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SUMMARY 

Survival duration and health quality are fundamentally important aspects of health. 
A utility model for survival duration and health quality is a model of the subjective 
value of these attributes. We investigate the hypothesis that the utility (subjective 
value) of survival duration and health quality is determined by a multiplicative model. 
According to this model, there are separate subjective scales for the utility of survival 
duration and health quality. If F(Y) equals the utility of surviving Y years, and G(Q) 
equals the utility of living in health state Q, then the multiplicative model proposes 
that F(Y)G(Q) equals the utility of surviving Y years in health state Q. This model 
provides a simple explanation for several intuitively compelling relationships. First, 
the distinction between better-than-death and worse-than-death health states corre- 
sponds to the assignment of positive or negative utilities to different health states. 
Second, a zero duration of survival removes any reason to prefer one health state over 
any other, just as multiplying the utility of health quality by zero eliminates differences 
between the utilities of different health states. Third, the subjective difference between 
Y years in pain and Y years free from pain increases as Y increases as if the difference 
in utility between pain and no pain were being multiplied by the utility of surviving 
Y years. A critical prediction of the multiplicative model is the hypothesis that 
preferences between gambles for health outcomes satisfy a property called utility 
independence. After defining this property and explaining how it can be tested in 
behavioral data, we report an experimental test of whether the health preferences of 
medical patients satisfy utility independence. Individual analyses revealed that most 
subjects satisfy utility independence, thereby supporting the multiplicative utility 
model. Some subjects appear to violate a fundamental assumption of utility theory: 
They appear to violate the assumption that a single utility scale represents both the 
ordinal preference relations between certain outcomes and. the subjective averaging 
that underlies the utility of gambles. The violation is inferred from an inconsistency 
between preferences for multiattribute outcomes when they are viewed as certain 
outcomes and when they are viewed as the outcomes of gambles. 

When choosing a medical therapy, survival duration and 
health quality are two of the most important attributes of the 
outcome of a decision. To make an optimal choice when 
duration and quality of survival are at issue, it is necessary to 
evaluate the subjective value of the combinations of duration 
and quality that could result from a choice. The theory of 
expected utility is a normative theory of decision making in 
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which a measure of subjective value, called utility, is defined 
(Luce & Raiffa, 1957; Von Neumann & Morgenstern, 1947). 
When applied to the problem of therapy selection, expected 
utility theory describes a method for determining the choice 
that maximizes the probabilistic expectation of the utility to 
the patient (Weinstein et al., 1980). Individuals differ in their 
willingness to undergo risks to achieve potential improve- 
ments in health, or in the trade-offs that they make between 
the duration and quality of survival (McNeil, Weichselbaum 
& Pauker, 1978, 1981; Miyamoto & Eraker, 1985), The 
optimal choice for one patient may not be optimal for an- 
other; one purpose of the utility analysis of health outcomes 
is to represent individual differences in values for health 
outcomes (McNeil & Pauker, 1982; Pauker & McNeil, 1981). 

In the present essay we will not attempt to discuss the 
complete decision analysis of therapeutic choices; rather, we 
focus on the particular problem of testing a utility model for 
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survival duration and health quality. The utility of survival 
duration and health quality is clearly of practical importance. 
We will show that preferences for survival duration and health 
quality are also of theoretical interest. 

The primary hypothesis investigated here is the hypothesis 
that the utility of survival duration and health quality is 
described by a multiplieative model. To state this hypothesis 
precisely, it will help to introduce some formal notation. Let 
( Y, Q) denote a health outcome consisting of a survival lasting 
Y years in health state Q, followed by death at the end of the 
Yth year. For example (10 years, moderate pain), denotes a 
survival lasting 10 years in moderate pain, followed by death 
at the end of the 10th year. For purposes of the present study, 
we assume that the health state Q is constant during survival. 
Although the health outcomes studied here are only a subset 
of naturally occurring health outcomes (outcomes in which 
health quality changes during survival are omitted), prefer- 
ences for these simplified outcomes exhibit phenomena that 
are important in their own right. Furthermore, the utility 
analysis of survival in constant health states can be a useful 
approximation in medical decision analyses (Miyamoto & 
Eraker, 1985; Pliskin, Shepard, & Weinstein, 1980; Weinstein 
et al., 1980; Weinstein & Stason, 1982). 

Let U( Y, Q) denote the utility of the (Y, Q) outcome. A 
multiplicative utility health postulates the existence of subjec- 
tive scales, F and G, that apply to Yand Q, respectively, such 
that 

U(Y, Q) = F(Y)G(Q) (1) 

for every Y and Q. In other words, the multiplicative utility 
model proposes that there exist subjective scales F and G such 
that/7(Y) is the utility of living Y years, G(Q) is the utility of 
health state Q, and the utility of living Y years in health state 
Q is the product F(Y)G(Q). 

The quantity G(Q) can be interpreted as a discounting 
factor for the utility of surviving in health state Q (Miyamoto 
& Eraker, 1985). For example, suppose that G(normal health) 
= 1.00, G(mediocre health) = .75 and G(poor health) --- .50; 
then, 

U( Y, normal health) = F( Y)(1.00), 

U(Y, mediocre health) = F(Y)(.75), and 

U( Y, poor health) = F(Y)(.50). 

In other words, the utility of Y years in mediocre health is 
75% of the utility of Y years in normal health, and the utility 
of Y years in poor health is 50% of the utility of Y years in 
normal health. The multiplicative utility model conceptual- 
izes the utility of (Y, Q) as determined by the utility of living 
Y years, F(Y), which is discounted by the factor G(Q), the 
relative worth of the health state Q. In this interpretation, it 
is natural to think of G(Q) as having a value of 1.0 when Q 
is normal health (however one wants to define it). The utility 
of any other health state is a percentage of the utility of 
normal health. 

There are several intuitively compelling reasons for sus- 
pecting that the utility of survival duration and health quality 
is determined by a multiplicative model. First, longer survival 
is usually preferred to shorter survival, but one may prefer 

shorter survival to longer survival if the health state is ex- 
tremely undesirable. In other words, some health states are 
regarded as worse than death. A multiplicative utility model 
provides a simple way to account for this relation. Suppose 
that U( Y, Q) ~ F(Y)G(Q) and that F(Y), the utility of Y 
years, grows larger as Y grows larger. If G(Q) > O, the 
combined utility F(1OG(Q) is an increasing function of du- 
ration, but ifG(Q) < O, then the combined utility, F(Y)G(Q), 
is a decreasing function of duration. Multiplying F(Y) by a 
negative number inverts the ordering produced by variation 
in Y. The relationship that longer survivals are preferred in 
some health states and shorter survivals are preferred in others 
is represented in the multiplicative utility model by the sign 
of G(O). 

Second, consider the effect of survival duration on the 
utility of health states. At positive durations of survival, one 
has preferences between different health states. For example, 
at 3 years duration, "no pain" is preferred to "slight pain" 
which is preferred to "great pain." Symbolically, the relation 
is 

U(3 years, no pain) > U(3 years, slight pain) 

> U(3 years, great pain). 

At 0 duration, however, one is indifferent between the three 
health states. In other words, 

U(0 years, no pain) = U(0 years, slight pain) 

= U(0 years, great pain). 

The multiplicative utility model also provides a simple ac- 
count for this relationship. Assume that F(Y) > 0 when Y > 
0, but F(0) = 0. Then, U( Y, Q) = F(Y)G(Q) will vary as a 
function of quality when Y > 0, but when Y -- 0, U(0, Q) = 
F(O)G(Q) = 0.G (Q) = 0 is a constant function of quality. 
Multiplying G(Q) by zero nullifies the ordering produced by 
variation in Q, just as a zero duration removes any reason to 
prefer one health quality over another. 

A third reason for postulating a multiplicative utility model 
is that subjective differences between health states are in- 
creased as the duration of survival increases. For example, 
the subjective difference between 10 years in excellent health 
and 10 years in mediocre health is greater than the subjective 
difference between I year in excellent health and I year in 
mediocre health. To express this symbolically, let EH denote 
excellent health and let MH denote mediocre health. It follows 
that 

U(10 years, EH) - U(10 years, MH) 

> U(I year, EH) - U(I year, MH). (2) 

In general, the utility difference between Y years in excellent 
health and Y years in mediocre health is small when Y is 
short, and it grows larger as Y increases. 

To see how the multiplicative utility predicts this relation, 
note that the F(Y) grows larger as Y grows larger. Hence, 
F(10 years) > F(I year), and thus 

F(10 years)[ G( EH) - G( MH) ] 

> F(I year)[G(EH)- G(MH)I. (3) 
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But the multiplicative utility model implies that 

F(10 years)[G(EH) - G(MH)] 

= F(10 years)G(EH) - F(10 years)G(MH) (4) 

= U(10 years, EH) - U(10 years, MH), 

and 

F(1 year)[G(EH) - G(MH)] 

= F(1 year)G(EH) - F(l year)G(MH) (5) 

= U(1 year, E H ) -  U(I year, MH). 

Substituting Equations 4 and 5 into Equation 3 yields U(10 
years, EH) - U(10 years, MH) > U(I year, EH) > U(1 year, 
MH), in conformity with the intuition expressed in Equation 
2. The multiplicative utility model predicts that utility differ- 
ences between health states appear greater when the associated 
survival duration is longer, because U( Y, Q~) - U( Y, Q2) = 
F(Y)[G(QO - G(Qz)] and F(Y) grows larger as Y grows 
larger. 

These arguments demonstrate the plausibility of a multi- 
plicative utility model. The main goal of this essay is to 
formulate a rigorous test of the multiplicative utility model, 
and to carry out the test experimentally. Although the applied 
significance of a health utility model is part of the motivation 
for the present study, we will not focus on issues of medical 
decision analysis. The heart of our study is the formulation 
of five postulates that are sufficient for the validity of the 
multiplicative utility model in the sense that if the five pos- 
tulates are empirically valid, the model is necessarily true. 
Each postulate is a hypothesis concerning preference behavior 
or the mental representations that underlie preference behav- 
ior. The advantage of formalizing the model as a system of 
postulates is that it directs attention to critical behavioral tests 
of the model (Coombs, 1983; Krantz, 1974). Furthermore, if 
violations of predictions are found, it is possible to use the 
formal analysis to determine which assumptions are suspect 
in the light of failed predictions. 

Our analysis is developed within the framework of conjoint 
measurement theory (Krantz, Luce, Suppes, & Tversky, 
197 l); it also incorporates more recent work in utility theory 
(Kahneman & Tversky, 1979; Keeney & Raiffa, 1976; Luce 
& Narens, 1985; Miyamoto, in press). By necessity, the theory 
and issues that we present require a mathematical treatment, 
but the discussion does not assume an advanced understand- 
ing of conjoint measurement theory. 

The structure of the essay is as follows. We first present 
three postulates that describe preference behavior in general, 
rather than the specific nature of health preferences. These 
postulates are widely shared by theories of preference under 
risk (preference between gambles). They are not the focus of 
our analysis, but rather serve as background to utility as- 
sumptions that are specific to survival duration and health 
quality. The fourth postulate is the assumption that health 
qualities are equally valued when survival duration is zero. 
This assumption has already been discussed. Finally, we de- 
scribe a property of preference judgment, called the utility 
independence of  survival duration from health quality, which 
is predicted by the multiplicative utility model. Our fifth 

postulate is the hypothesis that preferences satisfy utility in- 
dependence. 

