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Cumulants, coherence, and contamination in multiparticle Bose-Einstein interferometry

J. G. Cramer1,2,* and K. Kadija1,†
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2Department of Physics FM–15, University of Washington, Seattle, Washington 98195
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We examine the formalism of multiparticle correlations used in Bose-Einstein interferometry with pions
produced in ultrarelativistic heavy ion collisions. We include incoherent and quantum optics coherent contri-
butions as well as the effect of contamination from particles included in the correlation that are not pions. We
give expressions for the correlation functions and normalized cumulants for orders 2–5 in the presence of these
effects. We show that in the presence of coherence the normalized cumulants include an additional contribution
besides that usually called the ‘‘true’’ multiparticle correlation. We also consider theQ50 intercepts of the
correlation functions and normalized cumulants in the presence of coherence and of contamination and show
that values of the intercept of the normalized cumulant as a function of order can distinguish these two effects.

PACS number~s!: 25.75.Gz, 05.30.Jp, 13.85.Hd
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I. INTRODUCTION

In Bose-Einstein correlation analysis of two or more pio
produced in ultrarelativistic heavy ion collisions, an empi
cal parameterl is frequently used to reduce the correlati
function, in order to take into account the possibilities th
~a! the pion emission from the source may not be comple
incoherent, and~b! the correlated particles assumed to
pions may be contaminated with other particles~kaons, elec-
trons, protons, etc.! which will dilute the measured correla
tions. However, these two effects have qualitatively differ
consequences for the magnitude and shape of the correl
and should be treated separately. In the present work
examine, for orders 2–5, the effects of both coherence
contamination on correlation functions and normalized
mulants used in the analysis of multiparticle Bose-Einst
correlations.

In the recent literature of multiparticle Bose-Einstein co
relations of pions there has been considerable interest in
lating the ‘‘true’’ multiparticle correlations@1# that contribute
to the overall correlation functions, e.g., correlations that
not representable as a product of lower-order correlatio
For an incoherent source, this correlation arises from
simultaneous exchange of all particles in the correlated
Such correlations must be present in an ideal quantum
tem of identical Bose-Einstein particles as a consequenc
proper symmetrization of the multiparticle wave functio
but demonstrating this has been an experimental challe
Eggerset al. @2# have suggested using normalized cumula
to isolate the ‘‘true’’ multiparticle correlation.

In the present work we investigate the form of these n
malized cumulants in the presence of coherent interferenc
the source of pions. As will be shown below, in the prese
of coherence the normalized cumulants no longer isolate
‘‘true’’ multiparticle correlation. We also consider the corr
spondence between the coherence terms calculated an
‘‘linked-pair’’ approximation@3#. Finally, we consider the ef
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fects of coherence and contamination on the ‘‘intercept’’ va
ues of correlations and normalized cumulants.

II. DEFINITIONS

A. Correlation functions

The multiparticle correlation functionsRn of ordern used
in pion interferometry are defined by the relation

Rn~PW 1 , . . . ,PW n!5
rn~PW 1 , . . . ,PW n!

r1~PW 1!•••r1~PW n!
, ~1!

wherern(PW 1 , . . . ,PW n) is the inclusive density forn particles
expressed as a function of the three-momentaPi

W of the cor-
related particles, andr1(PW i) is the single-particle density of
the i th particle.

In a previous paper@4#, one of us has used the procedur
of Biyajima et al. @5# based on diagrams from quantum op
tics, hereafter referred to as the Biyajima procedure, to d
rive general model-independent two-, three-, and fou
particle correlation distributions for bosons which includ
the effects of coherence while neglecting Coulomb effec
The Biyajima procedure includes a coherent contribution
particle emission, but it implicitly assumes that there isonly
onesource of coherent emission. In the present work we w
focus on Bose-Einstein interferometry with pions, but w
note that our conclusions also apply to interferometry wi
other bosons, e.g., kaons or photons.

The two-neutral-particle correlation functionR2 , previ-
ously calculated using the Biyajima procedure@4,5#, has the
form

R2~PW 1 ,PW 2!511e2b12
2 12feb12. ~2!

Here thebi j are two-particle Bose-Einstein exchange am
plitudes, which in principle can be complex@6#, with
bi j5bji* . For the purposes of the present work, sinc
Im(bi j ) is usually small, we will take thebi j amplitudes to
be real, withbi j5bji , and will consistently place the small-
est index first. The results presented below can, however,
908 © 1996 The American Physical Society
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53 909CUMULANTS, COHERENCE, AND CONTAMINATION IN . . .
extended to the more general case of complexbi j by taking
all squares ofbi j to be absolute squares and then taking
real parts only of all terms involvingbi j .

We consider the total multiplicitymtotal of final state par-
ticles used in the correlation to come from three sources:~1!
incoherent production of pions (minc), ~2! coherent produc-
tion of pions (mcoh), and~3! particles treated as pions whic
are actually kaons, electrons, protons, etc. (mcont), so that
mtotal5minc1mcoh1m cont. In the above expression,e speci-
fies the fraction of the net emission of the source that
incoherent, i.e.,e5minc /mtotal, andf specifies the fraction
of the net emission of the source that is coherent, i
f5mcoh/mtotal. The contaminant fraction~not explicitly
used here! is given byk5mcont/mtotal. Thus,e1f1k51.
We note that in generale, f, andk are not constants and
will be functions of the rapidityy and the transverse mas
mt of the reaction products. In the present work we w
neglect any additional Bose-Einstein or Fermi-Dirac corre
tions between groups of identical contaminant particles
cause we expect their fraction to be small (k' 0.1 or less!.

