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Cumulants, coherence, and contamination in multiparticle Bose-Einstein interferometry
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We examine the formalism of multiparticle correlations used in Bose-Einstein interferometry with pions
produced in ultrarelativistic heavy ion collisions. We include incoherent and quantum optics coherent contri-
butions as well as the effect of contamination from particles included in the correlation that are not pions. We
give expressions for the correlation functions and normalized cumulants for orders 2-5 in the presence of these
effects. We show that in the presence of coherence the normalized cumulants include an additional contribution
besides that usually called the “true” multiparticle correlation. We also consideQth® intercepts of the
correlation functions and normalized cumulants in the presence of coherence and of contamination and show
that values of the intercept of the normalized cumulant as a function of order can distinguish these two effects.

PACS numbds): 25.75.Gz, 05.30.Jp, 13.85.Hd

[. INTRODUCTION fects of coherence and contamination on the “intercept” val-
ues of correlations and normalized cumulants.

In Bose-Einstein correlation analysis of two or more pions
produced in ultrarelativistic heavy ion collisions, an empiri- II. DEFINITIONS
cal parameteh is frequently used to reduce the correlation
function, in order to take into account the possibilities that
(&) the pion emission from the source may not be completely The multiparticle correlation functiorR, of ordern used
incoherent, andb) the correlated particles assumed to bein pion interferometry are defined by the relation
pions may be contaminated with other partiqlkaons, elec- . .
trons, protons, etgwhich will dilute the measured correla- - - pn(P1, ... ,Pp)
tions. However, these two effects have qualitatively different Ro(Py, ... ,Pn)= B B’ @
consequences for the magnitude and shape of the correlation P1(P1)- - pa(Pr)
and should be treated separately. In the present work we = S : . . .
examine, for orders 2-5, the effects of both coherence an‘gherep”(Pl’ <+ Pn) ,'S the inclusive densny_)fon particles
contamination on correlation functions and normalized cu£Xpressed as a function of the three-moméhtaf the cor-
mulants used in the analysis of multiparticle Bose-Einsteirrelated particles, ang;(P;) is the single-particle density of
correlations. theith particle.

In the recent literature of multiparticle Bose-Einstein cor-  In a previous papef], one of us has used the procedure
relations of pions there has been considerable interest in is®f Biyajima et al. [5] based on diagrams from quantum op-
lating the “true” multiparticle correlation§l] that contribute  tics, hereafter referred to as the Biyajima procedure, to de-
to the overall correlation functions, e.g., correlations that argive general model-independent two-, three-, and four-
not representable as a product of lower-order correlationgarticle correlation distributions for bosons which include
For an incoherent source, this correlation arises from théhe effects of coherence while neglecting Coulomb effects.
simultaneous exchange of all particles in the correlated sef’he Biyajima procedure includes a coherent contribution to
Such correlations must be present in an ideal quantum sygarticle emission, but it implicitly assumes that ther@msy
tem of identical Bose-Einstein particles as a consequence @nesource of coherent emission. In the present work we will
proper symmetrization of the multiparticle wave function, focus on Bose-Einstein interferometry with pions, but we
but demonstrating this has been an experimental challenggote that our conclusions also apply to interferometry with
Eggerset al.[2] have suggested using normalized cumulantsther bosons, e.g., kaons or photons.
to isolate the “true” multiparticle correlation. The two-neutral-particle correlation functidr,, previ-

In the present work we investigate the form of these nor-ously calculated using the Biyajima proced{i€5], has the
malized cumulants in the presence of coherent interference frm
the source of pions. As will be shown below, in the presence R
of coherence the normalized cumulants no longer isolate the Ry(P1,Py) =1+ €?b3,+2 peby,. 2
“true” multiparticle correlation. We also consider the corre-
spondence between the coherence terms calculated and theHere theb;; are two-particle Bose-Einstein exchange am-
“linked-pair” approximation[3]. Finally, we consider the ef- plitudes, which in principle can be complep6], with

bjj =bj*i . For the purposes of the present work, since

Im(bj;) is usually small, we will take thé;; amplitudes to
“Electronic mail address: cramer@npl.washington.edu be real, withb;;=b;; , and will consistently place the small-
TElectronic mail address: kadija@mppmu.mpg.de est index first. The results presented below can, however, be