The utility independence property is a critical prediction of 
the multiplicative utility model. An experimental test of utility 
independence will he reported in which medical patients were 
asked to judge preferences for gambles for health outcomes. 
The experimental results will be discussed with respect to the 
specific question, whether the utility of survival duration and 
health quality is multiplicative, and also with respect to the 
general problem of constructing and testing multiattribute 
utility models. 

Background Assumptions From Utility Theory  

Our first three postulates are weak assumptions that are 
implied by a variety of theories of preference under risk 
(preference between gambles). To explain the rationale for 
these postulates, we must digress briefly into theories of utility 
and preference under risk. 

In expected utility theory, the utility of outcomes is inferred 
from preferences between hypothetical gambles (Luce & 
Raiffa, 1957; Von Neumann & Morgenstern, 1947). If pref- 
erences between gambles satisfy the fundamental assumptions 
(axioms) of expected utility theory, then there exists a utility 
scale such that the utility of a gamble is a weighted average of 
the utilities of its separate outcomes (Luce & Raiffa, 1957). 
The details of expected utility theory are not important here. 
What is relevant, however, is that empirical predictions of the 
theory have since been shown to be false (Kahneman & 
Tversky, 1979; MacCrimmon & Larsson, 1979; Tversky, 
1975), and a number of alternative theories have been pro- 
posed to overcome deficiencies of expected utility theory 
(Kahneman & Tversky, 1979; Karmarkar, 1978; Luce & 
Narens, 1985). The alternative theories all have much in 
common with expected utility theory, but they deviate in 
ways that attempt to avoid the disconfirmed predictions of 
expected utility theory. 

The theoretical assumptions on which we develop the pres- 
ent investigations can be thought of as "generic" assumptions 
in the following sense. Rather than selecting one of the 
revisionist theories as the framework for our investigations, 
we base our work on three assumptions (Postulates 1-3) that 
are implied by all of these theories. In particular, these as- 
sumptions are implied by Karmarkar's (1978) subjectively 
weighted utility model, Luce and Narens's (1985) dual bilinear 
model, and Savage's (1954) subjective expected utility theory, 
as well as by expected utility theory. Furthermore, the as- 
sumptions are implied by Kahneman and Tversky's prospect 
theory when certain, easily satisfied conditions hold.~ Postu- 
lates 1-3 are generic assumptions in the sense that they are 
weak assumptions that are implied by many theories without 
asserting anything that is peculiar to only one theory. By 
basing our work on weak assumptions, it is possible to inter- 
pret our results from the standpoint of all of these theories 
without being committed to any one of them. 

~The relevant conditions are spelled out in the discussion of 
prospect theory in the Results section. 
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Our assumptions are formulated in terms of even-chance 
gambles (two-outcome gambles with a 50% chance of receiv- 
ing either outcome). We restrict the theory to even-chance 
gambles because we are attempting to study the utility of  
outcomes, and not the subjective representation of probabil- 
ity, and it is simpler to study gambles with a single, fixed 
probability. Let (A, .5, B) denote an even-chance gamble for 
outcomes A and B, and let _p stand for an individual's 
preference ordering over such gambles. In other words, (A, .5, 
B) _>p (C, .5, D) indicates that the individual regards (A, .5, 
B) to be at least as desirable or more desirable than (C, .5, 
D). It will simplify the discussion to assume that preference 
judgments are free from random error. The problem of testing 
preference assumptions in the context of response variation 
will be addressed later. We can now state Postulates 1-3 of 
our analysis. 

First, we assume there exists a scale U that represents 
ordinal preference relations in the following sense. 

Postulate 1. (A, .5, B) >_p (C, .5, D) iff U(A, .5, B) >_ 
U(C, .5, D). Note that a gamble of  the form (X, .5, X) is a 
gamble in which one is certain to receive X. Hence, A = 
(A, .5, A), B = (B, .5, B), and the following is a special case 
of Postulate 1. 

Postulate 1'. A >_p B iff U(A) >_ U(B). 
Thus, Postulate 1 implies that the utility scale U represents 
both the preference order for risky options (gambles) and the 
preference order for riskless options (outcomes). 

Second, we assume that the utility of  a gamble is a weighted 
average of the utilities of  its outcomes. When evaluating the 
utility of  (A, .5, B), the individual assigns a subjective weight 
W(.5) to the .5 probability (0 < W[.5] < 1) and combines the 
utilities of  A and B by the following rule: 

U(A, .5, B) = W(.5)U(A) + [1 - W(.5)]U(B). (6) 

Because the present theory is restricted to even-chance 
gambles, we will adopt a simplified notation in which s = 
I41(.5) and t = 1 - W(.5). In this notation, Equation 6 is 
equivalent to the following. 

Postulate 2. There exist constants s and t such that 0 < s < 
1, t =  1 - s ,  and 

U(A, .5, B) = sU(A) + tU(B). (7) 

According to expected utility theory, the weights, s and t, 
must satisfy s = t = .5, but this restriction is not imposed 
here. 

In order to make Postulate 2 consistent with the dual 
bilinear model, we will assume that it only applies to gambles 
of  the form (A, .5, B) such that A _>p B. For example, we 
assume that Postulate 2 applies to the gamble (10 years, .5, 6 
years), but not to the gamble (6 years, .5, l0 years). The reason 
for restricting Postulate 2 in this way is that the dual bilinear 
model allows for the possibility that the weights, s and t, could 
have different values depending on whether A _>p B or A __p 
B (Luce & Narens, 1985; Narens &Luce,  1986). For example, 
it might be the case that U(A, .5, B) = .3U(A) + .7U(B) 
when A __.p B, but U(A, .5, B) = .6 U(A) + .4 U(B) when A <_p 
B. Even with the probability held fixed at .5, different subjec- 
tive weights can apply to an outcome depending on whether 

it is the more desirable or less desirable outcome of the 
gamble. Thus, the dual bilinear model does not predict that 
Postulate 2 will be satisfied by all even-chance gambles, but 
it does predict that it will be satisfied if we restrict the postulate 
only to gambles such that A _p B, or only to gambles such 
that A _<p B. We have chosen to adopt the former restriction. 

The restriction of Postulate 2 to gambles (A, .5, B) such 
that A ___p B also makes possible an interpretation of the 
postulate from the standpoint of  prospect theory. Because this 
interpretation is complex, we will defer its discussion to the 
Results section, where prospect theory will be discussed in a 
unified manner. 

Ou( third assumption is a continuity assumption. 
Postulate 3. Either the utility scale U is continuous, or else 

the number of  points at which it is discontinuous is finite. 
Postulate 3 is always reasonable in any application of utility 
theory. Functions that violate Postulate 3 simply do not occur 
as subjective representations. The importance of Postulate 3 
is that in combination with Postulates 1 and 2, it implies that 
the utility scale is an interval scale (Miyamoto, 1985, in 
press)? The interval scale property plays a central role in the 
mathematical derivation of the multiplicative utility model 
(Keeney & Raiffa, 1976; Miyamoto, 1983, 1985, in press), 
but this derivation will not be discussed here. 

Postulates 1-3 are not necessary for the multiplicative 
utility model, but in combination with Postulates 4 and 5 
described later, they are sufficient for the model. Postulates 1 
and 2 are implied by all the main theories of  preference under 
risk, in particular, by the theories listed at the beginning of 
this section. Postulate 3 is not strictly implied by these theo- 
ries, but it is extremely plausible from every theoretical stand- 
point. In subsequent discussions, we will generally say that 
Postulates 1-3 are "implied" by theories of  preference, with- 
out stating more precisely that Postulates 1 and 2 are literally 
implied by these theories, whereas Postulate 3 is only ex- 
tremely plausible. The reason we emphasize these logical 
relations between Postulates 1-3 and theories of  preference 
under risk is that the theoretical and empirical results that we 
report can be interpreted from the standpoint of  any theory 
that implies these postulates. By basing our working on a 
weak set of  assumptions (Postulates 1-3), we broaden the 
class of  theories relative to which results can be interpreted. 

Ze ro  D u r a t i o n  Nullif ies Preference  O v e r  
Hea l t h  Qual i ty  

Our fourth postulate is the assumption that all health 
qualities are equally valued if the duration of survival is zero. 
Because we have already discussed this postulate, it only 
remains to state it formally. Let -p  stand for equality in 
preference. 

Postulate 4. All health qualities are equally valued when 
survival duration is zero. Stated formally, for any health 

2 In a standard conjoint measurement formulation, Postulates 1-3 
would not be taken as basic assumptions. Rather, qualitative prefer- 
ence assumptions would be formulated from which Postulates 1-3 
can be derived. Such assumptions have been formulated in Miyamoto 
(1985, in press), but their statement has been omitted here for the 
sake of simplicity. 
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qualities Ql and Q:, 

(0, Q~) ~p (0, 02). (8) 

Postulate 4 is a necessary condition for a multiplicative utility 
model if we assume that F(0) = 0 (the utility of zero duration 
is zero). We previously noted that the multiplicative utility 
model is also suggested by the existence of worse-than-death 
health states and by the fact that increased survival duration 
magnifies differences between health qualities. These assump- 
tions have not been chosen as formal postulates because they 
are not needed in the derivation of  the multiplicative utility 
model. It would be reasonable to adopt these assumptions as 
formal postulates but they would be redundant in the math- 
ematical analysis. 

Certainty Matching and Utility Independence 

In order to state Postulate 5, we need to describe a kind of 
preference judgment called certainty matching. This judg- 
ment is also the primary dependent variable in the experiment 
reported later. 

Let g be an even-chance gamble in which both survival 
outcomes are accompanied by the health quality Q, that is, 

g = [( Y~, a),  .5, (Y2, Q)]. 

Now consider a task where a subject is asked to state a 
duration Y3 such that the subject is indifferent between re- 
ceiving (Y3, Q) with certainty, and playing g. For example, 
suppose Q stands tbr "moderate pain," and Y~ and Y2 are 5 
and 20 years, respectively. Y3 is the response to the question, 
"How many years in moderate pain would be equal in value 
to an even-chance gamble between 5 years and 20 years in 
moderate pain?" Let 

(Y a, Q) ~p [( ]I1, a) ,  .5, (II2, a)] (9) 

signify that the subject has stated that (Y3, Q) is equal in value 
to the gamble. The outcome (Y3, Q) in Equation 9 is a 
judgment of a match, namely, a judgment of the outcome 
that matches the gamble in subjective value. The duration Y3 
is the dependent variable in this judgment, and Y~, Y2, and Q 
are independent variables. 

There is a slightly different notation for Equation 9 that is 
more perspicuous. Because Q is the health state accompaning 
every survival outcome in Equation 9, we can write the 
equation in the form 

Y3 ~p ('Y~, .5, Yz) in health state Q. (10) 

When the relation in Equation 10 holds, we will say that Y3 
is the certainty matchofthe gamble ( ]I1, .5, Y2) in health state 
a. 

Although Equations 9 and 10 are simply alternative nota- 
tions, Equation 10 makes salient the fundamental issue ad- 
dressed by the utility independence property, namely, does 
the value of the certainty match Y3 depend on the particular 
quality Q, or is it independent of it? Utility independence is 
the hypothesis that the certainty match is independent of 
health quality. Because of its importance to this work, we will 
state the property as a formal definition. 

Definition 1. Survival duration is said to be utility inde- 
pendent of health quality provided that for any ( Y~, .5, Y2), 
the duration Y3 that satisfies 

Y3 ~p (]11, .5, I12) in health state Q. 

is the same for any choice of Q. 
Our fifth postulate is simply that survival duration is utility 

independent from health quality. 
Postulate 5~ Survival duration is utility independent from 

health quality in the sense of Definition 1. 
Leaving aside the issue of response variability, the basic idea 
in testing utility independence would be to task an individual 
to produce certainty matches for a set of gambles for survival 
duration, where the health quality associated with the survival 
outcomes is fixed first at level QI, then at level Q2, then at 
level Q3, and so on. Utility independence asserts that certainty 
matches remain the same for different choices of health 
quality. 