The second term of Eq.~2!, which depends one2, results
from the incoherence of the source of pions. The last te
which depends onfe, results from interference between th
coherent and incoherent contributions to the process an
thus a cross term. There is no pure coherent term beca
complete coherence suppresses the Bose-Einstein correl
and gives a zero contribution to the correlation. When eit
coherent emission or contamination is significant,e,1 and,
as will be discussed below, this reduces the peak of the
relation distribution and in particular its intercept value ne
Q50 @where Q252(P i2P j )

2 and P i is a four-
momentum#.

Before proceeding to higher-order correlations, let us c
sider two examples of the use of Eq.~2!. First, let us consider
a case where there is a contribution from coherence but n
from contamination, i.e.,e5Al, f5(12e), k50, and
b125exp@2(q12r )

2#, whereq12 is the magnitude of the three
momentum difference between the correlated particles,r is
the
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the source radius, andl is an ‘‘intercept’’ parameter permit-
ting adjustment of the strength of the correlation. Then E
~2! becomes

R2~q12;k50!511lexp@22 ~q12r !2#

12 l1/2~12l1/2!exp@2~q12r !2#. ~3!

The first two terms of Eq.~3! are the usual empirical
Gaussian representation of a two-particle Bose-Einstein c
relation, while the last term is an additional one reflecting th
effects of coherence. Note that, as previously pointed out
Weiner@7#, the two Gaussians in Eq.~3! have widths which
differ by a factor ofA2, so that the onset of coherence tend
to broaden a measured momentum-space correlation fu
tion.

Now let us consider a case where there is a contributi
from contamination but none from coherence, i.e.,e5Al,
f50, k5(12e), and as beforeb125exp@2(q12r )

2#. With
these assumptions, Eq.~2! becomes

R2~q12;f50!511lexp@22 ~q12r !2#. ~4!

The first two terms of Eq.~4! are the same as those of Eq
~3!, but the last term is missing. This is because coheren
produces interference effects, while contamination produc
none.

The three neutral particle correlation functionR3 derived
from the Biyajima procedure@5# is

R3~PW 1 ,PW 2 ,PW 3!511e2~b12
2 1b23

2 1b13
2 !12e3~b12b23b13!

12fe~b121b231b13!12fe2~b12b23

1b23b131b13b12!. ~5!

The second and third terms of Eq.~5! depend on powers
of e and result from source incoherence. The last two term
depend on powers off and e and result from coherent-
incoherent interference.

For four neutral particles, the correlation functionR4 as
rederived here from the Biyajima procedure is
s

For
R4~PW 1 ,PW 2 ,PW 3 ,PW 4!511e2~b12
2 1b13

2 1b14
2 1b23

2 1b24
2 1b34

2 !12e3~b12b23b131b12b24b141b13b34b141b23b34b24!

12e4~b12b23b34b141b12b24b34b131b13b23b24b14!1e4~b12
2 b34

2 1b13
2 b24

2 1b14
2 b23

2 !12fe~b121b13

1b141b231b241b34!12fe2~b12b231b12b241b13b341b23b341b12b131b12b141b13b141b23b24

1b13b231b14b241b14b341b24b34!14f2e2~b12b341b13b241b14b23!12fe3~b12b23b341b12b24b34

1b13b23b241b12b23b141b12b24b131b13b23b141b12b34b141b12b34b131b13b24b141b23b34b14

1b24b34b131b23b24b14!12fe3~b12b34
2 1b13b24

2 1b14b23
2 1b12

2 b341b13
2 b241b14

2 b23!. ~6!

Again, the second through fifth terms of Eq.~6! depend on powers ofe and result from source incoherence. The last five term
depend on powers ofe andf and result from coherent-incoherent interference. For a completely incoherent system (e51)
with no contamination, thef terms in the above relations will vanish and the expressions will be considerably simplified.
a completely coherent systems (f51), all terms will vanish except the leading 1. We note that the seventh term of Eq.~5!,
which depends on 2fe2, differs from the similar term in Eq.~22! of Ref. @4# and corrects a subtle error in that paper.

We have derivedR5 , the general correlation function for five neutral particles with the Biyajima procedure, usingMATH-

EMATICA @8# and present it here for the first time:
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2R5~PW 1 ,PW 2 ,PW 3 ,PW 4 ,PW 5!5112 e5~b14b15b23b25b341b13b15b24b25b341b14b15b23b24b351b13b14b24b25b351b12b15b24b34b35

1b12b14b25b34b351b13b15b23b24b451b13b14b23b25b451b12b15b23b34b451b12b13b25b34b45

1b12b14b23b35b451b12b13b24b35b45!12 e5~b15
2 b23b24b341b13b14b25

2 b341b12b15b25b34
2

1b13b15b24
2 b351b14

2 b23b25b351b12b14b24b35
2 1b14b15b23

2 b451b13
2 b24b25b451b12

2 b34b35b45

1b12b13b23b45
2 )12 e4~b13b14b23b241b13b15b23b251b14b15b24b251b12b14b23b341b12b13b24b34

1b12b15b23b351b12b13b25b351b14b15b34b351b24b25b34b351b12b15b24b451b12b14b25b45

1b13b15b34b451b23b25b34b451b13b14b35b451b23b24b35b45!1e4~b14
2 b23

2 1b15
2 b23

2 1b13
2 b24

2

1b15
2 b24

2 1b13
2 b25

2 1b14
2 b25

2 1b12
2 b34

2 1b15
2 b34

2 1b25
2 b34

2 1b12
2 b35

2 1b14
2 b35

2 1b24
2 b35

2 1b12
2 b45

2 1b13
2 b45

2

1b23
2 b45

2 !12 e3~b12b13b231b12b14b241b12b15b251b13b14b341b23b24b341b13b15b351b23b25b35

1b14b15b451b24b25b451b34b35b45!1e2~b12
2 1b13

2 1b14
2 1b15

2 1b23
2 1b24

2 1b25
2 1b34

2 1b35
2 1b45

2 !