A. Correlation functions
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extended to the more general case of compigxby taking  the source radius, andis an “intercept” parameter permit-
all squares oby; to be absolute squares and then taking theing adjustment of the strength of the correlation. Then Eqg.

real parts only of all terms involving;; . (2) becomes
We consider the total multiplicityn,y, of final state par- NP 2
ticles used in the correlation to come from three sourtBs: Ra(Q12;x=0)=1+Aexd ~2(q:)°]
incoherent production of pionsTy,.), (2) coherent produc- +2 2 Y21 -\Y))exd — (qi)?]. (3

tion of pions (n.,), and(3) particles treated as pions which

are actually kaons, electrons, protons, etd.f,), so that G . tati fat ficle B Einstei

Migta= Mine+ Meort M oy 1N the above expression, speci- aussian representation of a two-particle Bose-Einstein cor-

fies the fraction of the net emission of the source that iSrelatlon,whlle the last term is an addltlonal one re_ﬂectlng the
effects of coherence. Note that, as previously pointed out by

incoherent, i.e. £=Mine/ Mo, and ¢ specifies the fraction  \yeiner (7] the two Gaussians in E¢) have widths which
of the net emission of the_ source th_at IS coher_e_nt, -€-differ by a factor of\/2, so that the onset of coherence tends
¢d=Meon/Mieta- The contaminant fractior(not explicitly

used hergis given by x=m.o /M. THUS, e+ b+ k=1, ';i(zmb.roaden a measured momentum-space correlation func
We note that in generad, ¢, and « are not constants and  Ngw let us consider a case where there is a contribution
will be functions of the rapidityy and the transverse mass ¢.0mn contamination but none from coherence, ie= X,

m, of the reaction products. In the present work we will =0, k=(1—e¢), and as beford,,=exd —(qr)2]. With
neglect any additional Bose-Einstein or Fermi-Dirac correlathese assumptions, E() becomes

tions between groups of identical contaminant particles be-

cause we expect their fraction to be smadk{ 0.1 or less Ro(G12;p=0)=1+Xexd — 2 (qr)?]. (4)

H 2
f Thehse_con(tj] term of Efcﬂﬁ), which de?er_lds or_a”; r?sults The first two terms of Eqi4) are the same as those of Eq.
rom the incoherence of the source of pions. The last termyg) 1 i the Jast term is missing. This is because coherence

which depends owpe, results from interference between the ,rqqyces interference effects, while contamination produces
coherent and incoherent contributions to the process and [§ype.

thus a cross term. There is no pure coherent term because The three neutral particle correlation functiig derived
complete coherence suppresses the Bose-Einstein correlatigg the Biyajima procedurgs] is

and gives a zero contribution to the correlation. When either

The first two terms of Eq(3) are the usual empirical

coherent emission or contamination is significant,1 and, R3(P1,P,,P3) =1+ €2(b2,+ b2+ b2) +2€3(bybysbis)
as will be discussed below, this reduces the peak of the cor- 5

relation distribution and in particular its intercept value near +2 pe(biptboztbig) +2 pe(byobos
Q=0 [where Q*=—(#-7})? and 7} is a four-

momenturd. bzt bighyo). ®)

Before proceeding to higher-order correlations, let us con- The second and third terms of E@) depend on powers
sider two examples of the use of H@). First, let us consider of e and result from source incoherence. The last two terms
a case where there is a contribution from coherence but nongepend on powers of and e and result from coherent-
from contamination, i.e.e=+\, ¢=(1—¢€), k=0, and incoherent interference.
b1,=exfd —(a,r)?], whereqy, is the magnitude of the three- For four neutral particles, the correlation functi®y as
momentum difference between the correlated partiglégs, rederived here from the Biyajima procedure is

Ry(Py1,P3,P3,Py) =1+ (b7, +biy+ byt biyt byt b3y + 263 (b1sbpshist bishoidist bigbasbist bobaibys)
+2€* (103D 14+ 0105034015+ D1dbogb oD 1g) + €4 (DT 03+ DTS, + 0% b5y +2 pe(biptbyg
+ b1t a3t Dost b3 +2 pe’(b1bpat b1obogtD1gb3st Dagbast D1obig+ D114+ D1gb1s+ Dogbas
+b1gbo5t b1gbost bigbast bogbag) +4 $2€?(D12034+ b1ghost b1gbog) +2 pe(b1hphzst bibobay
+b13023024+ 012023014+ 12024013+ 013025014+ 1203014+ D12D3AD 13+ 01024014+ bogbssb1g