If Postulates 1 and 2 are valid, then the multiplicative utility 
model implies that survival duration is utility independent of 
health quality. (The proof is presented as Proof 1 of the 
Appendix). Because we are assuming Postulates 1 and 2 on 
the basis of prior theory, utility independence of survival 
duration can be regarded as a critical prediction of the mul- 
tiplicative utility model. This prediction will be the central 
issue of the experiment reported later. 

We should mention several qualifications with respect to 
the formulation of utility independence given here. First, the 
roles of survival duration and health quality could be inter- 
changed in this formulation to yield a definition of the utility 
independence of health quality from survival duration. In 
other words, a certainty match on the quality dimension at a 
fixed duration Y is defined to be a quality 03 such that 

Y, Q3) ~p [(Y, Q,), .5, (Y, Q2)]. (11) 

Health quality is utility independent from survival duration 
provided that the Q3 satisfying Equation 11 depends on the 
choice of QI and Q2, but not on the choice of Y. An analogous 
argument to Proof 1 of the Appendix shows that the utility 
independence of health quality from survival duration is also 
predicted by the multiplicative utility model. 

We have not adopted the utility independence of health 
quality from survival duration as an assumption of our for- 
malization because it is not needed to derive the multiplicative 
utility model. Furthermore, it is harder to test than the utility 
independence of survival duration from health quality. To 
test the utility independence of health quality from survival 
duration, one would have to describe a larger number of 
health qualities in sufficient detail for their relative worths to 
be assessed. One would then pair these health qualities with a 
few survival durations, and test whether certainty matches on 
the quality dimension are independent of survival duration. 
The difficulty lies in describing a large number of health 
qualities within the practical limits of an interview. Each 
quality requires time to explain in detail. In contrast, dura- 
tions of survival are easy to explain and hence the elicitation 
of certainty matches on the duration dimension poses fewer 
practical difficulties. Because it is practically difficult to test 



8 JOHN M. MIYAMOTO AND STEPHEN A. ERAKER 

the utility independence of health quality from survival du- 
ration, we have developed a set of postulates for the multi- 
plicative utility model that omits this prediction of the model. 

We should also mention that utility independence as de- 
veloped here is a special case of more general forms of utility 
independence (Keeney & Raiffa, 1976). Essentially, our defi- 
nition is restricted to two attributes and the certainty matching 
judgment, but more general definitions are available for larger 
numbers of attributes and a broader range of preference 
judgments. Only Definition 1 is given here because it suffices 
for the present theoretical development, and it succinctly 
captures the main concept of utility independence. Hence- 
forth, for the sake of brevity, we will refer to the condition 
stated in Definition 1 as the utility independence property, 
without repeating the qualification that it is only a particular 
form of utility independence. 

preference over quality, eliminates the need for the assump- 
tions that health quality is utility independent of survival 
duration and that the marginality condition is violated. Mi- 
yamoto and Eraker (1985), Pliskin et al. (1980), and Wein- 
stein et al. (1980) discussed applications of the multiplicative 
utility model to the utility analysis of medical therapy selec- 
tion. Miyamoto (1985, in press) pointed out that the formal- 
ization of the multiplicative utility model could be developed 
under weak background assumptions that are similar to Pos- 
tulates 1-3. The advantage of this approach is that the mul- 
tiplicative utility model and other multiattribute models can 
be formalized and tested under assumptions that are compat- 
ible with a broader range of theories than expected utility 
theory. 

Testing the Formalizat ion 

Sufficiency of  Postulates 1-5 

Miyamoto (1985) proved that Postulates 1-5 are sufficient 
to establish the validity of the multiplicative utility model. 
We will state this result as a formal theorem, but before stating 
the theorem, we should explain a limitation on the survival 
durations to which the theorem applies. Survival durations 
are assumed to be drawn from an interval between zero and 
M, where M is the longest duration that is reasonable or 
relevant to the individuals whose preferences are being inves- 
tigated. For example, if the individuals are approximately 40 
years old, only survivals less than 60 years would be of primary 
interest. Hence, M could be set to 60 years. If the primary 
concern were the utility of survival between 40 and 70 years, 
then M could be set to 30 years. Essentially, M sets boundary 
beyond which the utility model is no longer claimed to apply 
(e.g., it does not apply to survivals in the range 200 to 1,000 
years). 

Theorem 1. Let r = { QI, 02, Q3 . . . .  } be a finite or infinite 
set of health states. Let M be a duration that is chosen to be 
the longest that is relevant to the utility problem under 
investigation. If Postulates 1-5 hold for every health state in 
F and every duration between 0 and M, then there exist 
functions F and G such that U( Y, Q) = F(Y)G(Q)  for every 
Q in r and every Y between 0 and M .  3 

Pliskin et al. (1980) were the first to propose a multiplicative 
utility model for survival duration and health quality. Work- 
ing in the expected utility framework, they postulated that 
survival duration is utility independent from health quality, 
and also that health quality is utility independent from sur- 
vival duration. Their formalization also included the assump- 
tion that a condition called marginality or additive independ- 
ence is violated. We will not attempt to define this condition 
here. They derived the multiplicative utility model from these 
assumptions and the background assumptions of the expected 
utility theory. Pliskin et al. did not test whether the utility 
independence assumptions were empirically satisfied. 

Miyamoto (1985) pointed out that the existence of worse- 
than-death health states and the fact that a zero duration 
nullifies preference over health quality provide natural moti- 
vations for a multiplicative utility representation. Further- 
more, he showed that Postulate 4, that zero duration nullifies 

To test Postulates 1 and 2, one would first have to formulate 
observable properties of preference behavior from which these 
postulates could be derived. Although such properties have 
been formulated (Miyamoto, 1985, in press), they will not be 
stated or tested here. If we are in error in assuming Postulates 
1 and 2 on the basis of prior theory, then the theories that 
imply them will have to be discarded or revised, and further 
research into utility will be conducted in a greatly altered 
theoretical framework. Without wishing to be confusing, we 
should nevertheless mention that the experimental results 
reported later do provide some intriguing evidence against 
Postulates 1 and 2. Although our experiment was not designed 
to test these postulates, some of the results are difficult to 
account for if Postulates 1 and 2 are true. Later, we will sketch 
how violations of Postulates 1 and 2 might arise. It will be 
helpful to keep in mind, however, that our experimental work 
was designed under the assumption that Postulates 1 and 2 
are valid. 

Postulates 3 and 4 will not be tested here. The assumption 
that the utility function is either continuous, or else it is 
discontinuous at finitely many points (Postulate 3) is ob- 
viously satisfied by any psychologically plausible utility func- 
tion. The assumption that all health qualities are equally 
valued if survival duration is zero (Postulate 4) is introspec- 
tively obvious. Thus, utility independence (Postulate 5) is the 
primary candidate for empirical test. It is a critical test of the 
multiplicative model because, under the assumption of Pos- 
tulates 1-4, utility independence is both necessary and suffi- 
cient for the validity of the model. 

An empirical test of utility independence requires that 
statistical criteria be used to decide whether a given set of 
preference judgments satisfy utility independence. We will 
describe a simple statistical test of utility independence based 
on the analysis of variance (ANOVA). To test utility independ- 
ence, one must elicit certainty matching judgments for gam- 
bles of the form [( Y~, Q), .5, (Y2, Q)]. For any given subject 
and gamble, there is a hypothetical population of certainty 
matching judgments produced by that subject for that gamble. 
We will interpret utility independence statistically as the 

3 A proof of Theorem 1 is available on request from John M. 
Miyamoto. 
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hypothesis that the population means of certainty matching 
judgments are unaffected by assumed health state. Thus, if 
(Y3, Q) is elicited as the match of [(Yj, Q), .5, (Y2, Q)], then 
utility independence will be interpreted as the hypothesis that 
the population mean of Y3 is the same for any choice of Q. 
So interpreted, utility independence has a straightforward test 
in an ANOVA. Suppose a set of stimulus gambles is constructed 
by crossing a set of health states with a set of even-chance 
gambles for survival duration. If the population means of a 
subject's certainty matches are the same for every assumed 
health state, the subject's matching judgments must satisfy 
the following ANOVA hypotheses: 

Hypothesis I. There is no main effect for the health state. 
Hypothesis 2. The (null) effect of health state is the same 

for different gambles, that is, health state and gamble do not 
interact. 

Conversely, if these two hypotheses are true for every 
possible even-chance gamble, the health states in question 
satisfy utility independence. Of course, failure to reject Hy- 
potheses 1 and 2 supports the utility independence assump- 
tion only to the extent that the tests have sufficient power to 
detect violations. Methods for evaluating the power of an 
ANOVA are well-known and will not be discussed here (Hays, 
1973; Scheffr, 1959). The experimental analysis described 
later includes an analysis of statistical power that illustrates 
this issue. 

Indifference to Heal th  Quality at Short Durat ions  

Before describing our experiment, we must mention a 
potential violation of the multiplicative utility model that 
affected both the design and interpretation of the experiment. 
To describe this potential violation, we must first describe a 
kind of judgment called a time trade-off judgment. Suppose 
that Q~ is preferred to Q2 and that both health states are 
regarded as better than death. In a time trade-off judgment, 
an individual is presented with an outcome (Y:, Q:), and is 
asked to state a duration Y~ such that (Y,  Q~) is equal in" 
value to (Y2, (22) (McNeil et al., 1981; Torrance, Thomas, & 
Sackett, 1972). For example, suppose that (Y2, Q2) is a 20- 
year survival with a specific level of pain, and Qj is freedom 
from pain. Y, is the response to the question, "How many 
years of survival free from pain would be equal in value to 20 
years with the specific level of pain?" Responses could range 
from nearly 0 years to 20 years, depending on the individual's 
attitude toward the pain. 

Utility functions as in Figure 1 are implied if the individual 
is willing to trade off time in exchange for superior health 
when survival in the inferior state is long, but not when it is 
short. For example, a patient might say that 15 years free 
from pain is equal in value to 20 years with severe pain, but 
l year with severe pain is preferred to any shorter duration 
free from pain, because survival duration is more precious 
when it is short. As a matter of terminology, we will say that 
an individual is indifferent to health quality at short durations 
or short-term indifferent if he or she is willing to trade off time 
for superior health at long durations but not at short dura- 
tions. Subjects who exhibit this pattern of preference will be 
called short-term indifferent subjects. Pauker (1976) proposed 
that coronary heart disease patients would be short-term 
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Figure I. Utility function indicating indifference to health quality 
at short durations. 

indifferent with respect to survival with and without angina 
pectoris (chest pain). McNeil et al. (1981) found that many 
individuals were short-term indifferent in a utility analysis of 
laryngeal cancer therapy (McNeil et al., 1981). In this study, 
the superior health state was survival with normal speech, and 
the inferior health state was survival with impaired speech 
due to laryngectomy. 