12fe~b121b131b141b151b231b241b251b341b351b45!14f2e2~b14b231b15b231b13b24

1b15b241b13b251b14b251b12b341b15b341b25b341b12b351b14b351b24b351b12b451b13b45

1b23b45)12fe2~b12b131b12b141b13b141b12b151b13b151b14b151b12b231b13b231b12b24

1b14b241b23b241b12b251b15b251b23b251b24b251b13b341b14b341b23b341b24b341b13b35

1b15b351b23b351b25b351b34b351b14b451b15b451b24b451b25b451b34b451b35b45!

14f2e3~b14b15b231b13b15b241b15b23b241b13b14b251b14b23b251b13b24b251b12b15b34

1b15b23b341b15b24b341b12b25b341b13b25b341b14b25b341b15b25b341b12b14b351b14b23b35

1b12b24b351b13b24b351b14b24b351b15b24b351b14b25b351b12b34b351b12b13b451b12b23b45

1b13b23b451b14b23b451b15b23b451b13b24b451b13b25b451b12b34b451b12b35b45)

12fe3~b12b14b231b13b14b231b12b15b231b13b15b231b12b13b241b13b14b241b12b15b24

1b14b15b241b13b23b241b14b23b241b12b13b251b12b14b251b13b15b251b14b15b251b13b23b25

1b15b23b251b14b24b251b15b24b251b12b13b341b12b14b341b13b15b341b14b15b341b12b23b34

1b14b23b341b12b24b341b13b24b341b23b25b341b24b25b341b12b13b351b13b14b351b12b15b35

1b14b15b351b12b23b351b15b23b351b23b24b351b12b25b351b13b25b351b24b25b351b14b34b35

1b15b34b351b24b34b351b25b34b351b12b14b451b13b14b451b12b15b451b13b15b451b15b24b45

1b23b24b451b12b25b451b14b25b451b23b25b451b13b34b451b15b34b451b23b34b451b25b34b45

1b13b35b451b14b35b451b23b35b451b12b24b451b24b35b45)12fe3~b14
2 b231b15

2 b231b14b23
2

1b15b23
2 1b13

2 b241b15
2 b241b13b24

2 1b15b24
2 1b13

2 b251b14
2 b251b13b25

2 1b14b25
2 1b12

2 b341b15
2 b34

1b12
2 b351b14

2 b351b25
2 b341b12b34

2 1b15b34
2 1b25b34

2 1b24
2 b351b12b35

2 1b14b35
2 1b24b35

2 1b12
2 b45

1b13
2 b451b23

2 b451b12b45
2 1b13b45

2 1b23b45
2 )12fe4~b14b15b23

2 1b15
2 b23b241b13b15b24

2 1b14
2 b23b25

1b13
2 b24b251b13b14b25

2 1b15
2 b23b341b15

2 b24b341b13b25
2 b341b14b25

2 b341b12b15b34
2 1b12b25b34

2

1b15b25b34
2 1b14

2 b23b351b13b24
2 b351b15b24

2 b351b14
2 b25b351b12

2 b34b351b12b14b35
2 1b12b24b35

2

1b14b24b35
2 1b14b23

2 b451b15b23
2 b451b13

2 b24b451b13
2 b25b451b12

2 b34b451b12
2 b35b451b12b13b45

2

1b12b23b45
2 1b13b23b45

2 )12fe4~b13b15b23b241b14b15b23b241b13b14b23b251b14b15b23b25

1b13b14b24b251b13b15b24b251b12b15b23b341b14b15b23b341b12b15b24b341b13b15b24b34

1b12b13b25b341b12b14b25b341b13b15b25b341b14b15b25b341b14b23b25b341b15b23b25b34
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1b13b24b25b341b15b24b25b341b12b14b23b351b14b15b23b351b12b13b24b351b13b14b24b35

1b12b15b24b351b14b15b24b351b14b23b24b351b15b23b24b351b12b14b25b351b13b14b25b35

1b13b24b25b351b14b24b25b351b12b14b34b351b12b15b34b351b12b24b34b351b15b24b34b35

1b12b25b34b351b14b25b34b351b12b14b23b451b13b14b23b451b12b15b23b451b13b15b23b45

1b12b13b24b451b13b15b24b451b13b23b24b451b15b23b24b451b12b13b25b451b13b14b25b45

1b13b23b25b451b14b23b25b451b12b13b34b451b12b15b34b451b12b23b34b451b15b23b34b45

1b12b25b34b451b13b25b34b451b12b13b35b451b12b14b35b451b12b23b35b451b14b23b35b45

1b12b24b35b451b13b24b35b45)14fe4~b15b23b24b341b13b14b25b341b12b15b25b341b12b14b24b35

1b13b15b24b351b14b23b25b351b12b13b23b451b14b15b23b451b13b24b25b451b12b34b35b45!. ~7!

Again, the second through seventh terms of Eq.~7! depend on powers ofe and result from source incoherence. The last nin
terms depend on powers off ande and result from coherent-incoherent interference.