+ D313+ Doagb1g) + 2 ped(D1b3F 01303, + 14055+ b0 as+ Dbyt b3 0,0). (6)

Again, the second through fifth terms of E§) depend on powers af and result from source incoherence. The last five terms
depend on powers aof and ¢ and result from coherent-incoherent interference. For a completely incoherent systeli (
with no contamination, the terms in the above relations will vanish and the expressions will be considerably simplified. For
a completely coherent systemé+ 1), all terms will vanish except the leading 1. We note that the seventh term ¢bEq.
which depends on @e?, differs from the similar term in Eq(22) of Ref.[4] and corrects a subtle error in that paper.

We have derived;, the general correlation function for five neutral particles with the Biyajima procedure, Mging
EMATICA [8] and present it here for the first time:
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2R5(P1,Py,P3,P4,Ps)=1+2 €5(0140150,05034% 0130150540550 34% 014015053054D 35+ 0150140240050 35+ D1 015024034035

+012D14025034035+ D1301503054045+ 013014023050 45+ 0150150230340 45+ D12D13025034045

+ 0101058035045+ 01013024035045) +2 €3(bTgb2g02a034H D101 b5gbsat+ 1D hoeb5,
+b1gb15h3 D5+ bIgboboshast D1oD 14024035+ b1b1sb3 st DigDodbshss+ DT Dadbasbas

+ 01013029050 +2 €*(D1gb10o30 o4+ 0130180250251 D14D 1602025+ D101 Dodgs+ 1D1b24054
+b12D15023035+ 012013025035+ 014015034035+ D240 25034035+ D120 1024045+ D12D1 DD 45
+b130160340 45+ Dogb 25034045+ D 15D 140 3sb a5+ Doghoabsshss) + €4(0F 035+ bigh3s+ bigb3,

+ b2b2,+ biss+ b b+ bi,h3,+ bib3,+ b3b3,+ b2 b3+ b2 b3+ b33+ bibi+ bl b3
+b5gb%s) +2 €3(D1 01003t D1b1 gt 0101505+ 019014034+ 029024034+ 019015035+ bogboghss
+D14b160a5t boDoshust Dagbaehss) + €X(b3,+ byt biyt bist byt b3yt blst b+ b3t ble)
+2 pe(biptbygtbygt bigt bogt boyt Dost byt bastbys) +4 pZe*(b1boat bihost bihoy
+b1gb24+ D125+ 014025+ D103+ D15034+ boghsst D035+ D14b3s+ Dosgs+D1bgs+ bigbss
+boghag) +2 pe(byhigt bigbygt bighistbigbigt bighis+bigbigt bibostbigdbostbighys
+b14024+ D2aogt D12b25+ D1sDos+ 023025+ bogbost+ D1agst D14b3s+ boaast Dogbzst bighss
+b15b35+ Doaas+ D25b35+ Dasbast D10 a5+ D15bast DoaDss+ Dasbast b3sbast baghss)

+4 $?€>(0140150231 D1D15024+ b1gbooat 015014025+ D125+ b1gbobost D1 1sbas
+D1e023034+ 15024034+ D100 34+ D10 25034+ D 14025034+ D1gD2034+ D101 D35+ D14b2303s
+b12024D35+ 013024035+ D142 35+ 015024035+ D 14025035+ 13035+ 01013045+ D030 45
+b13023045+ 014023045+ D150 45+ 013024045+ D 1025045+ D130 45+ D1035045)

+2 e (D1014025+ b13h1 Dot 01701505+ D1g1g02st b1ob1ost 015014024+ D1ob1ghos
+b14015024+ 0130230241 14023024+ D12D13025+ D 12014025+ D115+ D 14015025+ 130305
+b1502305+ 014024025+ 1502025+ 012013034+ D120 14034+ D13b15034+ D 14015034+ b1oD2303s
+b14023034+ 012024034+ D130 34+ D23b25D34+ D240 25034+ D1D 135+ 013014035+ D101 035
+b14015D35+ 01023035+ 1502035+ D23b2sb35+ 12025035+ b1ghoeast Db oshast b14b3bss
+b15034035+ 024034035+ D2sD 335+ D12D14045+ D101 4045+ D1oD 1045+ 013015045+ D140 45
+b2gb2aD 45+ 01025045+ D140 45+ D23b gD a5+ D10 34045+ D153 45+ 023034045+ DocDzsbss
+D103gbsst D1Dagbsst Doaghast D102404sT Dogbsshag) + 2 (b3 ost bighost bigbs,