In a multiplicative utility model, the utility of survival in 
different health states must be a constant proportion of each 
other. In other words, U(Y, QI)/U(Y, (22) = F(Y)G(QI)/ 
F(Y)G(Q2) = G(QO/G(Q2), thus proving that the ratio of the 
QI utility function to the Q2 utility function is independent 
of the duration Y. Utility functions like those in Figure 1 
imply that the multiplicative model is invalid because the 
ratio of the Ql to Q2 utility functions is 1.0 at short durations, 
but it is greater than 1.0 at long durations. Assuming Postu- 
lates 1 and 2, it can be proved that any short-term indifferent 
individual must violate utility independence. Furthermore, 
the violations must take a specific form: If an individual is 
short-term indifferent, there must exist gambles that have 
lower certainty matches when the inferior health state is 
assumed. (See Proof 2 of the Appendix). This prediction is 
independent of the specific shape of the utility functions, 
other than the utility functions are identical at short durations 
and diverge at longer durations. 

We initially pointed out reasons why a multiplicative utility 
model is plausible, but short-term indifference is a preference 
behavior that is inconsistent with the multiplicative model. 
Therefore, we predict that individuals who are not short-term 
indifferent will satisfy utility independence, and hence, the 
multiplicative utility model, but short-term indifferent indi- 
viduals should violate utility independence in the predicted 
direction, namely, their certainty matches should be lower 
when the inferior health state is assumed. 

Experimental  Procedure 

Subject Selection 

Subjects were inpatients at the Ann Arbor Veterans Administration 
Medical Center and the University of Michigan Hospital. The sample 
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included patients with cancer, heart disease, diabetes, arthritis and 
other serious ailments. Patients were contacted by an interviewer who 
described the experiment as a study of patient preferences for survival 
risks and health qualities. Patients who were willing to participate in 
the study were screened according to the following criteria. 

First, subjects had to be between 20 and 60 years old. The lower 
limit of 20 years was simply a crude means to select subjects with a 
mature outlook on issues of survival. The upper limit of 50 years was 
chosen because the outcomes in the stimulus gambles ranged from 0 
to 24 years. If patients older than 50 years had been sampled, there 
would be some question whether they regarded 24 years of survival 
as desirable. It was plausible that patients under 50 years would regard 
the entire 24 years as desirable. 

Each subject was asked to name the health symptoms that impaired 
his or her quality of life, and to recall the nature of these symptoms 
during the month preceding the interview. "Current symptoms" was 
defined to be health symptoms at the severity and frequency experi- 
enced by the subject during that month. For example, if the subject 
had experienced pain and occasional nausea during the month pre- 
ceding the interview, "current symptoms" referred to pain and nausea 
at the severity and frequency experienced during that month. The 
subject and interviewer discussed the concept of current symptoms 
until the health symptoms comprising its definition had been stated 
and recorded. Subjects were also asked to consider a second health 
state, referred to as "freedom from current symptoms," defined to be 
survival without current symptoms. In this essay, we will often refer 
to "current symptoms" and "freedom from current symptoms" as 
"poor health" and "good health." The latter expressions were never 
used while interviewing subjects. 

Two additional screening criteria were formulated using the con- 
cepts of survival with and without current symptoms. Subjects were 
asked whether they would want to live an entire 24 years with current 
symptoms, or whether a shorter duration was preferable if current 
symptoms prevailed. If a patient preferred a shorter duration to 24 
years with current symptoms, the patient was not included in the 
sample. Because the sample was restricted to subjects whose prefer- 
ences for survival were monotonically increasing in the range of 0 to 
24 years, the experiment tested only the validity of utility independ- 
ence within this subpopulation. 

Finally, patients were asked to state what duration free from current 
symptoms would be equal in value to 25 years with current symptoms. 
The last screening criterion was that the duration elicited by this 
question had to be less than or equal to 24 years. This criterion was 
imposed to establish that subjects regarded current symptoms as 
serious health impairments. If current symptoms were a trivial health 
impairment, for example, a mild headache, a demonstration that 
certainty matches are the same assuming survival with and without 
current symptoms would hardly establish the validity of utility inde- 
pendence. The last criterion established that the current symptoms 
of patients in the sample were sufficiently serious for them to be 
willing to give up at least 1 year out of 25 years to be free from 
current symptoms. 

Training in Certainty Matching 

Subjects were trained to produce certainty matching judgments as 
follows. A subject was shown a figure like the one in Figure 2. The 
diagram on the right stands for an even-chance gamble between 2 
and 24 years of survival. The interviewer wrote a number of years, 
for example, 4, in the open box on the left. The subject was asked to 
regard this number as a certain survival, and to choose between the 
certain survival and the gamble. Initially, the subject was told to 
assume that all survivals were free from current symptoms. After the 
subject had stated his or her choice, the interviewer erased the certain 
survival, and wrote a new value in the box. Again, the subject was 
asked to choose between the certain survival and the gamble. 

2 4  

2 

Figure 2. Diagram of a (unspecified) certain outcome and an even- 
chance gamble as displayed to a subject. 

After making a number of choices in this manner, the subject was 
told that the primary experimental task was not to judge preference 
between certain outcomes and gambles, but rather to identify a 
"break-even point," defined to be a duration of certain survival equal 
in subjective value to the gamble. The subject was told that, by 
definition, the gamble was preferable to any certain survival less than 
the break-even point, but less preferred than any certain survival 
greater than the break-even point. The break-even point was illus- 
trated concretely, using the subject's own judgments with respect to 
practice gambles. This method of explaining certainty matching, 
namely, presenting a series of paired comparison choices and then 
introducing the concept of a break-even point, was found to com- 
municate the task successfully. 

The subject was asked to bear in mind the following assumptions 
when judging certainty matches. First, all survivals used in any single 
matching judgment would be accompanied by the same health state. 
Initially, health state was specified to be survival free from current 
symptoms. At other points in the experiment, it was specified to be 
survival with current symptoms. Second, any survival duration should 
be regarded as a survival of the stated number of years, but not more 
than that many years. Third, the subject was instructed not to regard 
the certain survival as yielding a situation in which the subject knew 
that his or her true survival duration would be. The purpose of this 
instruction was to avoid the following line of reasoning. When con- 
sidering whether a certain survival or a gamble is preferable, some 
subjects remark that a short, certain survival has an advantage over 
a gamble in that one could compress many important experiences 
into a certain survival, given that one knew that this was one's 
remaining lifetime. This reasoning assumes that certain survivals are 
qualitatively different from gamble outcomes because they have the 
added benefit of a known duration. It has the effect of inflating the 
utility of the certain outcome over that of the gamble outcomes. To 
avoid this line of reasoning, subjects were instructed to assume that 
they would not learn what outcome they would receive after having 
stated a certainty match. This is a natural assumption because it 
merely recognizes the real situation of the experiment: the experi- 
menter is able to ask the subject to express preferences but is unable 
to inform the subject as to which outcome will truly occur. 

Subjects were taught to bracket the matching value prior to choos- 
ing the match, that is, they were instructed to lind the match by 
alternatively considering what values of certain survival were dearly 
too low or too high. The purpose of the bracketing strategy was to 
reduce anchoring and adjustment biases that can be present in 
subjective estimation (Tversky & Kahneman, 1974). 

Aspiration Level o f  Survival 

In order to interpret experimental results using prospect theory, it 
was necessary to determine a reference level for each subject relative 
to which survival outcomes were regarded as gains or losses. The 
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theoretical role of the reference level will be explained in the Results 
section, where prospect theory will be described in greater detail. The 
present study attempted to identify reference levels by defining the 
concept for subjects, and asking them to judge their own reference 
levels. When discussing the concept with subjects, the reference level 
was called the "aspiration level for survival." The concept was ex- 
plained to subjects as follows: 

I 'm going to ask you about something called the aspiration level 
for survival. Since this concept is fairly complicated, I'U explain 
it in several steps. The aspiration level for survival is defined to 
be the length of survival that marks the boundary between those 
survivals that you regard as a loss and those survivals that you 
regard as a gain. 

For example, my own aspiration level for survival is about the 
age of sixty. This means that if I found out that I were going to 
live to the age or fifty or fifty-five (but no more), I would regard 
this as something of a loss. If I found out that I were going to 
live to sixty-five or seventy, I would regard this as something of 
a gain. The aspiration level for survival is not the same as my 
life expectancy, since my life expectancy is greater than sixty. It's 
also not the length of time I would want to live, since if I were 
in good health, I would want to live at least to eighty. The age of 
sixty is simply a target that marks the boundary between survivals 
that I would regard to some degree as a loss and survivals that I 
would regard to some degree as a gain. 

I should mention that there's nothing special about the age of 
sixty. Some individuals place their aspiration level at a very large 
number, like ninety. For such a person, any survival less than 
the age of ninety would be regarded to some degree as a loss. I've 
also encountered individuals who set their aspiration level for 
survival at their present age. This does not mean that they no 
longer want to live. It means that they regard every year of 
survival as a gain. If such an individual learned that he had two 
years to live, he would regard this as gaining two years of survival, 
rather than to emphasize some longer survival of which he's 
being deprived. 

Does this concept of an aspiration level of survival make sense 
to you? Can you tell me what your own aspiration level for 
survival is? 

Subjects generally found these instructions meaningful and would 
state a value for the reference level without appearing to be confused 
or uncertain. If a subject did not find the explanation dear, the 
reference level could be found through a series of Concrete questions 
of the form, "If you found out you were going to live __years, would 
you regard this as a loss or a gain?" Subjects found these questions 
meaningful. Having recognized that survivals could be 
classified as losses or gains, it became possible to identify an age at 
the boundary between losses and gains. 

Design 

Two slightly different experimental designs were used. In the 
replicated-judgment design, each subject produced two certainty 
matching judgments for each stimulus gamble. In the unreplicated- 
judgment design, certainty matching judgments of gambles were not 
replicated within subject. Replicating judgments within subject per- 
mits testing of hypotheses separately within each subject's data. Data 
from the unreplicated-judgment design can be used in group analyses, 
but not in individual subject tests of hypotheses. Different versions 
of the experiment were developed because it was difficult to recruit 
subjects for the longer interview necessitated by replicated judgments. 

We will first describe the replicated judgment design. Subjects were 
randomly assigned to one of two conditions, a power condition or an 
exponential condition. The stimulus gambles used in these conditions 
were constructed to test the hypotheses that utility functions are, 
respectively, power or exponential functions of duration. These hy- 

potheses will be examined in a different publication and will not be 
discussed here. Stimulus gambles for the power and exponential 
conditions are listed in Table 1. Each stimulus set consists of 6 even- 
chance gambles for survival duration. 

Subjects were asked to judge certainty matches for every gamble 
of a stimulus set under the assumption of one health state, and then 
under the assumption of the other health state. Each set of six 
certainty matching judgments constituted a block, with the same 
health state assumed to prevail throughout the block. Approximately 
half of the subjects initially judged certainty matches under the 
assumption of good health, and subsequently under the assumption 
of poor health. For the remaining subjects, the trials assuming poor 
health preceded the trials assuming good health. A third and fourth 
block of trials replicated the judgments in the first and second blocks. 
The order of health states was the same in the third and fourth blocks 
as in the first and second blocks. Stimulus gambles were presented in 
a different random order in each block. 

Subjects were asked to make three time trade-off judgments after 
each block of certainty matching trials. Subjects judged time trade- 
offs at 1, 15, and 20 years with current symptoms after the first and 
third blocks, and at 2, 16 and 24 years with current symptoms after 
the second and fourth blocks. 

In summary, within any subject the replicated judgment design 
was a 6 x 2 factorial (Gamble x Health State) with two replications 
per cell. There were two between-subjects variables, power versus 
exponential conditions, and presentation order for health states. 
These variables will be called parametric model and presentation 
order, respectively. 