B. Cumulants

The cumulant@9# of a given ordern is a combination of inclusive densitiesr i with i 5 1, . . . ,n constructed in such a way
as to become zero whenever any one of their arguments becomes statistically independent of the others. The first t
cumulants have the forms

C2~PW 1 ,PW 2!5r2~PW 1 ,PW 2!2r1~PW 1!r1~PW 2!, ~8!

C3~PW 1 ,PW 2 ,PW 3!5r3~PW 1 ,PW 2 ,PW 3!2r1~PW 1!r2~PW 2 ,PW 3! 2r1~PW 2!r2~PW 3 ,PW 1!2r1~PW 3!r2~PW 1 ,PW 2! 12 r1~PW 1!r1~PW 2!r1~PW 3!.
~9!

Omitting the momentum arguments, the next two higher cumulants are

C45r42(
@4#

r1r32(
@3#

r2r212(
@6#

r1r1r226 r1r1r1r1 , ~10!

C55r52(
@5#

r1r42(
@10#

r2r312(
@10#

r1r1r312(
@15#

r1r2r226(
@10#

r1r1r1r2124r1r1r1r1r1 . ~11!

Here the bracketed numbers under the sums indicate the number of permutations of the argumentsPW i which have to be
included in the sum.

C. Normalized cumulants

The normalized cumulantkn of order n is generated by dividing the corresponding cumulantCn defined above by the
product ofn single-particle density functions. It is therefore defined as

kn5
Cn~PW 1 , . . . ,PW n!

r1~PW 1!, . . . ,r1~PW n!
. ~12!

These normalized cumulants can thus be written in terms of the correlation functionsRi defined above:

k2~PW 1 ,PW 2!5R2~PW 1 ,PW 2!21 , ~13!

k3~PW 1 ,PW 2 ,PW 3!5R3~PW 1 ,PW 2 ,PW 3!122R2~PW 2 ,PW 3!2R2~PW 1 ,PW 3!2R2~PW 1 ,PW 2!

5R3~PW 1 ,PW 2 ,PW 3!212k2~PW 2 ,PW 3!2k2~PW 1 ,PW 3!2k2~PW 1 ,PW 2!, ~14!
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k4~PW 1 ,PW 2 ,PW 3 ,PW 4!5R4~PW 1 ,PW 2 ,PW 3 ,PW 4!262@R3~PW 1 ,PW 2 ,PW 3!1R3~PW 1 ,PW 2 ,PW 4!1R3~PW 1 ,PW 3 ,PW 4!1R3~PW 2 ,PW 3 ,PW 4!#

2@R2~PW 1 ,PW 2!R2~PW 3 ,PW 4!1R2~PW 1 ,PW 3!R2~PW 2 ,PW 4!1R2~PW 1 ,PW 4!R2~PW 2 ,PW 3!#12@R2~PW 1 ,PW 2!

1R2~PW 1 ,PW 3!1R2~PW 1 ,PW 4!1R2~PW 2 ,PW 3!1R2~PW 2 ,PW 4!1R2~PW 3 ,PW 4!#

5R4~PW 1 ,PW 2 ,PW 3 ,PW 4!212@k3~PW 1 ,PW 2 ,PW 3!1k3~PW 1 ,PW 2 ,PW 4!1k3~PW 1 ,PW 3 ,PW 4!1k3~PW 2 ,PW 3 ,PW 4!#

2@k2~PW 1 ,PW 2!k2~PW 3 ,PW 4!1k2~PW 1 ,PW 3!k2~PW 2 ,PW 4!1k2~PW 1 ,PW 4!k2~PW 2 ,PW 3!#2@k2~PW 1 ,PW 2!1k2~PW 1 ,PW 3!

1k2~PW 1 ,PW 4!1k2~PW 2 ,PW 3!1k2~PW 2 ,PW 4!1k2~PW 3 ,PW 4!#, ~15!

k5~PW 1 ,PW 2 ,PW 3 ,PW 4 ,PW 5!5R5~PW 1 ,PW 2 ,PW 3 ,PW 4 ,PW 5!1242@R4~PW 1 ,PW 2 ,PW 3 ,PW 4!1R4~PW 1 ,PW 2 ,PW 3 ,PW 5!1R4~PW 1 ,PW 2 ,PW 4 ,PW 5!

1R4~PW 1 ,PW 3 ,PW 4 ,PW 5!1R4~PW 2 ,PW 3 ,PW 4 ,PW 5!#12@R3~PW 1 ,PW 2 ,PW 3!1R3~PW 1 ,PW 2 ,PW 4!1R3~PW 1 ,PW 2 ,PW 5!

1R3~PW 1 ,PW 3 ,PW 4!1R3~PW 1 ,PW 3 ,PW 5!1R3~PW 1 ,PW 4 ,PW 5!1R3~PW 2 ,PW 3 ,PW 4!1R3~PW 2 ,PW 3 ,PW 5!

1R3~PW 2 ,PW 4 ,PW 5!1R3~PW 3 ,PW 4 ,PW 5!#2@R3~PW 1 ,PW 2 ,PW 3!R2~PW 4 ,PW 5!1R3~PW 1 ,PW 2 ,PW 4!R2~PW 3 ,PW 5!

1R3~PW 1 ,PW 2 ,PW 5!R2~PW 3 ,PW 4!1R3~PW 1 ,PW 3 ,PW 4!R2~PW 2 ,PW 5!1R3~PW 1 ,PW 3 ,PW 5!R2~PW 2 ,PW 4!