+ 0155t biost bighogt byghl,+ bieh5s+ biost bl ost byghdst bybls+ bi bzt bisha
+ 03035+ bZ D35t bighast Dy, +byhFy+bogh3,+ b5 ogst bygbSst+bybist b3t bys
+ 075t bbast bigblst bidbst bohie) +2 pe’(bibighlat bThaghast bidbighsst bTbagos
+b7gb24025+ b1gb 14055+ bigbodbast bIghodbast bigb5ebast b1b5ehaat bisbih3+ biobyeh3,
+10160,803,+ bTDogbss+ 01305035+ b1ghs 035+ b3 o35t bibaddsst byohib3s+ bigbadbds
+ 01404055+ D1b5db st D150 st DT 0oA0 45+ DT 2e0 s+ DT b5t DI bsghast bidbshis
+10,3055+ D130o3b5e) + 2 e’ (b1g010od024+ D1D 150250 24T D1gb o5+ 01D bod0 s
+b13014024025+ 013015024055+ 01015025034+ D 14015023034+ D10 1024034+ D13b15024P34

0120130250341 D150 14025034+ D130 15025034+ D 14015025034+ 014023025034+ D150 o30o5034
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+b13024D2e0 34+ 015024025034+ 012014023035+ D140 15023035+ D120 13024035+ D13b14D24035
+b12D15024035+ 014015024035+ 014023024035+ D1e023024035+ D120 1402035+ D13b14DeP35
+b130240e0 35+ 014024025035+ 012014034035+ D150 15034035+ D100 3035+ D15b24D3P35
+b12025D3035+ 014025034035+ 012014023045+ D130 14023045+ D120 15023045+ D13b15D23045
+b12D130240 45+ 013015024045+ 013023024045+ D1eP23024045+ D120 1302045+ D13b14D2eP 45
+ D103 45+ 014023025045+ 012013034045+ D150 15034045+ D102 3045+ D15b2034045
+D12025034045+ D1302034045+ D 12013035045+ 120140350 45+ D120 23035045+ 014023035045
+ 12024035045+ D13b2sbasbus) +4 et (D1Do02D 341 D112 34T D101 34T D1D1D2D3s
+ 013015024035+ 014023025035+ 01201023045+ D10 102045+ D120 P 45+ D 103D, (7)

Again, the second through seventh terms of @ydepend on powers af and result from source incoherence. The last nine
terms depend on powers gf and e and result from coherent-incoherent interference.

B. Cumulants

The cumulan{9] of a given orden is a combination of inclusive densitigswith i = 1, ... ,n constructed in such a way
as to become zero whenever any one of their arguments becomes statistically independent of the others. The first two such
cumulants have the forms

Co(P1,P2)=pa(P1,Py) — pa(P1)p1(Py), (8)

Ca( F_Sl ) I52 ) |33) = p3( I51 ) I32 ) |33) —pa( l31)1)2( |32 ) ﬁs) —pa( '32)/32( I33 ) F9’1) —pa( Fa’s)Pz( F9’1 ) I52) +2py( IS1)!31( ISz)Pl( ﬁS)i
9

Omitting the momentum arguments, the next two higher cumulants are

Ca=pa— 2 p1p3— X P2p2+2> p1p1p2—6p1p1p1p1, (10
[4] [3] [6]
Cs=ps— 2, p1Pa— 2, Pap3+2> p1p1p3+22 p1p2ps—62, p1p1p1p2+24p1p1p1p1p1- (11)
[5] [10] [10] [15] [10]

Here the bracketed numbers under the sums indicate the number of permutations of the ar@gwﬂaiﬂb have to be
included in the sum.