In the unreplicated judgment design, only the first and second 
blocks of trials were administered to subjects. Time trade-off judg- 
ments were elicited between the first and second blocks at 1, 12, and 
20 years with current symptoms. Each subject was classified as short- 
term indifferent or not short-term indifferent, depending on whether 
he or she was willing to trade off any time for symptom relief at 1 
year with current symptoms. Subjects who were not short-term 
indifferent proceeded directly to the second block of trials, but short- 
term indifferent subjects were asked two additional questions. First, 
they were asked to state a minimum duration at which they would 
be willing to trade off at least 1 week in order to have survival free 
from current symptoms. Second, they were asked whether 1 year with 
current symptoms and 1 year without current symptoms were equally 
desirable, or whether one outcome was preferable to the other. These 
questions were introduced in order to settle issues that had been 
overlooked in the replicated judgment design. The first question 
attempted to determine the point of divergence between the utility 
functions for survival in good health and poor health. The second 
question checked whether the short-term indifferent subjects actually 
had a preference between health qualities at short durations, even 
though they were unwilling to trade duration for improved quality. 

Finally, the replicated and unreplicated judgment designs differed 
in the interviewers who conducted the experiment. In the replicated 
judgment design, one interviewer (Susan Baker) recruited subjects 
and trained them, and a second interviewer (John Miyamoto) elicited 
the certainty matching data and time trade-off judgments. In the 
unreplicated judgment design, a single interviewer (Susan Baker) 

Table 1 
Stimulus Gambles for Survival Duration 

Power condition Exponential condition 

(0, .5, 12) (0, .5, 12) 
(1, .5, 12) (1, .5, 12) 
(4, .5, 12) (4, .5, 12) 
(0, .5, 24) (12, .5, 24) 
(2, .5,24) (13, .5, 24) 
(8, .5, 24) (16, .5, 24) 
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conducted all aspects of the procedure. 4 Criteria for subject selection, 
training, and elicitation of reference levels for survival duration were 
identical in the replicated and unreplicated judgment designs. 

In summary, the unreplicated judgment design is described by the 
same factors as the replicated design, except that no replications of 
certainty matches were elicited within subjects. Replicated and un- 
replicated judgment subjects differed in the time trade-off judgments 
elicited between blocks of trials, and in the interviewer who elicited 
the certainty matching judgments. 

Results and Discussion 

Proportional Time Trade-Offs 

In order to test utility independence in a meaningful way, 
we must first establish that subjects regard survival with and 
without current symptoms ("poor health" and "good health") 
to be clearly different in subjective value. To establish this 
point, we examine the time trade-off judgments. A time trade- 
off judgment  is a duration X such that X years in good health 
are judged equal in value to Y years in poor health. The ratio 
X!  Y is called the proportional t ime trade-off. Each such ratio 
is a measure of  perceived severity of  current symptoms be- 
cause X / Y  is small when the individual is willing to give up a 
large proportion of  survival in order to have good health. 
Table 2 presents mean proportional t ime trade-offs in various 
subsamples. 

Among replicated judgment  subjects (n = 27), proportional 
t ime trade-offs were averaged over trade off judgments at 15, 
16, 20, and 24 years with current symptoms. The mean trade- 
off in this sample was 71%. Among unreplicated judgment  
subjects (n = 37), proportional t ime trade-offs were averaged 
over judgments at 12 and 20 years with current symptoms. 
The mean trade-off in this sample was 75%. On the average, 
subjects in the two samples were willing to forego 25% to 
30% of  long-term survival to be free from current symptoms. 
These findings support the premise that current symptoms 
and freedom from current symptoms were sufficiently dissim- 
ilar in value to constitute a meaningful test of  utility inde- 
pendence. 

Transformation of Certainty Matches to Proportional 
Matches 

Prior to performing the ANOVA, it is useful to transform 
each certainty match to a new quantity called a proportional 
match. To define this transformation, let CM denote the 
judged certainty match of  a gamble between a higher duration 
(HIGH) and a lower duration (LOW). Define a new quantity 
PM by the following rule: 

C M -  LOW 
P M =  

HIGH - LOW" 

The number  PM will be called the proportional match cor- 
responding to the certainty match CM. 

Utility independence predicts that there is no main effect 
of  health quality (Hypothesis 1) and no interaction between 
health quality and gamble (Hypothesis 2). Because each PM 
is linearly related to a corresponding CM, certainty matches 

Table 2 
Age and Proportional Time Trade-Offs 

Age 
% Long- 

term 
survival a, b 

Subjects n M SD M SD 

Replicated judgment 
Non-short-term 

indifferent 20 33.7 7.2 71 17 
Short-term in- 

different 7 34.0 4.4 72 09 
All 27 33.8 6.5 71 t5 

Unreplicated judgment 
Non-short-term 

indifferent 27 33.5 9.3 74 15 
Short-term in- 

different 10 31.9 8.1 79 26 
All 37 33.1 9.0 75 18 

"Percentages represent proportions X~ Y, where X years in good health 
is judged equal in value to Y years in poor health, b Each replicated 
judgment subject's mean was averaged over time trade-offs at 15, 16, 
20, and 24 years in poor health. Each unreplicated judgment subject's 
mean was averaged over time trade-offs at 12 and 20 years in poor 
health. 

satisfy Hypotheses 1 and 2 if  and only if  proportional matches 
satisfy Hypotheses 1 and 2. Hence, we can test Hypotheses l 
and 2 by using proportional matches as data instead of  
certainty matches. 

There are two advantages to using proportional matches as 
data. First, estimates of  variance within cell generally increase 
as a function of  the range of  the stimulus gamble. The 
transformation to proportional matches tends to equalize the 
variance of  responses to different gambles. Second, propor- 
tional matches are more informative than certainty matches, 
especially when results are presented as averages across gam- 
bles. For example, if  a subject's mean proportional match is 
.4, one knows that his or her average response was slightly 
below the expected value of  a gamble, but if  the mean 
certainty match is 9.3 years, one cannot interpret this result 
without knowing the stimulus gambles to which it was a 
response. 

The Effect of Health State: Individual Subject Analysis 

A separate ANOVA based on proportional matches was 
calculated for each subject in the replicated judgment  sample. 
The F statistic for health quality was significant at the .05 
level for 6 of 27 subjects. If the null hypothesis truly described 
every subject, the probability would be 95.6% that three or 
fewer F statistics would be significant out of  27 F tests at the 
.05 level :  It is clear that some subjects violate utility inde- 

4 We would like to thank Sue Baker for recruiting and training 
subjects, and administering the experimental procedure to the un- 
replicated-judgment subjects. 

5 The probability of 3 or fewer significant Fs assuming that the 
null hypothesis was true in all 27 cases was calculated using the 
cumulative binomial for an event with a .05 probability of occurrence. 
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pendence, but further analyses are needed to determine 
whether they are few in number as this initial finding suggests. 

Figure 3 displays a scatter plot of  mean proportional 
matches for the 27 subjects. Each point represents one sub- 
ject's mean proportional match in the good health condition 
versus poor health condition. If  utility independence were 
true of  every subject, the means would lie close to the diagonal 
with deviation from the diagonal due only to random varia- 
tion. As can be seen, the means for most subjects lie close to 
the diagonal. The absolute value of  the mean difference 
between good health and poor health matches was less than 
.05 for 16 subjects, between .05 a n d .  1 for 7 subjects, and 
greater than . 1 for 4 subjects. Thus, the average difference 
between good health and poor health matches was less than 
1/20th of the range of  gambles for 16 subjects, and between 
1/10th and 1/20th of  the range for another 7 subjects. The 
mean differences were generally quite small. 

In Figure 3, an open circle or triangle indicates a pair of  
means whose difference was significant at the .05 level. A 
close circle or triangle indicates a pair of  means whose differ- 
ence was not significant. The distinction between circles and 
triangles pertains to prospect theory, and will be explained 
later. Of 6 subjects with significant Fs, 5 had larger mean 
proportional matches assuming poor health (p = .22, by a 
sign test). Of 21 subjects with nonsignificant Fs, 13 had larger 
mean proportional matches assuming poor health (p = .38, 
by a sign test). Although the pattern in Figure 3 suggests a 
slight tendency for mean proportional matches to be larger 
assuming poor health, with the tendency concentrated among 
subjects with significant Fs, the apparent tendency is not 
statistically significant. 

Tests of  the interaction between health quality and gamble 
yielded 2 significant Fs at the .05 level. Neither subject with 
a significant interaction had a significant main effect. If  the 
hypothesis of  no interaction were true of  all 27 subjects, there 
would be a 39.4% chance of  observing two or more significant 
Fs at the .05 level. 6 Thus, the results are consistent with the 
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Scatter plot of mean proportional matches in the good 
health and poor health conditions. 

hypothesis that health quality does not interact with stimulus 
gamble. 

Power calculations are required to determine whether the 
low frequency with which utility independence was violated 
supports the conclusion that most subjects satisfy this prop- 
erty. To describe the power analysis, let /I/.DIF denote the 
population difference between a subject's mean proportional 
matches in the good health and poor health conditions. Let 
o 2 denote the population variance of  a proportional match 
(assuming that the variance for different gambles is the same 
within any subject), and let MSe denote the mean squared 
error calculated from the subject's data. The power of  the F 
test can be approximated if one knows or assumes specific 
values for ~D~F and o ~ (Hays, 1973, Section 10.18). We made 
the heuristic assumption that each subject's variance equaled 
his or her mean squared error. (MSe is an unbiased estimator 
of ~2.) Given this assumption, we calculated each subject's 
probability of  rejecting the hypothesis of  no effect of  health 
quality at the .05 level when the true value of  ~ D I F  was equal 
to .05,. 1, and .2. 

Figure 4 displays cumulative sample distributions of  the 
power of individual subjects' tests against various alternatives. 
To understand this graph, consider the curve on the left 
(labeled ~D~F -- .05). For each subject, the probability of  
rejecting the null hypothesis at the .05 level was calculated 
given that ~D~F equaled .05 and a2 equaled MSe. The curve 
labeled .05 is the cumulative sample distribution of  these 
probabilities, that is, the ordinate represents the proportion 
of  the sample whose power was less than or equal to the value 
on the absissa. For example, given VD~F = .05 and o ~ = MSe, 
the probability of  rejecting the null hypothesis was less than 
.2 for 44% of the sample (12 subjects), and less than .6 for 
81% of the sample (22 subjects). The curves in the middle 
and on the right are the cumulative sample distributions of  
power against ~DIF equal to .  1 and .2. 

Clearly the likelihood of  detecting a true difference of  .2 
was quite high for all subjects. The power against this differ- 
ence exceeded .8 for all subjects, and exceeded .9 for 26 of  27 
subjects. 

The issue for a true difference of.  1 is more complex, but it 
can be shown that the experiment had considerable power 
against this alternative as well. Note first that the minimum 
power against ~D~F = �9 1 was .28, and the median power was 
.66. Thus, all subjects had moderate to large probabilities of  
detecting a .  1 difference. To determine whether these proba- 
bilities were compatible with the observation of  6 significant 
Fs in the sample as a whole, a computer was programmed to 
calculate the probabilities of  0, 1, 2 . . . . .  27 significant Fs, 
given the estimates of  power against/~DW -----. 1.7 The probability 
of 6 or fewer significant Fs was less than .0001, and the 
probability of  15 or more significant Fs was greater than .95. 
If a true difference o f .  1 had been prevalent in the sample, 
one would expect many more significant Fs than were ob- 
served. 

6 The calculation was based on the cumulative binomial, as in 
Footnote 5. 

The calculation uses a standard combinatorial formula for the 
probability of K events out of Nindependent events, where the events 
have probabilities pl, P2, �9 �9 PN of occurring. (Cf. Feller, 1950). 
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Figure 4. Cumulative sample distributions of power against a true 
mean difference (#DIE) of .05,. 1 and .2. (Each subject's variance [02] 
is assumed equal to subject's mean squared error [MS~]. The null 
hypothesis is tested at the .05 level of significance.) 