1R3~PW 1 ,PW 4 ,PW 5!R2~PW 2 ,PW 3!1R3~PW 2 ,PW 3 ,PW 4!R2~PW 1 ,PW 5!1R3~PW 2 ,PW 3 ,PW 5!R2~PW 1 ,PW 4!

1R3~PW 2 ,PW 4 ,PW 5!R2~PW 1 ,PW 3!1R3~PW 3 ,PW 4 ,PW 5!R2~PW 1 ,PW 2!]12@R2~PW 1 ,PW 2!R2~PW 3 ,PW 4!

1R2~PW 1 ,PW 2!R2~PW 3 ,PW 5!1R2~PW 1 ,PW 2!R2~PW 4 ,PW 5!1R2~PW 1 ,PW 3!R2~PW 2 ,PW 4!

1R2~PW 1 ,PW 3!R2~PW 2 ,PW 5!1R2~PW 1 ,PW 3!R2~PW 4 ,PW 5!1R2~PW 1 ,PW 4!R2~PW 2 ,PW 3!

1R2~PW 1 ,PW 4!R2~PW 2 ,PW 5!1R2~PW 1 ,PW 4!R2~PW 3 ,PW 5!1R2~PW 1 ,PW 5!R2~PW 2 ,PW 3!

1R2~PW 1 ,PW 5!R2~PW 2 ,PW 4!1R2~PW 1 ,PW 5!R2~PW 3 ,PW 4!1R2~PW 2 ,PW 3!R2~PW 4 ,PW 5!

1R2~PW 2 ,PW 4!R2~PW 3 ,PW 5!1R2~PW 2 ,PW 5!R2~PW 3 ,PW 4!]26@R2~PW 1 ,PW 2!1R2~PW 1 ,PW 3!1R2~PW 1 ,PW 4!

1R2~PW 1 ,PW 5!1R2~PW 2 ,PW 3!1R2~PW 2 ,PW 4!1R2~PW 2 ,PW 5!1R2~PW 3 ,PW 4!1R2~PW 3 ,PW 5!1R2~PW 4 ,PW 5!]

5R5~PW 1 ,PW 2 ,PW 3 ,PW 4 ,PW 5!212@k4~PW 1 ,PW 2 ,PW 3 ,PW 4!1k4~PW 1 ,PW 2 ,PW 3 ,PW 5!1k4~PW 1 ,PW 2 ,PW 4 ,PW 5!

1k4~PW 1 ,PW 3 ,PW 4 ,PW 5!1k4~PW 2 ,PW 3 ,PW 4 ,PW 5!#2@k3~PW 1 ,PW 2 ,PW 3!1k3~PW 1 ,PW 2 ,PW 4!1k3~PW 1 ,PW 2 ,PW 5!

1k3~PW 1 ,PW 3 ,PW 4!1k3~PW 1 ,PW 3 ,PW 5!1k3~PW 1 ,PW 4 ,PW 5!1k3~PW 2 ,PW 3 ,PW 4!1k3~PW 2 ,PW 3 ,PW 5!

1k3~PW 2 ,PW 4 ,PW 5!1k3~PW 3 ,PW 4 ,PW 5!#2@k3~PW 1 ,PW 2 ,PW 3!k2~PW 4 ,PW 5!1k3~PW 1 ,PW 2 ,PW 4!k2~PW 3 ,PW 5!

1k3~PW 1 ,PW 2 ,PW 5!k2~PW 3 ,PW 4!1k3~PW 1 ,PW 3 ,PW 4!k2~PW 2 ,PW 5!1k3~PW 1 ,PW 3 ,PW 5!k2~PW 2 ,PW 4!

1k3~PW 1 ,PW 4 ,PW 5!k2~PW 2 ,PW 3!1k3~PW 2 ,PW 3 ,PW 4!k2~PW 1 ,PW 5!1k3~PW 2 ,PW 3 ,PW 5!k2~PW 1 ,PW 4!

1k3~PW 2 ,PW 4 ,PW 5!k2~PW 1 ,PW 3!1k3~PW 3 ,PW 4 ,PW 5!k2~PW 1 ,PW 2!#2@k2~PW 1 ,PW 2!k2~PW 3 ,PW 4!

1k2~PW 1 ,PW 2!k2~PW 3 ,PW 5!1k2~PW 1 ,PW 2!k2~PW 4 ,PW 5!1k2~PW 1 ,PW 3!k2~PW 2 ,PW 4!1k2~PW 1 ,PW 3!k2~PW 2 ,PW 5!

1k2~PW 1 ,PW 3!k2~PW 4 ,PW 5!1k2~PW 1 ,PW 4!k2~PW 2 ,PW 3!1k2~PW 1 ,PW 4!k2~PW 2 ,PW 5!1k2~PW 1 ,PW 4!k2~PW 3 ,PW 5!

1k2~PW 1 ,PW 5!k2~PW 2 ,PW 3!1k2~PW 1 ,PW 5!k2~PW 2 ,PW 4!1k2~PW 1 ,PW 5!k2~PW 3 ,PW 4!1k2~PW 2 ,PW 3!k2~PW 4 ,PW 5!

1k2~PW 2 ,PW 4!k2~PW 3 ,PW 5!1k2~PW 2 ,PW 5!k2~PW 3 ,PW 4!#2@k2~PW 1 ,PW 2!1k2~PW 1 ,PW 3!1k2~PW 1 ,PW 4!

