95
Naive ecological 0.09 ()4%) 0.21 1.10 0.60
Normal parametric 0.09 ()2%) 0.23 1.10 0.86
Aggregate 0.09 ()1%) 0.26 1.10 0.90

Truth 0.41 1.50 0.95
Individual 0.41 (0%) 0.42 1.50 0.95
Naive ecological 0.21 ()49%) 0.24 1.23 0.00

Normal parametric 0.34 ()16%) 1.00 1.40 0.00
Aggregate 0.39 ()5%) 1.80 1.47 0.76
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For the larger exposure effect the additional skewness in the within-area distribu-
tions is unaccounted for, and the parametric model assuming normal exposures gives
biased results; although estimates are closer to the truth than for the naive ecological
regression model, in both cases there is zero coverage of 95% confidence intervals,
which indicates that the parametric method should not be used if the exposure dis-
tribution is skewed and the exposure effects are not small. Once again the parametric
model is somewhat unstable, converging on only 62% of the simulations.

A noticeable feature of the aggregate model is the poor coverage of the confidence
intervals, containing the true value only 76% of the time. This is possibly due to the
subsample sizes, with a size of 100 being insufficient to fully capture the distribution,
particularly in the tails. Consequently, thewithin-area distributions are estimated to be
narrower than is really the case, and this is reflected in a slightly biased estimate and
poor estimates of precision. Note that we have already chosen an unfeasibly large
subsample size; these results suggest that for highly skewed data and non-rare diseases
even larger samples will be required. This is a shortcoming of the aggregate approach,
since typically such data will not be available. The need for larger subsamples has been
reported in other simulation studies, see for example Guthrie and Sheppard (2001).

6.3 Simulation: normal exposure and confounder

Finally, in the third simulation study, we included data on confounders, to see how this
might affect the bias. Individual NO2 exposures were generated as before, and con-
founders, with means between 15 and 35, and variances between 3 and 8; all increasing
linearly across areas. The true parameters were b0=)9, b1=log(1.1)=0.095 and
b2=log (1.22)=0.20. Hence we see that the confounder effect is greater than the pol-
lution effect. Three sets of data were generated; in the first, exposure and confounder
were independent within areas (with a correlation of 0) while in the second and thirdwe
introduce positive and negative dependence respectively, by choosing correlations of
±0.8. Positive correlation is obviously the more sensible choice for a confounder
representing somemeasure of poverty, butwe include the negative correlation tomimic
other situations.Whenfitting the normal parametricmodel, based on equation (12), we
used three assumptions about the within-area correlation between exposure and
confounder: we used values of 0 (so they are assumed to be independent), 0.8 (high
positive relationship) and )0.8 (high negative relationship), to see how sensitive
inference is to this choice. The results are presented in Table 4.

We are interested specifically in any extra bias that is introduced in the estimate of
the exposure effect, b1, due to within-area variability in confounders. We have a
chosen a small exposure effect of log(1.1), which showed bias of around 2% in the
naive ecological regression when there were no confounders. There are two main
questions of interest. Firstly, how much additional bias is introduced in considering
the simple ecological model with both exposures and confounder means? Secondly,
can we remove this bias, as we did in Section 6.1, by fitting an appropriate para-
metric model? Also of interest is the importance of the assumption about within-area
correlations, corresponding to the three different parametric models fitted.

The naive ecological regressionmodel underestimates the exposure effect in all three
cases, despite controlling for exposure and confoundermeans. In all cases there ismore
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bias, typically around 12%, than in Section 6.1 where there was no confounding. For
such a small exposure effect this translates into an estimate of 0.08 instead of 0.1, which
is still reasonable, but with multiple confounders the estimate is likely to be biased still
further. Standard errors are all noticeably larger than before, reflecting the increased
uncertainty involvedwith two covariates rather thanone.The aggregate data approach
produces slightly attenuated estimates in each scenario considered.