The experiment had relatively little power against aPSE = 
.05. Given the individual estimates of  power against ~DIF = 

.05, the probability of  6 or fewer significant Fs was found to 
be .  12. Therefore, the observation of  6 significant Fs would 
be somewhat unlikely, but far from impossible, even if every 
subject had a small effect (#om= .05) for health quality. 

The power analysis indicates that a true difference of  .2 
would almost certainly be detected, and a true difference of  
• l would often be detected. True differences of  .05 or less, 
however, would be indistinguishable from zero differences in 
the present experiment. Although, in principle, no results 
could ever prove that the population means of  good health 
and poor health matches are precisely equal, the power analy- 
sis shows that only small effects of  health quality are compat- 
ible with the experimental results. 

The power of the test for Gamble x Health Quality inter- 
actions must also be evaluated. Unfortunately, the preceding 
analysis cannot be repeated with respect to the interaction 
effects because it was based on an approximating formula for 
power that only applies when the F has 1 degree of  freedom 
in the numerator. 8 Because the F for interaction has 5 degrees 
of freedom in the numerator, we used the Pearson and Hartley 
charts (reprinted in Scheffr, 1959) to estimate power against 
interaction effects. Even with these charts, the power against 
interaction effects could not be estimated for every subject 
because many of the values that were needed were lower than 
the values presented in the charts. Therefore, we will discuss 
power calculations for the median subject only. 

The median MSe was .0079. If one assumes that the true 
interaction effects were +. l 0 for individual gambles, then the 
probability of  detecting this interaction would be .68. If  the 
true interaction effects were +.05 for individual gambles, then 
the probability of  detecting the interaction is lower than the 
lowest value on the Pearson and Hartley chart for 5 and 12 
degrees of freedom and the .05 significance level. Visual 

extrapolation from the chart makes it reasonably clear that 
the power must be between. 15 and .25 (best guess = .20). 
The power analysis shows that a true interaction of  _.  10 
would have been detected by many subjects, but for moderate 
to small interactions (less than +.05), the chances of  detecting 
the interaction were rather low. 

The Effect of Health Quality." Group Analysis 

Separate analyses of  group data were carried out for the 
replicated judgment sample, the unreplicated judgment sam- 
ple, and the two samples combined. These analyses revealed 
essentially the same picture, so only the analysis of  the com- 
bined samples will be reported here. 

With respect to Blocks 1 and 2, the replicated- and unre- 
plicated-judgment designs differed only in the interviewers 
who elicited the certainty matching data, and in the time 
trade-off questions intervening between blocks. Therefore, 
data from Blocks 1 and 2 of  replicated and unreplicated 
judgment subjects were combined, and data from Blocks 3 
and 4 of  replicated judgment subjects were discarded. The 
ANOVA for the combined samples had health quality and 
gamble as within-subjects variables; interviewer, parametric 
model, and presentation order as between-subjects variables; 
and subjects as a random-effects factor nested within inter- 
viewer, parametric model, and presentation order• Certainty 
matches were transformed to proportional matches prior to 
statistical analysis. 

Health state did not have a significant main effect on 
proportional matches, F(1, 56) = 2.42, MSe = .039, p > .10. 
The mean difference between the good health and poor health 
conditions was -.021 + .029 with 95% confidence. When 
averaged across subjects and gambles, matches in the good 
health and poor health conditions differed at most by a small 
proportion of  the range of  a gamble. The interaction between 
health quality and stimulus gamble was also not significant, 
F(5, 280) = 1.56, MSe = .011, p > .10. 

The results of  a sign test show that there is actually a slight 
tendency for proportional matches to be greater in the poor 
health condition. The data from Blocks 1-4 of  the replicated- 
judgment subjects show that 18 of  27 had larger mean pro- 
portional matches in the poor health condition. The data 
from Blocks 1 and 2 of  the unreplicated-judgment subjects 
show that 23 of  37 subjects had larger mean proportional 
matches in the poor health condition. Combining these results 
yields 41 of  64 subjects with larger mean proportional matches 
in the poor health condition (z = 2.13, p < .05). Recall from 
the individual subject tests that the tendency to produce larger 
proportional matches in the poor health condition was largely 
confined to subjects with significant Fs for health quality. 
Hence, the results are consistent with the interpretation that 
a small proportion of  subjects systematically produce larger 
proportional matches in the poor health condition, whereas 
the majority of  subjects have no underlying effect of  health 
quality. 

8The formula that we use is given in Hays (1973, Section 10.18) 
and Scheff6 (1959, p. 415)/ 
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Indifference to Health Quality at Short Durations 

Earlier, we derived the prediction that short-term indiffer- 
ent subjects should have lower certainty matches assuming 
poor health. The test of this prediction is slightly different for 
replicated- and unreplicated-judgment subjects. The repli- 
cated judgment subjects will be discussed first. 

Replicated-judgment subjects were not asked directly 
whether they had preferences between health qualities at short 
durations. Therefore, an operational definition was adopted 
according to which subjects were classified as short-term 
indifferent if they did not trade off any time for symptom 
relief on any trial at 1 or 2 years with current symptoms. 
(There were four such trials). Seven subjects were classified as 
short-term indifferent under this criterion. Note that these 
subjects did regard their current symptoms as serious impair- 
ments. On the average, they were willing to forego 28% of 
long-term survival to achieve symptom relief (see Table 2). 
Thus, these subjects were indifferent to health quality at 1 
and 2 years of survival, but were willing to trade off substantial 
proportions of long-term survival for improved health. 

Only 1 short-term indifferent subject had a significant main 
effect of health quality (p < .05, two-tailed) and 1 other had 
a significant interaction between health quality and gamble 
(p < .01, two-tailed). Both subjects had higher mean propor- 
tional matches in the poor health condition. The same pattern 
also held for 3 of the 5 remaining subjects. Thus, 5 of 7 
subjects had higher mean proportional matches in the poor 
health condition, contrary to the implications of short-term 
indifference and Postulates 1 and 2. 

The results for unreplicated judgment subjects were quali- 
tatively similar. Unreplicated judgment subjects were classi- 
fied as short-term indifferent if they were willing to trade off 
any time for symptom improvement when survival with 
current symptoms was 1 year. Ten unreplicated-judgment 
subjects satisfied this criterion. Of the 10, 7 had higher mean 
proportional matches in the poor health condition, contrary 
to the predicted pattern for short-term indifferent subjects. 

Combining the results for replicated and unreplicated judg- 
ment subjects, we found that 12 of 17 subjects had higher 
mean proportional matches in the poor health condition (p 
= . 14, by a sign test). An ANOVA was computed for the 
combined sample of short-term indifferent subjects. As before, 
only Blocks 1 and 2 of the replicated judgment subjects were 
used in the analysis. The main effect of health quality was 
not significant, F(1, 9) = 1.44, MSo = .051, p > .25. Mean 
proportional matches were .037 ___ .070 greater in the poor 
health condition with 95% confidence. The interaction of 
health quality with gamble was also not significant, F(5, 45) 
= .53, MSe = .014, p > .75. Because the confidence interval 
for the mean difference between poor health and good health 
matches includes negative values, we cannot exclude the 
possibility that the true difference is in the predicted direction 
(i.e., good health exceeds poor health). If the predicted effect 
exists, however, it must be quite small. 

One might object that indifference to health quality at short 
durations and Postulates 1 and 2 merely predict that the 
certainty matches of some gambles must be lower when poor 
health is assumed; this does not preclude the existence of 

other gambles with higher certainty matches assuming poor 
health. If there were enough such gambles, mean proportional 
matches of short-term indifferent subjects could be higher in 
the poor health condition without contradicting Postulates 1 
and 2. Although this ad hoc assumption would explain why 
mean proportional matches of short-term indifferent subjects 
were generally greater in the poor health condition, it would 
also predict that the effect of health quality should interact 
with stimulus gamble. A significant interaction was found in 
only one short-term indifferent subject in the replicated- 
judgment sample, and the interaction in the group data did 
not approach significance. 

In summary, Postulates 1 and 2 imply that for any short- 
term indifferent subject, there exist gambles that have lower 
certainty matches when poor health is assumed (Proof 2 of 
the Appendix). Although the experimental results do not 
conclusively reject the prediction, the data are qualitatively 
opposite to it. Thus, the results suggest that short-term indif- 
ferent subjects do not satisfy both Postulates 1 and 2. In 
particular, the results suggest that preferences for riskless 
options are inconsistent with preferences for options that 
involve risk. To see this, note that Postulate 1 implies that 
the utility function represents the preference equivalencies 
expressed in time trade-off judgments, a riskless preference 
relation. Postulate 2 implies that the utility function also 
represents the subjective averaging that underlies choice of 
the certainty match, a preference relation between a riskless 
and a risky option. The assumption that the same utility 
function mediates preferences for riskless options and risky 
options implies that certainty matching judgments must be 
consistent with time trade-off judgments in the predicted way. 
This prediction was not confirmed. 

A conclusive demonstration that short-term indifferent sub- 
jects have equal or higher certainty matches assuming poor 
health would directly contradict the widely held assumption 
that the subjective values of outcomes are the same, regardless 
of whether one is judging preference between riskless options, 
or preference between gambles for these outcomes. Stated in 
terms of the utility model, the results appear to contradict the 
assumption that the same utility function mediates prefer- 
ences for riskless and risky options. Although the present 
evidence is not conclusive, it is important simply because it 
makes the existence of such a contradiction plausible. The 
possibility of this inconsistency has not previously been rec- 
ognized in the theory of preference behavior. 

Lexicographic Preferences at Short Durations 

Some short-term indifferent subjects exhibited a form of 
preference behavior called a lexicographic preference order 
(Coombs, 1964; Tversky, 1969). Preferences for survival du- 
ration and health quality are said to be lexicographically 
ordered if preference is determined exclusively by duration 
whenever outcomes differ in duration, but preference is de- 
termined exclusively by quality when the durations of out- 
comes are equal. For example, if a patient's preferences were 
lexicographic, then the patient would prefer 2 years with pain 
to any shorter duration without pain, but he would prefer 2 
years without pain to 2 years with pain. 
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In the unreplicated judgment sample, 3 of 10 short-term 
indifferent subjects had lexicographic preferences at short 
durations. They were unwilling to trade 1 year with current 
symptoms for any shorter duration without current symp- 
toms, but they preferred 1 year without current symptoms to 
1 year with current symptoms. The remaining 7 subjects said 
that either health quality was equally desirable if survival 
lasted only 1 year. Although this judgment may seem peculiar 
to those who do not share these values, such subjects justify 
their preference with remarks to the effect that when survival 
duration is short, health quality is unimportant. We could 
not determine whether short-term indifferent subjects in the 
replicated judgment sample had lexicographic preferences 
because we neglected to ask them whether they had a prefer- 
ence between a short survival with and without current symp- 
toms. No systematic differences were found between the short- 
term indifferent subjects who were or were not lexicographic 
at short durations. 

Analysis in Terms of Prospect Theory 

To apply Kahneman & Tversky's (1979) prospect theory 
to the present experiment, we need to explain the concept of 
a reference level of survival duration and a distinction between 
regular and irregular gambles. These terms are needed because 
prospect theory requires that different tests of the multiplica- 
tive utility model be carried out for the regular and irregular 
gambles, and these classes of gambles are defined in terms of 
the reference level of survival duration. Although the present 
discussion of prospect theory is self-contained, the motivation 
for prospect theoretic formulations will not be adequately 
covered (see Kahneman & Tversky, 1979, 1984; Miyamoto, 
1987). Readers who are unfamiliar with prospect theory can 
skip this section without loss of continuity. 