C. Normalized cumulants

The normalized cumulark,, of ordern is generated by dividing the corresponding cumul@ptdefined above by the
product ofn single-particle density functions. It is therefore defined as

Ch(Py, ... P,

_ 0 L (12)
" pi(Py), ... pa(Py)
These normalized cumulants can thus be written in terms of the correlation fungiaiedined above:
k(P ,P2)=Ry(Py,Py)—1, 13

ks(P1,P2,P3)=Rs(P1,P,,P3)+2—Ry(Py,P3) — Ry(P1,P3) —Ra(P1,Py)

=R3(P1,P2,P3)—1—ky(Py,P3) —Ka(P1,P3) —ky( Py, Py), (14)
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Ka(P1,P2,P3,Py)=Ry(P1,P;,P3,Py) —6—[Rs(Py,Py,P3) +Ra(Py1,Py,Py) +Ry(Py,P3,Py)+Ra(Py, P3Pyl
—[Ra(P1,P2)Ry(P3,Py) + Ry(P1,P3)Ro(Py,Pg) + Ry(Py,Py)Ry(P2,P3) ]+ 2[Ry( Py, Py)
+Ry(P1,P3) +Ro(P1,Py) +Rao(P,Pa) + Ra( P2, Py) + Ry(P3, Py
=Ry(P1,P;,P3,P,)—1—[ka(Py1,P;,P3) +k(P1,Py,Py) +ka(Py,P3,Py)+ka(Py,P3,Py)]
~[ka(P1,P2)ka(P3,Py) +ka( Py, Pa)ka(P2,Pa) +ka( Py, Py)ka(P2,Pa) 1= [ka(P1,P2) +ka(Py, Py)
+kp(P1,Pg) +Ka( Py, P3) +ka( Py, Py) +ky(P3, Py, (15)

Ks(P1,P2,P3,P4,P5)=Rs(P1,P;,P3,Py,Ps)+24—[Ry(P1,Py,P3,Py) + Ry(P1,Py, Py, Ps) + Ry(Py, Py, Py, Py)
+Ry(P1,P3,Py,P5)+Ry(P;,P3,Py,Ps)]+2[Ry(Py,Py,P3) +Ry(Py1, Py, Py) +Ry(Py Py, P)
+R3(Py1,P3,Py) +Ry(Py1,P3,Ps) +Ra(Py,Py,Ps) + Ry(Py,P3,Py) +Ry(P,, Py, Py)
+R3(P2,P4,Ps) +Ry(P3,P4,Ps5) ]~ [Rs(P1,P2,P3)Ry(Py,Ps) + Ra(Py, Py, Py)Ry(Ps, Ps)
+R3(Py,P,,P5)Ry(P3,Py) +Ra(Py,P3,Py)Ry(Py,Ps) + Ry(Py,P3,Ps)Ry(P,,Py)
+R3(P1,P4,Ps)Ro(Py,P3) + Ry(Py,P3,Pg)Ro(Py,Ps) + Ry(P,,P3, P5)Ry(Py,Py)
+R3(P3,Py,Ps)Ry(P1,P3)+Ra(P3, Py, Ps)Ry(Py1,Py)] +2[Ry( Py, P2)Ry(P3,Py)
+Ry(P1,P2)Ry(P3,Ps) +Ry(Py1,Py)Ry( Py, Ps) + Ry( Py, P3)Ry(Py, Py)
+Ry(P1,P3)Ry(Py,Ps) +Ry(Py1,P3)Ry(Py, Ps) + Ry(Py ,P4)Ry(P;, P3)
+Ry(Py1,P4)Ry(P,,Ps) +Ry(Py,P4)Ry(P3, Ps) +Ry(Py,Ps)Ry(P5, Py)
+Ro(P1,P5)Ry(P2,Pa) +Ra(P1,Ps)Ro(P3, Py) + Ry(P2, Po)Ry(Py Po)
+Ry(P2,P4)Ro(P3,Ps) +Ro( P2, P5)Ro(Pg, Py)] — 6[Ry(Py,P2) + Ry(Py,Py) + Ry(Py ,Py)
+Ry(P1,Ps) + Ry(P,P3) +Ro(Py,Py) + Ry(P,,Ps) + Ry(P3,Py) + Ro(P3, Ps) + Ry( Py, Ps)]