1k2~PW 1 ,PW 5!1k2~PW 2 ,PW 3!1k2~PW 2 ,PW 4!1k2~PW 2 ,PW 5!1k2~PW 3 ,PW 4!1k2~PW 3 ,PW 5!1k2~PW 4 ,PW 5!#.

~16!
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III. DISCUSSION

A. Normalized cumulants with coherence

By substituting the correlation functions given in Eqs.~2!, ~5!, ~6!, and~7! the normalized cumulants can be written direct
in terms of the Bose-Einstein amplitudesbi j . In performing this substitution, we will separate the normalized cumulantkn of
ordern into a termkn

(I ) which arises from the incoherent component of the source and a termkn
(C2I ) which arises from the

coherent-incoherent interference cross term. Thus,kn5kn
(I )1kn

(C2I ) .
For the two-particle normalized cumulants (n52! we then have

k2
~ I !5e2b12

2 , ~17!

k2
~C2I !52feb12. ~18!

For the three-particle normalized cumulants (n53! we have

k3
~ I !52 e3b12b13b23, ~19!

k3
~C2I !52fe2~b12b131b12b231b13b23!. ~20!

For the four-particle normalized cumulants (n54! we have

k4
~ I !52 e4~b13b14b23b241b12b14b23b341b12b13b24b34!, ~21!

k4
~C2I !52fe3@b12b14b231b13b14b231b12b13b241b13b24b341b13b14b241b13b23b241b14b23b241b12b13b341b12b14b34

1b12b23b341b14b23b341b12b24b34#. ~22!

For the five-particle normalized cumulants (n55! we have

k5
~ I !52 e5~b14b15b23b25b341b13b15b24b25b341b14b15b23b24b351b13b14b24b25b351b12b15b24b34b351b12b14b25b34b35

1b13b15b23b24b451b13b14b23b25b451b12b15b23b34b451b12b13b25b34b451b12b14b23b35b451b12b13b24b35b45!, ~23!

k5
~C2I !52fe4~b13b15b23b241b14b15b23b241b13b14b23b251b14b15b23b251b13b14b24b251b13b15b24b251b12b15b23b34

1b14b15b23b341b12b15b24b341b13b15b24b341b12b13b25b341b12b14b25b341b13b15b25b341b14b15b25b34

1b14b23b25b341b15b23b25b341b13b24b25b341b15b24b25b341b12b14b23b351b14b15b23b351b12b13b24b35

1b13b14b24b351b12b15b24b351b14b15b24b351b14b23b24b351b15b23b24b351b12b14b25b351b13b14b25b35

1b13b24b25b351b14b24b25b351b12b14b34b351b12b15b34b351b12b24b34b351b15b24b34b351b12b25b34b35

1b14b25b34b351b12b14b23b451b13b14b23b451b12b15b23b451b13b15b23b451b12b13b24b451b13b15b24b45

1b13b23b24b451b15b23b24b451b12b13b25b451b13b14b25b451b13b23b25b451b14b23b25b451b12b13b34b45

1b12b15b34b451b12b23b34b451b15b23b34b451b12b25b34b451b13b25b34b451b12b13b35b451b12b14b35b45

1b12b23b35b451b14b23b35b451b12b24b35b451b13b24b35b45!. ~24!
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In the normalized cumulants above, we note that the
coherent contributions given in Eqs.~17!, ~19!, ~21!, and~23!
are what has been called the ‘‘true’’ multiparticle correlatio
@2#. However, the coherent-incoherent cross terms given
Eqs.~18!, ~20!, ~22!, and~24! may also represent significan
contributions to the normalized cumulants when coherenc
present, and these are composed of correlation terms w
do not reflect the full multiparticle correlation of ordern, in
that each term is missing one ‘‘link’’ between a pair of pion
in the correlation.

It should be noted that in the the full normalized cum
lants given above, when we remove particlen to infinity
in-

n
in
t
e is
ich

s

-

(qin→`, with i51, . . . ,n21) so thatbin50, bothk4
I and

k4
C2I become zero. Thus, in some sense the full normaliz
cumulant, even in the presence of coherence, reflects
multiparticle correlation because all terms in Eqs.~17!–~24!
depend on correlations with all particles present. This is n
what is normally meant by the ‘‘true’’ multiparticle correla-
tion, however.

We note a remarkable correspondence between the ab
relations and the linked-pair approximation@3#. The incoher-
ent parts of the cumulants given in Eqs.~17!, ~19!, ~21!, and
~23! above are superpositions of all the ways in which th
correlated particles can be linked to form a closed ring. T



he
ra-
ic-
nd

n

tri-
ent

e
2.

rm.

ent
he

ent
he

914 53J. G. CRAMER AND K. KADIJA
effect of coherence is to delete one of these links, and
coherent-incoherent cross terms of Eqs.~18!, ~20!, ~22!, and
~24!. These are the same ring correlations with one link
the ring deleted, and they therefore form on open chain
linked pairs. This open chain has the same correlation top
ogy as that used in the linked-pair approximation. In partic
lar, we note that the linked-pair approximation expressio
for high order cumulants given in Eq.~25! of Ref. @3# for
n53–5 are the same to within a normalization factor as o
Eqs. ~20!, ~22!, and ~24!. Thus, the linked-pair approxima-
tion is de factoequivalent to the assumption of dominan
coherence in the correlation.