The parametric models are an improvement over the naive model, although all
three are more biased than in the exposure only case. In all cases the bias is least
when the correct assumption is made about within-area correlations, but there is
little consistency in the size of bias compared to the extent of correlation misspeci-
fication. In particular, assuming no correlation (a convenient assumption when no
data are available) results in bias of between 10% and 20% and so in practice does
not seem to be a useful assumption, despite its convenience. Finally, these simula-
tions highlight a serious problem with convergence. The parametric models seem
highly unstable, and fail to converge just under half the time.

7. Discussion

In this paper we have investigated bias due to within-area variability in exposures
and confounders when dealing with non-rare disease events. As with non-ecological

Table 4. Parameter estimates and standard errors (*· 10)2), for various models/estimation
procedures for normal within-area exposures and confounders.

Assumed model

NO2 effect b1
Odds
Ratio

Income effect b2

NO2

95% CI
Conv.
RateEst. % Bias Std. Err.* Est. Std. Err.*

Truth 0.10 1.10 0.2 0.95

True within-area correlation: q=0
Naive ecological 0.09 ()11%) 3.15 1.09 0.18 3.15 0.89 0.99

Aggregate 0.09 ()7%) 1.55 1.09 0.21 1.18 0.89 1.00
Parametric (q=0) 0.09 ()3%) 1.90 1.10 0.21 1.89 0.05 0.58
Parametric (q=0.8) 0.10 (8%) 2.17 1.11 0.20 1.67 0.73 0.55
Parametric (q=)0.8) 0.08 ()11%) 2.22 1.09 0.23 1.45 0.95 0.58

True within)area correlation: q=0.8

Naive ecological 0.08 ()14%) 3.17 1.09 0.18 3.17 0.90 1.00
Aggregate 0.09 ()8%) 1.58 1.09 0.21 1.20 0.91 1.00
Parametric (q=0) 0.07 ()28%) 1.93 1.08 0.23 2.22 0.05 0.58
Parametric (q=0.8) 0.09 ()5%) 2.23 1.10 0.21 1.85 0.56 0.62

Parametric (q=)0.8) 0.08 ()13%) 2.29 1.09 0.23 1.52 0.92 0.64

True within)area correlation: q=)0.8
Naive ecological 0.08 ()13%) 3.12 1.09 0.18 3.13 0.91 0.99
Aggregate 0.09 ()6%) 1.55 1.09 0.21 1.18 0.92 0.99
Parametric (q=0) 0.08 ()12%) 1.98 1.09 0.22 2.12 0.10 0.58

Parametric (q=0.8) 0.10 (3%) 2.24 1.11 0.21 1.80 0.69 0.62
Parametric (q=)0.8) 0.09 ()3%) 2.17 1.10 0.22 1.34 0.99 0.53
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data, estimates from logistic models exhibit more complex behavior than linear and
loglinear models. It is also more difficult to obtain analytic expressions to aid in bias
characterization.

The following is a list of the key differences between loglinear models for rare
events and logistic models for non-rare events:

• There is no ecological bias for rare events when the means are independent
of higher moments. For non-rare events this is no longer the case. In particu-
lar, there is no ecological bias for rare events when the exposure variances
are constant. For non-rare events there was attenuation in the cases we
examined.

• When exposure variances increase with the means, the naive model for rare
events overestimates a true positive effect, for the within-area exposure distri-
butions that we have considered. For non-rare events it either overestimates
very slightly for small b1 or underestimates the true effect. When it overesti-
mates the bias is very small and negligible; otherwise there is attenuation.

• The parametric approach for non-rare events requires the use of approxima-
tions to derive an ecological model, and this may introduce additional uncer-
tainty not accounted for by the standard errors.

• Standard errors are also likely to be increased when we aggregate, though we
have not investigated this in detail.

