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Summary. This paper considers the spatio-temporal modelling of four pollutants measured daily at eight
monitoring sites in London over a four-year period. Such multiple pollutant datasets measured over time at
multiple sites within a region of interest are typical. Here, the modelling was carried out in order to provide
the exposure for a study investigating the health effects of air pollution. Alternative objectives include the
design problem of the positioning of a new monitoring site, or for regulatory purposes in order to determine
whether environmental standards are being met. In general, analyses are hampered by missing data due,
for example, to a particular pollutant not being measured at a site, a monitor being inactive by design (for
example, a six-day monitoring schedule), or because of an unreliable or faulty monitor. Data of this type is
modelled here within a dynamic linear modelling framework, in which the dependencies across time, space
and pollutants are exploited. Throughout the approach is Bayesian, with implementation via Markov Chain
Monte Carlo.
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2. The Model

2.1. Specification
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3. Initial Analyses
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3.1. Single pollutant, single monitoring site
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3.2. Single pollutant, multiple monitoring site
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3.3. Multiple pollutants, single monitoring site
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Table 1. Summary of pollutants measured, and periods of operation, at eight sites in London, 1994–97. The total num-
ber of days of operation are given for each pollutant at each site together with the percentage of missing observations.
The units are � gm � � for PM ��� , parts per billion for SO � and NO and parts per million for CO.�	��
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Table 2. Correlation/covariance matrix for (logged)
pollutants and temperature, Bloomsbury, 1994–97.
The variances lie on the diagonal, with covariances
above and correlations below.�k� ��� C!D � K D LMD ���@lnm
�k� ��� AG$ ;E9 � AG$ 9 ( A�$ 9�; AG$ A :�9 AG$ &�J
C!D � AG$ ;?: A�$ ,*& � A�$ J�A AG$ 9�; <
9 $ & 9K D AG$ ; ( AG$ (*, A�$ ,�J � AG$ & > < &�$ A :LMD AG$ ; ( AG$ J*I A�$ , 9 AG$ ;?: � < AG$ I*&���@lnm AG$ 9 A < AG$ & : < AG$ (�A < A�$ & : (�$ , 9 �
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Table 3. Correlation/covariance matrix for (logged) values of PM ��� , measured at eight sites, 1994–97. The variances lie
on the diagonal, with covariances above and correlations below.
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Table 4. Observation and system variances, with coefficients for temperature, for two pollutants, PM ��� and SO � ,
modelled individually at two sites, Bloomsbury and Bexley. The three sets of results show the effect of adding linear
and quadratic effects of temperature to the model.
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Table 5. Observation and system variances, with coefficients for temperature,
for PM ��� modelled jointly at eight sites, but independently of measurements of
other pollutants. Site effects, and variances are presented for both independent
and multivariate spatial models. The labelling is: 1 = Bexley, 2 = Bloomsbury,
3 = Brent, 4 = Eltham, 5 = Harringey, 6 = Hillingdon, 7 = North Kensington, 8 =
Sutton. � W�c�2 � 2GW	c%2EW+X � T	56X#`��G\!V�`6\EX@2
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Table 6. Observation and system variances,
with coefficients for temperature, for four pol-
lutants modelled using the multivariate pol-
lution model. Results are from the Blooms-
bury site, modelled independently of mea-
surements at other sites.���#�E� ��� &�$ (�) : ,�$ (*)��� ���
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Table 7. Posterior medians of the ��� matrix be-
tween the underlying levels of four pollutants mod-
elled using the multivariate pollution model at the
Bloomsbury site, modelled independently of mea-
surements at other sites. The variances lie on the
diagonal, with covariances above and correlations
below. �k� ��� C!D � K D LMD
�8� ��� AG$ J ; & ; � AG$ 9@;�; & AG$ 9 A*J : AG$ 9 (�J?(C!D � A�$ I�I*A > AG$ ; , 9 ( � AG$ 9�; ,*& AG$ &�J 9 (K D A�$ I 9#: & AG$ I ; ,*& AG$ J?,�A*J � AG$ 9 I >*>LMD A�$ I 9 J ; AG$ : &�A?& AG$ :�9@;?> AG$ (�( 9*9 �
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Table 8. Posterior medians from the general model with dependencies across time
and pollutants, with pollutant specific spatial effects. Pollutant specific observation
and system variances, together with coefficients for temperature, are presented
together with site effects and variances, for the multivariate spatial components.
The labelling is: 1 = Bexley, 2 = Bloomsbury, 3 = Brent, 4 = Eltham, 5 = Harringey,
6 = Hillingdon, 7 = North Kensington, 8 = Sutton.
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Table 9. Posterior medians of the ��� matrix be-
tween the underlying levels of four pollutants mod-
elled using the multivariate pollution model with mul-
tivariate spatial effects for all eight monitoring sites.
The variances lie on the diagonal, with covariances
above and correlations below.�k� ��� C!D � K D LMD
�8� ��� AG$ J ; J*I � AG$ 9*9�; & AG$ 9�9@; J AG$ A?,�A?(
C!D � A�$ ,�A?(�( AG$ ; , 9 A � AG$ 9 I*I : AG$ 9 A*&*&K D A�$ >�> (�( AG$ I*A*&*, AG$ ;?:�:�; � AG$ 9@;G9 ,LMD A�$ >�: & ; AG$ ,�J*&*, AG$ : (*,�I AG$ & :*> & �
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Fig. 1. Time series plots of logged values of PM � � for eight sites in London, 1994–97 (missing values are marked on the horizontal axis as triangles).
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Fig. 2. The (log) correlation between logged values of pollutants and distance between sites. The reference line is log(correlation) � � ��� distance, using the posterior median
for

�
� from the spatial model for PM � �
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Fig. 3. Time series plot for a subset of 250 days: (a) recorded measurements and estimated

���� for (log) PM � � , Bloomsbury, triangles indicate missing values; (b) differences
between recorded and estimated values. In (a) the dotted lines indicate approximate 90% intervals, in (b) the dotted lines are

�� ����



22
G

avin
S

haddick
and

Jon
W

akefield

(a)

Easting (km)

N
or

th
in

g 
(k

m
)

500 510 520 530 540 550

16
5

17
0

17
5

18
0

18
5

19
0

Bexley

Bloomsbury

Brent

Eltham

Harringey Roadside

Hillingdon

North Kensington

Sutton

(b)

Easting (km)

N
or

th
in

g 
(k

m
)

500 510 520 530 540 550

16
5

17
0

17
5

18
0

18
5

19
0

-0.1

-0.1

-0.05

-0.05

 0

 0

0.050.1

(c)

Easting (km)

N
or

th
in

g 
(k

m
)

500 510 520 530 540 550

16
5

17
0

17
5

18
0

18
5

19
0

0.01

0.01

0.010.01

0.01

0.01
0.01

0.02

0.02

0.02

0.02

0.03

0.03

0.03

0.03

Fig. 4. Contour plot of (a) site effects based on a 20x20 grid of locations without a pollution monitor (b) the corresponding standard deviations of the site effects