B. Evaluation of correlation functions
and normalized cumulants

Let us first consider how the relations presented abo
can be compared with experimental data. There is a fun
mental problem in histogramming and fitting multiparticl
correlation functions and cumulants because there is a v
large number of independent momentum variables. Th
there is no one ‘‘correct’’ way of plotting, histogramming, o
fitting multiparticle correlations withn.2. One of us
~J.G.C.! is co-author of a recent publication@10# which pro-
vides a procedure for avoiding any binning of the data a
using the maximum likelihood method to directly fit a give
data set with a ‘‘hypothesis’’ probability density provided b
multiparticle correlation functions like those given in Eq
~2!, ~5!, ~6!, and ~7! used with a model@like the Gaussian
model used in deriving Eq.~3!# which relates thebi , j to
momentum variables.

An alternate approach was presented by one of us~J.G.C.!
in an earlier publication@4#. There it was shown that any
multiparticle system can be represented in terms of th
‘‘coalescence variables,’’ momentum-related quantities g
ing the increase in the invariant mass of the system over
at-rest value due to motion of the component particles in t
transverse, longitudinal, and radial directions, respectively
theoretical correlation model was used to show that the
variables could be used to analyze multiparticle correlatio
by binning data with these variables and then fitting the r
sulting three-dimensional histograms with a theoretic
model that is represented in terms of the same variab
while averaging over all other momentum variables. T
multiparticle correlation function given in Eqs.~2!, ~5!, ~6!,
and ~7!, with an appropriate model for thebi j , would be
used in this way.

In a recent unpublished Ph.D. thesis, Brinkmann@13#
used momentum variables similar to those of Ref.@4# to
investigate Bose-Einstein correlations in data from expe
ment NA35 for multiparticle groups up ton55. These ex-
perimental multiparticle correlation functions were not, how
ever, fitted with the correlation formalism presented here~the
formalism had not yet been derived! and nor were coherence
and contamination explicitly considered.

For the purposes of the present work, let us consider
very simple illustrative example of the correlations of fou
particles under the restrictive simplifying assumptions th
k50, i.e., no contamination, thatbi j5exp@2(qijr)

2#, i.e.,
Gaussian Bose-Einstein amplitudes, and thatqi j5q for all
combinations ofi and j , i.e., the correlated particles lie at th
the
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corners of a regular tetrahedron in momentum space. T
latter assumption, which has been widely used in the lite
ture of Bose-Einstein correlations, is, of course, very restr
tive, but allows us to investigate the effects of coherence a
contamination. We will consider the cases withr 5 6 fm
with f51/8 ~small coherence! andf51/2 ~medium coher-
ence!.

Figure 1 shows the modified four-particle correlatio
function R421 for the casef 5 1/8, plotted against the
momentum differenceq in units of MeV/c. Three curves are
shown, the total correlation function and the separate con
butions from the incoherent term and the coherent-incoher
cross term. We note that at the origin (q 5 0! the three
functions have valuesR4(0)522.0, R4

I (0)515.2, and
R4
C2I(0)56.77; i.e., the incoherent contribution exceeds th

coherent-incoherent cross term by more than a factor of
Note also that at aboutq 5 34 MeV/c the two contributions
become equal because of the broader width of the cross te

Figure 2 shows a similar plot ofR421 for the casef 5

FIG. 1. Modified four-particle correlation functionR421 vs
momentum differenceq ~see text! for the casee 5 7/8. The solid
curve is the total correlation, the dash-dotted curve is the incoher
contribution, and the dashed curve is the contribution of t
coherent-incoherent cross term.

FIG. 2. Modified four-particle correlation functionR421 vs
momentum differenceq ~see text! for the casee 5 1/2. The solid
curve is the total correlation, the dash-dotted curve is the incoher
contribution, and the dashed curve is the contribution of t
coherent-incoherent cross term.
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1/2. Here the coherent-incoherent cross term dominates,
at the origin (q50) the three functions plotted have valu
R4(0)512.1, R4

I (0)53.06, and R4
C2I(0)59.0; i.e., the

coherent-incoherent cross term exceeds the incoherent
tribution by almost a factor of 3.

Figure 3 shows the four-particle normalized cumulantk4
for the casef 5 1/8, again plotted against the momentu
differenceq in units of MeV/c. Three curves are shown, th
total correlation function and the separate contributions fr
the incoherent term and the coherent-incoherent cross t
We note that at the origin the three functions have val
k4(0)55.53,k4

I (0)53.52, andk4
C2I(0)52.01; i.e., the inco-

herent contribution exceeds the coherent-incoherent c
term by a factor of about 1.7. Note also that at aboutq 5 25
MeV/c the two contributions become equal because of
broader width of the cross term.

Figure 4 shows a similar plot ofk4 for the casef 5 1/2.
Here the coherent-incoherent cross term dominates, an
the origin (q50) the three functions plotted have valu
k4(0)51.88, k4

I (0)50.375, and k4
C2I(0)51.5; i.e., the

FIG. 3. Normalized fourth-order cumulantk4 vs momentum dif-
ferenceq ~see text! for the casee 5 7/8. The solid curve is the tota
cumulant, the dash-dotted curve is the incoherent contribution,
the dashed curve is the contribution of the coherent-incohe
cross term.

FIG. 4. Normalized fourth-order cumulantk4 vs momentum dif-
ferenceq ~see text! for the casee 5 1/2. The solid curve is the tota
cumulant, the dash-dotted curve is the incoherent contribution,
the dashed curve is the contribution of the coherent-incohe
cross term.
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coherent-incoherent cross term exceeds the incoherent co
tribution by a factor of 4.