For the within-area distributions that we have discussed, we have typically seen
very little bias for small positive exposure effects, and larger bias, in the form of
attenuation towards the null, for larger effect sizes. Unless the effects are very large
indeed, which is unlikely in an environmental epidemiology setting, we will not
observe a negative effect when the true effect is positive, or vice versa. Although these
general trends can be seen from the figures, we have been unable to derive any more
useful statements that could be used to quantify possible bias in practice. While these
general statements are true when there is a single exposure, the situation becomes
increasingly more complex the greater the number of exposures and confounders
that we consider. With more covariates in the model there is more within-area
variation in the explanatory variables which causes increased standard errors in the
estimates and a decrease in power. In particular, there is likely to be increased bias,
even for small exposure effects, and this bias could be positive or negative depending
on the behavior of the confounders. This is problematic for a typical epidemiology
study, such as the air pollution and health example used throughout this paper,
where any exposure effect is likely to be very small and there are likely to be many
confounders. As we have seen, even if the mean confounders are controlled for in the
ecological model, the bias introduced in the exposure estimate may be substantial.
For example, exposure effects may be heavily over-estimated, diluted to the extent
that they are no longer significant, or even estimated as negative in the presence of
within-area variability in known confounders.

We have described two possible approaches that may help to alleviate ecological
bias, but neither seem promising for practical applications. The aggregate approach
is appealing since it does not require any distributional assumption. However, it is
important to have subsamples of a reasonable size; in the simulations we deliberately
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used a large sample size of 100. Although in previous simulations for rare diseases
(Sheppard et al., 1996; Wakefield and Salway, 2001), this has been shown to be
reasonable, our results suggest that, certainly for non-rare diseases, still larger
samples will be required for highly skewed distributions. Such sample sizes are
clearly impractical in the situation we described with areas of size 400; smaller
subsamples will introduce additional bias. Even with our samples, representing 25%
of the population, the accuracy of the aggregate approach is reduced still further
when including just one extra confounder. With larger geographical areas that
contain more individuals we may have individual-level data on a greater number of
individuals and the situation may improve.

The parametric approach does not fare any better for practical use. If exposure
effects are very small, as is typical, then we may ignore bias introduced by the
assumption of normal distributions even when applications such as air pollution
suggest exposure distributions are highly skewed. However, even to fit the para-
metric model assuming normal distributions requires data that will rarely, if ever, be
available, in the form of the within-area variances. The models as derived in Section
4.2 are in terms of the true underlying within-area variances; even if we have access to
samples of data from which to estimate the variances, then unless they are of a
reasonable size this will introduce additional measurement error. If large subsamples
of data are available to estimate variances, then it would seem better to use the
subsamples of data directly in the aggregate approach.

We have not discussed the details of implementing these models, in part because
the conclusions of this paper suggest that they will not be useful in practice. In fitting
the parametric models we have assumed that the distribution of disease counts is
binomial, and used standard likelihood-based methods to fit the models; such
models could also be fitted in a Bayesian framework. One reason for not doing so
here is to concentrate on ecological bias and not to complicate the discussion with
other factors, such as the choice of prior distributions. However, while the distri-
butional assumption is appropriate in this artificial situation when the true under-
lying within-area means and variances are known, in practice this will not be the
case, and the distribution will no longer be binomial. More complicated fitting
techniques will be required, for example via estimating equations which only re-
quired the first two moments, and it is difficult to see immediately how this would be
achieved in a Bayesian setting where the complete likelihood is required. The latter
will be complex when the dependence between individual-level outcomes is con-
sidered.

Ecological inference when dealing with non-rare events is more complex and
unpredictable than for rare events. In a typical environmental application the
problems arise not so much from within-area variability in the exposure, where
potential exposures effects will be small, but from within-area variability in con-
founders. This is due to the often larger effect sizes, increased variability and
potentially larger numbers of such confounders. Although the general conclusion of
this paper is that it will not be possible to correct for ecological bias when dealing
with non-rare disease events, a notable exception is in semi-ecological studies. In this
case all confounders are measured at the individual level and only a single exposure
with a small effect is measured at the ecological level. So estimates will be subject
only to bias due to within-area variability in exposures, and not the extra bias that
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arises from within-area variability in confounders. As we have seen, for small effects
this bias is likely to be small.

We end with the obvious conclusion that the solution to the ecological inference
problem is to collect individual-level data, and this is especially true in the non-
rare situation. The one advantage here is that since disease events are not rare,
small samples will yield disease events, and hence information, unlike the rare
situation.
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