Prospect theory postulates that an individual has a subjec- 
tive reference level that is regarded as neutral or status quo. 
Outcomes are perceived as gains if they are preferable to the 
reference level, and as losses i f they are less preferred than the 
reference level (Kahneman & Tversky, 1979, 1984; Tversky 
& Kahneman, 1974). For example, when betting with money, 
the zero outcome is a natural reference level, with money 
received in the bet perceived as a gain, and money paid out 
perceived as a loss. In applying prospect theory to gambles 
for survival duration, we assumed that subjects could judge 
whether a given survival duration was a loss or a gain. Each 
subject was asked to identify his or her own reference level, 
defined as the boundary between those survivals that were 
regarded as losses and those survivals that were regarded as 
gains. 

Prospect theory distinguishes between two kinds of gam- 
bles, called regular and irregular gambles. We will not give 
the full definition of these gambles, but only define them with 
respect to even-chance gambles. An even-chance gamble is 
regular if one of its outcomes is equal or greater than the 
reference level, and the other outcome is equal or less than- 
the reference level. An even-chance gamble is irregular if both 
outcomes are greater than the reference level or both are less 
than the reference level. For example, if the reference level of 

an individual is 10 years of survival, then (1 year, .5, 20 years) 
and (10 years, .5, 25 years) are regular gambles, and (1 year, 
.5, 9 years) and (11 years, .5, 20 years) are irregular gambles. 

The distinction between regular and irregular gambles is 
relevant to the test of the multiplicative utility model because 
prospect theory implies that Postulate 2 holds separately in 
the regular gambles and in the irregular gambles, but not 
necessarily in the combined set of all even-chance gambles. 
The reason for this is that prospect theory allows for the 
possibility that s and t, the weights in Postulate 2, differ for 
regular and irregular gambles. Because the test of the multi- 
plicative utility model assumes that Postulate 2 is valid with 
respect to a single choice of s and t, the interpretation of 
results from the standpoint of prospect theory must be carded 
out separately for regular and irregular gambles. 

Although the distinction between regular and irregular gam- 
bles makes the prospect theoretic interpretation of results 
rather complicated, there is a subset of subjects for whom the 
analysis is straightforward. The survival durations in the 
stimulus gambles of the present experiment ranged from 0 to 
24 years. Hence, any subject whose reference level exceeded 
24 years is predicted to categorize every stimulus gamble as 
irregular. Such subjects will be called purely irregular subjects 
because all stimulus gambles were irregular relative to their 
reference levels. Prospect theory implies that purely irregular 
subjects satisfy Postulate 2 with respect to a single choice ofs  
and t for every stimulus gamble of this experiment. Because 
Postulates 1, 3, and 4 remain plausible in the context of 
prospect theory, we can test utility independence in the data 
from purely irregular subjects, and the tests can be interpreted 
from the standpoint of prospect theory, just as we previously 
interpreted the tests from the standpoint of the dual bilinear 
model, expected utility theory and subjective expected utility 
theory. Subjects who were not purely irregular will be omitted 
from the analysis because the analysis of their data is much 
more complex. For these subjects, some stimulus gambles 
were irregular and others were not, and separate analyses 
would be required for each subject's idiosyncratic division of 
stimulus gambles into regular and irregular gambles. 

There were 17 purely irregular subjects among the 27 
replicated-judgment subjects, and 33 purely irregular subjects 
among the 37 unreplicated-judgment subjects. Five of the 17 
replicated-judgment subjects had significant main effects (p 
< .05) for health quality, and 1 had a significant interaction 
(p < .01) between health quality and gamble. In Figure 3, the 
mean proportional matches of purely irregular subjects are 
indicated by circles that are either open or closed depending 
on whether the F statistic for health quality was significant. 
The pattern of results for purely irregular subjects does not 
differ systematically from the pattern for all subjects. An 
ANOVA was calculated for the 50 purely irregular subjects 
using proportional matches from Blocks 1 and 2. The main 
effect of health quality was not significant, F(I ,  42) = 1.54, p 
> .20. The mean difference between the good health and poor 
health conditions was -.025 __..040 with 95% confidence. 
The interaction between health quality and gamble was also 
not significant, F(5, 210) = .82, p > .50. The results for the 
purely irregular subjects are consistent with the view that most 
of these subjects satisfy utility independence. 
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The analysis in terms of prospect theory serves two pur- 
poses. First, it shows that if one has a method for determining 
a subject's reference level, it is possible to test the multiplica- 
rive utility model within the prospect theory framework. 
Miyamoto (in press) has shown how to formulate a number 
of different multiattribute utility models in the prospect the- 
ory framework using an approach that is very similar to the 
one developed here. Second, we were curious whether the 
results for purely irregular subjects would differ substantially 
from the results for the sample as a whole. What we found is 
that the results for purely irregular subjects were very similar 
to the results for the entire sample. Thus, the analysis using 
prospect theory is consistent with our initial analysis, where 
Postulates 1-4 were assumed of all subjects and the concept 
of a reference level was ignored. 

Genera l  Discussion 

The Multiplicative Utility Model 

In our formalization of the multiplicative utility model, 
Postulates 1 and 2 were assumed on the basis of prior theory, 
and Postulates 3 and 4 were taken to be intuitively obvious. 
Hence Postulate 5, utility independence, emerged as the main 
empirical hypothesis to be tested. The multiplicative utility 
model predicts that survival duration is utility independent 
of health quality. Conversely, if Postulates 1-4 are assumed 
to be true, then utility independence is sufficient to establish 
the validity of the multiplicative utility model. The experi- 
mental results suggest that most subjects satisfy utility inde- 
pendence. Were it not for the results for short-term indifferent 
subjects, we would conclude that the utility representation of 
most non-short-term indifferent subjects is multiplicative. To 
understand why the results for short-term indifferent subjects 
affect our conclusions, we must consider the implications of 
the fact that they did not generally violate utility independ- 
ence. 

Although the failure of short-term indifferent subjects to 
violate utility independence may merely indicate that their 
violations were too small to be detected, there are two reasons 
for doubting this interpretation. First, the experiment did 
have substantial power to detect effects of health quality at 
the individual subjects' level. Second, mean proportional 
matches were larger in the poor health condition for 12 of 17 
short-term indifferent subjects, contrary to the prediction that 
short-term indifferent subjects would produce smaller pro- 
portional matches in the poor health condition. It is possible 
for mean proportional matches of short-term indifferent sub- 
jects to be larger in the poor health condition if the effect of 
health quality interacts with stimulus gamble. There was little 
evidence for such an interaction. Although the power of the 
individual subjects' tests for interaction was only sufficient to 
detect rather large interaction effects, the interaction in the 
group analysis of short-term indifferent subjects was also not 
significant. Furthermore, there is no theoretical reason for 
predicting such an interaction. 

The prediction that short-term indifferent subjects should 
violate utility independence is derived from the assumption 

that the same utility scale mediates the ordinal preference 
relations described by Postulate I and the subjective averaging 
described in Postulate 2. The results for short-term indifferent 
subjects are in conflict with this assumption. Virtually every 
theory of preference under risk postulates that the worth of 
gambles is determined by a process of subjective averaging, 
and subsumes ordinal relations of riskless preference as a 
special case of preference between gambles (Edwards, 1962; 
Kahneman & Tversky, 1979; Karmarkar, 1978; Luce & Na- 
rens, 1985; Luce & Suppes, 1965; Savage, 1954; Schoemaker, 
1982). The present results suggest that, in general, short-term 
indifferent subjects do not have utility scales that represent 
both the ordinal relations of riskless preference, and the 
subjective averaging that underlies judgments of certainty 
matches. Although the results did not conclusively demon- 
strate an inconsistency between short-term indifference and 
certainty matching, the evidence was sufficiently strong to 
show that the possibility of such an inconsistency deserves 
serious consideration. 

Tversky (1967) reported evidence for inconsistency between 
riskless and risky measures of utility, but the pattern of results 
that he found were qualitatively different from the present 
findings. Tversky's (1967) results suggested that either the 
utilities measured by preferences between risky options differ 
systematically from utilities measured by preferences between 
riskless options, or else the subjective probabilities of comple- 
mentary events do not sum to one. To compare these results 
with our own, we should first note that Postulates 1-5 imply 
the multiplicative utility representation even if s + t # I, 
where s and t are the weights in Postulate 2 (Miyamoto, 1985, 
in press). Therefore, even if the subjective probabilities of 
complementary events do not sum to one, Postulates 1-4 and 
short-term indifference imply that utility independence is 
violated. If  we agree that short-term indifferent subjects satisfy 
utility independence, or else violate it in the unpredicted 
direction, we must reject at least one of Postulates 1-4. Given 
that Postulates 3 and 4 are very plausible, Postulates 1 and 2 
are the suspect assumptions. Unlike Tversky's (1967) results, 
the assumption that the subjective probabilities of comple- 
mentary events do not sum to one does not eliminate the 
inconsistency between the risky and riskless preferences of 
short-term indifferent subjects. 

If one assumes instead that the subjective probabilities of 
complementary events sum to one, then Tversky's results 
show that quantities of candy and cigarettes have greater 
utility relative to the utility of money when measured using 
preferences between gambles than when measured using pref- 
erences between riskless options. As Tversky (1967) argued, 
these results can be explained if one assumes the existence of 
a positive utility of gambling. However, Tversky's results 
support the interpretation that riskless and risky utilities are 
at least monotonically related to each other, whereas the 
results for short-term indifferent subjects indicate an ordinal 
inconsistency between riskless and risky utilities. Hence, the 
implications of short-term indifference for the representation 
of utility are different from the implications of Tversky's 
(1967) study. 

From a psychological standpoint, it is not hard to see how 
the integration of stimulus dimensions could be quite different 
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in riskless preference and certainty matching. Paired compar- 
ison choice between multiattribute outcomes encourages in- 
terdimensional comparisons (Tversky, 1969). When judging 
preference between (Y~, Q~) and (I12, Q2), one must decide 
whether the difference in duration between I11 and Y2 com- 
pensates the difference in quality between Q~ and (22. Paired- 
comparison choice makes salient the relative worth of dura- 
tions across health qualities. Thus, it is easy for a subject to 
adopt a strategy that equates the worth of Y years in health 
states Q~ and Q2 when Y is short, but not when Y is long. 
Stated more intuitively, the subject can decide that when 
survival duration is short, symptom relief does not compen- 
sate any reduction in duration. 

To see why short-term indifference should also affect cer- 
tainty matching judgments, note that if one is short-term 
indifferent, utility differences between durations that are less 
than the point at which the utility functions diverge are the 
same in different health states, but utility differences between 
durations that are greater than this point are smaller when 
poor health is assumed (see Figure 1). This complex implica- 
tion of short-term indifference is essentially why the certainty 
matches of some gambles must be lower when poor health is 
assumed (see Proof 2 of the Appendix). 

As opposed to this, we note that the following plausible 
strategy yields matching judgments that satisfy utility inde- 
pendence. When judging a certainty match, health quality is 
the same in the matching outcome and the gamble outcomes. 
Because the stimulus and response vary only on the dimension 
of survival duration, one can adopt a strategy for certainty 
matching that ignores health quality and focuses only on 
survival duration. A strategy of ignoring the common health 
quality is similar to editing operations in prospect theory 
(Kahneman & Tversky, 1979). Certainty matches produced 
by such a strategy will satisfy utility independence, because 
judgments of matches will not be affected by assumed health 
state. 