C. Effect of coherence and contamination on intercepts

In experimental measurements of Bose-Einstein correla
tion functions in ultrarelativistic heavy ion experiments, it is
usually found that the correlation functionsRn , after suitable
corrections for Coulomb effects and contaminations from
particles that are not pions, do not reach the ‘‘intercept’’ val
ues atQ50 that would be expected if the emission proces
was purely incoherent@11–13#. It is an open question
whether this observation of a reduced correlation is related
the coherent effects discussed above, to resonance effects
to problems with the correction procedures used.

Here we point out that the relations presented above
Eqs.~2!–~24! provide systematic predictions of the intercept
values ofRn(0) andkn(0) as a function ofn, the order of
the correlation. Forn5 2–5 the intercepts were calculated
from the above relations. These intercepts are given by th
following expressions:

R2~0!511e212fe, ~25!

R3~0!5113e212e316f~e1e2!, ~26!

R4~0!5116e218e319 e41f~12 e124 e2136 e3!

112f2e2, ~27!

R5~0!51110e2120e3145e4144e51f~20e160e2

1180e31220e4!1f2~60 e21120e3!, ~28!

k2~0!5e212fe, ~29!

k3~0!52e316fe2, ~30!

k4~0!56e4124fe3, ~31!

k5~0!524e51120fe4. ~32!

Let us define a reduction factor variabled[2
2R2(0)512k2(0); i.e.,d is for n52 the amount by which
the intercept values of the correlation functionR2 and the
normalized cumulantk2 are reduced. Withk50 and
f5(12e), we then havee512Ad, and withf50 and
k5(12e) we havee5A12d. We can therefore plot the
intercept values ofRn andkn againstd by evaluatinge as an
intermediate step.

Figure 5 shows the effect of increasing coherence on th
intercepts of the correlation functionsRn(0) for n52–5.
With k50 andf512e, we plot the fractional decrease of
the correlation functions Rn(0)/Rn~max! against d
(0<d<1). For this case the coherence fractionf5Ad.

Figure 6 shows the effect of increasing coherence on th
intercepts of the normalized cumulantskn(0) for n52–5.
With k50 andf512e, we plot the fractional decrease of
the correlation functions Rn(0)/Rn~max! against d
(0<d<1). Here again the coherence fractionf5Ad.

Figure 7 shows the effect of increasing contamination o
the intercepts of the correlation functionsRn(0) for n52–5.
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916 53J. G. CRAMER AND K. KADIJA
With f50 andk512e, we plot the fractional decrease o
the correlation functions Rn(0)/Rn~max! against d
(0<d<1). For this case the contamination fractio
k512A12d.

Figure 8 shows the effect of increasing contamination
the intercepts of the normalized cumulantskn(0)for n52–5.
With f50 andk512e, we plot the fractional decrease o
the correlation functions Rn(0)/Rn~max! against
d (0<d<1). Here again the contamination fractio
k512A12d.

Comparing Figs. 6 and 8 indicates that for a given red
tion in thek2 intercept, the reduction due to coherence in t
intercepts of the higher normalized cumulants (n 5 3–5! is
much stronger than the analogous reductions produced
contamination. We suggest that this difference in functio
dependence might be used to distinguish the two effect
experimental data.

FIG. 5. The effect of increasing coherence on the intercepts
correlations functionsRn(0;e) for n52–5. Hered5R2(0;e)21.
Assuming that this reduction is due to coherence and thatk50, we
plot Rn(0,e)/Rn(0,e51) againstd for n52–5. The correlation in-
tercepts forn 5 2, 3, 4, and 5 are shown by the solid, dot-dashe
long dashed, and short dashed curves, respectively.

FIG. 6. The effect of increasing coherence on the intercepts
normalized cumulantskn(0;e) for n52–5. Hered5k2(0;e). As-
suming that this reduction is due to coherence and thatk50, we
plot kn(0,e)/kn(0,e51) againstd for n52–5. The normalized cu-
mulants forn 5 2, 3, 4, and 5 are shown by the solid, dot-dashe
long dashed, and short dashed curves, respectively.
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IV. CONCLUSION

We have considered the effect of coherence on Bo
Einstein correlation functions and normalized cumulants
orders 2, 3, 4, and 5. We find that the presence of cohere
produces a coherent-incoherent interference amplitude wh
adds additional terms to the correlation functions and cum
lants, and in particular means that the normalized cumu
no longer isolates the ‘‘true’’ multiparticle correlation. W
have shown the dependence of the relative sizes of the
herent and incoherent contributions on the fractional incoh
ence. Finally, we have considered the behavior of the co
lation functions and normalized cumulants in the region
Q50. We chose levels of coherence and contaminat
which had the same reduction effect on then52 correlation
and found that for the normalized cumulants of high ord
the reduction due to coherence was much stronger than
analogous reduction due to contamination.

of

d,

of

d,

FIG. 7. The effect of increasing contamination on the interce
of correlations functions Rn(0;e) for n52–5. Here
d5R2(0;e)21. Assuming that this reduction is due to contamin
tion and thatc50, we plotRn(0,e)/Rn(0,e51) againstd for n5
2–5. The correlation intercepts forn 5 2, 3, 4, and 5 are shown by
the solid, dot-dashed, long dashed, and short dashed curves, re
tively.

FIG. 8. The effect of increasing contamination on the interce
of normalized cumulantskn(0;e) for n52–5. Hered5k2(0;e).
Assuming that this reduction is due to contamination and t
c50, we plot kn(0,e)/kn(0,e51) againstd for n 52 to 5. The
normalized cumulants forn52, 3, 4, and 5 are shown by the solid
dot-dashed, long dashed, and short dashed curves, respectivel
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