The results for short-term indifferent subjects do not di- 
rectly contradict the hypothesis that subjects who are not 
short-term indifferent satisfy a multiplicative utility model, 
but they cast doubt on Postulates 1 and 2, which are assumed 
in the derivation of the model. One way to remove these 
doubts would be to test whether subjects who satisfy Postulates 
3 and 4 and utility independence also satisfy ordinal prefer- 
ence axioms from which Postulates 1-2 can be derived. 
Miyamoto (1985, in press) formulated a measurement axio- 
matization of Postulates 1 and 2, but did not test the axioms 
empirically. A precise statement of this axiomatization cannot 
be given here. 

In designing the present study, we assumed that Postulates 
1 and 2 were secure from prior theory. In the light of the 
results for short-term indifferent subjects, however, it now 
appears that the ordinal assumptions underlying Postulates 1 
and 2 must be tested along with utility independence before 
one can conclude that subjects satisfy a multiplicative utility 
representation. What is clear, however, is that either subjects 
violate a fundamental assumption of preference theory, 
namely, mutual consistency of the riskless preference ordering 
and relations of certainty matching, or else subjects who are 
not short-term indifferent generally satisfy a multiplicative 
utility model. 

Indifference to Health Quality at Short Durations 

Indifference to health quality at short durations has some- 
thing of the flavor of the lexicographic semiorder that gave 
rise to intransitivities of preference in Tversky's (1969) classic 
study. It is therefore interesting to compare the two phenom- 
ena. Suppose an individual must choose between alternatives 
A and B, where these alternatives are described by their values 
on two dimensions. The preference structure is a lexicographic 
semiorder if one bases the choice exclusively on Dimension 
1 when the alternatives differ by more than ~ on Dimension 
I (~ > 0), but one bases the choice exclusively on Dimension 
II when the difference on Dimension I is less than ~ (Tversky, 
1969). For example, if e = 2 years, and one must choose 
between ( Y~, Q~) and ( Y2, Q2), then one ignores quality and 
chooses the outcome with the longer duration if I Y~ = I121 > 
2, but one ignores duration and chooses the outcome with 
the superior quality if [ Y~ - Y2 [ --< 2. 

We should distinguish the lexicographic semiorder from 
the lexicographic order that was observed in some short-term 
indifferent subjects. In a lexicographic order, one chooses the 
outcome with the longer duration if Y~ ~ Y2, and one chooses 
the outcome with the superior quality if Y~ = Y2. In effect, a 
lexicographic order is simply the special case ofa lexicographic 
semiorder where ~ = 0. Tversky (1969) showed that if prefer- 
ences are described by a lexicographic semiorder (but not a 
lexicographic order), then the preference order will be intran- 
sitive in the sense that A >p B, B >p C and C >p A for some 
outcomes A, B and C. If the preference order is lexicographic 
but not a semiorder (i.e., ~ =  0), then intransitivities of 
preference cannot occur. 

The decision rule that underlies short-term indifference has 
a different structure from the lexicographic semiorder. A 
short-term indifferent individual bases choice on both Di- 
mensions I and II (duration and quality) when values on 
Dimension I are large in absolute magnitude. When values 
on Dimension I are small, a short-term indifferent subject is 
either lexicographic, or else truly indifferent to health quality. 
Whereas in a lexicographic semiorder, attention switches from 
Dimension I to Dimension II when differences on Dimension 
I are small, the short-term indifferent subject switches from 
utilization of both dimensions to utilization of Dimension I 
exclusively or to a lexicographic ordering of the dimensions 
when values on Dimension I are small in absolute magnitude. 
Thus, indifference to health quality at short durations is only 
superficially analogous to a lexicographic semiorder. 

Indifference to health quality at short durations is more 
akin to Weber's law in magnitude discrimination, or dimin- 
ishing marginal value in utility theory. A given difference in 
stimulus intensity appears greater when the intensities are 
small. A given difference in money appears greater to a poor 
man than to a rich man. The analogy is not perfect, because 
indifference to health quality at short durations is dependent 
on the use of two dimensional stimuli rather than one dimen- 
sional stimuli. One way to describe indifference to health 
quality at short durations, however, is that differences in 
survival duration become infinitely large relative to differ- 
ences in health quality when the absolute magnitude of du- 
ration is short. It is the relative magnitude of subjective 
differences across dimensions, rather than the relative mag- 
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nitude of subjective differences within a dimension that is 
affected by the absolute magnitude of survival duration. 

Methodological  Considerat ions  

One difficulty in the study of utility models is that several 
different theories of preference under risk have been proposed 
to account for empirical violations of expected utility theory 
(Kahneman & Tversky, 1979; Karmarkar, 1978; Luce & 
Narens, 1985). Because formalization of a specific utility 
model like the multiplicative model requires that one assume 
the framework of some theory of preference, one must be 
concerned with the possibility that the analysis of the model 
is only interpretable within the background theory that is 
adopted as framework. 

Our formalization and experiment represent one approach 
to overcoming this difficulty, for they can be interpreted 
within any theory that implies the validity of Postulates 1-3. 
Thus, the analysis can be interpreted within nonstandard 
utility theories (Karmarkar, 1978; Luce & Narens, 1985; 
Shoemaker, 1982), as well as within expected utility or sub- 
jective expected utility theory (Savage, 1954; Von Neumann 
& Morgenstern, 1953). Furthermore, the results for purely 
irregular subjects can be interpreted within prospect theory, 
if one accepts the validity of judgments of survival reference 
levels, The limited scope of Postulates 1-3 has the advantage 
that one can study models of utility under these assumptions 
without commitment to any one of several theories of pref- 
erence under risk. This point might seem to be undermined 
by the possibility that some short-term indifferent subjects 
violate Postulates 1 and 2. In a backhanded way, however, 
the finding further demonstrates the value of the present 
formalization, for by limiting the scope of Postulates 1-3, we 
broaden the class of theories that can be rejected if these 
postulates are found to be empirically invalid. 

Although utility independence is not a fundamental as- 
sumption of preference theory, in the sense that violations of 
utility independence do not undermine the foundations of 
preference theory, it is nevertheless a basic theoretical as- 
sumption in the study of multiattribute utility models. In 
closing, we will briefly explain why this is the case. 

A multiplicative utility model in two attributes was defined 
to be a utility scale U that satisfies Equation I. Similarly, an 
additive utility model in two attributes postulates the existence 
of separate scales F and G such that 

U(Y, Q) = F ( Y )  + G(Q) (12) 

for every value of Y and Q. (We continue to draw upon the 
example of survival duration and health quality, although our 
remarks apply to any two-attribute utility problem.) Assump- 
tions of utility independence are related to additive and 
multiplicative utility models by the following fundamental 
result: 

Theorem 2: If  two attributes are such that the first is utility 
independent from the second, and the second is utility" inde- 
pendent from the first, then the utility scale is either additive 
or multiplicative, that is, either Equation 1 or 12 holds. 
Conversely, the additive and multiplicative utility models 
both predict that each attribute is utility independent from 
the other. 

This result was first proved under the assumption of ex- 
pected utility theory (Keeney, 1968, in 1971; Keeney & Raiffa, 
1976; Raiffa, 1969). Miyamoto (1985, in press) showed that 
it also holds under Postulates 1-3, which are weaker than the 
assumptions of expected utility theory. 

Note that Theorem 2 does not indicate which of the two 
models, the additive or multiplicative utility model, is valid. 
It merely tells us that if two attributes are utility independent 
from each other, then the only utility models consistent with 
this relation are the additive and multiplicative models. Some 
additional diagnostic property must be considered in order to 
determine which model is valid. Postulate 4 states a diagnostic 
property that excludes the additive utility model. Other diag- 
nostics that distinguish additive from multiplicative utility 
models are described in Keeney and Raiffa (1976), Krantz et 
al. (1971), and Miyamoto (in press). 

This is not the place for a full discussion of utility inde- 
pendence assumptions. Theorem 2 is presented here only to 
make the point that assumptions of utility independence play 
a central role in the investigation of additive and multiplica- 
tive models throughout multiattribute utility theory (Keeney 
& Raiffa, 1976; Miyamoto, 1983, in press). Consequently, the 
theoretical and empirical analyses presented here demonstrate 
the feasibility of experimental investigations of these models 
in a framework that encompasses nonstandard utility theories 
like prospect theory and the dual bilinar model, as well as the 
standard expected utility and subjective expected utility the- 
ories. 
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Appendix 

Formal Derivations 
Proof1. To prove that the multiplicative utility model predicts that 

utility independence is satisfied, assume that the multiplicative utility 
model and Postulates l and 2 are valid. We must show that Y" is the 
certainty match of( Y, .5, Y') in health state Q if and only if it is the 
certainty match of (Y, .5, Y') in any other health state Q'. 

Y" ~p ( Y, .5, Y') in health state Q 
iff 

(Y", Q) ~p [(Y, Q), .5, (Y', O)] 
,ff 

U( Y", Q) = U[( Y, O), .5, (Y', O)] 
iff 

U( Y", O) = sU( Y, Q) + tU( Y', Q) 
iff 

F(Y")G(Q) = sF( Y)G(Q) + tfF( Y')G(Q) 
iff 

F(Y")G(Q') = sF( Y)G(Q') + tF( Y')G(Q') 
iff 

U( Y", Q') = sU( Y, Q') + tU( Y', Q') 

U( Y", O') = U[ Y, Q'), .5, ( Y', Q')] 
iff 

(Y", Q')  ~p [(Y, Q'), .5, (Y', O')] 
iff 

Y" ~p ( Y, .5, Y') in health state Q'  

by definition of 
the notation 
by Postulate 1 

by Postulate 2 

assuming the 
multiplicative model 
replacing G(Q) 
by G(Q') 
assuming the 
multiplicative model 
by Postulate 2 

by Postulate 1 

by definition of 
the notation 

Therefore, Y" is the certainty match of ( Y, .5, Y') in health state Q 
if and only if it is the certainty match of ( Y, .5, Y') in health state 
Q'. This completes the proof that the multiplicative utility model 
predicts that survival duration is utility independent of health quality. 

Proof2. To prove that short-term indifferent subjects must produce 
lower certainty matches for some gambles when inferior health is 
assumed, assume that Postulates 1 and 2 hold, and that an individual 
is short-term indifferent in the sense of Figure 1. We must show that 
there exist gambles for survival duration that have lower certainty 
matches when the inferior health state is assumed. Let 110 denote the 
duration at which the Q~ and Q2 utility functions begin to diverge. 
Thus, the functions are identical below Yo and separate above Y0. 
Choose any Yand Y' such that (a) Y > Y0 > Y', and (b) the certainty 
match of(Y, .5, Y') in Q~ is less than Y0. It is always possible to find 
values of Yand Y' that satisfy these conditions by bringing Y' closer 
to zero or Y closer to Y0. Let Y" denote the certainty match of ( Y, 
.5, Y') in Q~ and let Z denote the certainty match in (22. We need to 
show that Y" > Z. Because Y > Yo > Y', U( Y, Q~) > U( Y, Q2) and 
U( Y', Qt) = U( Y', Q2). Therefore U( Y", Q~) = sU( Y, Q~) + tU( Y', 
Q~) > sU(Y, Q2) + tU(Y', Q2) = U(Z, Q2). But Y" < Yo, so U(Y", 
(22) = U(Y", Qt) > U(Z, (22). Hence, Y" > Z, which was to be 
proven. 
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