=Rs(P1,P;,P3,Py,Ps) = 1—[Ka(P1,P2,P3,Ps) +ka(P1,P,,P3,Ps) +ke(Py, Py, Py, Ps)
+ky(Py,P3,Py.Ps) +Ka(Py,P3,Py,Ps)]—[ka(Py,Py,P3) +ka(Py,Py,Py) +ka(Py, Py, Ps)
+ka(Py,P3,Py) +ka(Py,P3,Ps) +Ka(Py,Py,Ps) +Ka(Py,Ps,Py) +ks(Py,Ps,Ps)
+kg(P2,P4,Ps) +K3(P3,Py,Ps) 1~ [Ks(Py1,P2,P3)Ka(Py,Ps) +K3(Py, Py, Py)ka(P3, Ps)
+ka(Py,Py,Ps)Ky(P3,Py) +ka(Py1,P3,Pa)ka(Py,Ps) +ka(Py,P3,Ps)ka(Py, Py)
+Kkg(P1,Pg,Ps)ka(P;,P3) +kg(Py,P3,Pa)ka(Py,Ps) +ks(Py,Ps,Ps)ka(Py,Py)
+kg(P2,P4,Ps)ka(Py,P3) +k3(P3, Py, Ps)ka(P1,P2) 1= [ka( Py, Po)ka(P3, Py)
+ka(P1,P2)Ka(Pg,Ps) +ka( Py, P2)Ka( Py, Ps) +ka( Py, P3)Ka( Py, Py) + Ka( Py, P3)Ky( Py, Ps)
+ka(Py1,Py)ka(Pyg,Ps) +ka(P1,Py)ka(Py,Pg) +ka( Py, Py)ka(Pa,Ps) +ka( Py, Py)ka(Ps,Ps)
+k(Py1,Ps)Ka(Py,Pa) +ka( Py, Ps)Ka(Py, Pa) +ka( Py, Ps)Ka(Pa, Py) + ka( P2, P3)Ky( Py, Ps)
+ka(P,Pa)ka(P3,Ps) +ka( Py, Ps)ka(P3,Py) 1= [Ka( Py, P2) +Ka( Py, P3) +ky(Py,Py)

+Ko(P1,Ps) +ko( Py, P3) +Ko( Py, Py) +Ko( Py, Ps) + Ko Pg,Py) +Ka(Ps,Ps) +ka(Pyg,Ps)].
(16)
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11l. DISCUSSION
A. Normalized cumulants with coherence

By substituting the correlation functions given in E(®, (5), (6), and(7) the normalized cumulants can be written directly
in terms of the Bose-Einstein amplitudes . In performing this substitution, we will separate the normalized cumilaof
ordern into a termk{" which arises from the incoherent component of the source and aki&f? which arises from the
coherent-incoherent interference cross term. Thysk{)+ k(€™

For the two-particle normalized cumulants=2) we then have

kg = €%bl,, (17)
k=2 ¢peby,. (18)
For the three-particle normalized cumulants=3) we have
k§=2 €3by1,b13b53, (19
K™ =2 pe?(by 013+ b1zt bighyg). (20
For the four-particle normalized cumulants=£4) we have
kY =2 €*(D13014028024+ b15D140250 34+ D12013024D3s), (21)
K™ =2 e[ 01014055+ 013014055+ 01013024+ D13054034+ D130 140241 D1305g0 241 D14bog024H 119034+ Db 1405
+ 012023034+ 14023034+ b12b24D34]. (22)
For the five-particle normalized cumulants=5) we have
K" =2 €%(b14b15D2d0 28034+ b1ab1aD2aD2e34+ D14b15D 224035+ 0130140 24D D35+ 0170150 24D 3035+ 0120140250 34D 35
+b13015023024045+ D101 25045+ D1oD1502 34045+ D10 1302034045+ D101 0235045+ D1D1302035045), (23)
ks ™" =2 pe*(13015029024% D14b 1602024+ 0130155025+ 14D 16023055+ D 19014024025+ 0101502405+ D1 1ghozh3s
+D14015023034+ 015015024034+ 013015024034+ D150 1025034+ D101 02034+ D13b150e034+ 14015025034
+ 014023025034+ D 15023025034+ D13024025034+ D150240 25034+ D101 402035+ D14b15D230 35+ D 12013024035
+ 013014024035+ 012015024035+ 014015024035+ 14023024035+ D15D230240 35+ D12b14b2eP 35+ D 13014025035
+ 013024026035+ 014024025035+ 012014034035+ D150 15034035+ D100 34035+ D15D24D30 35+ D12D25034D35
+ 014025034035+ 019014023045+ D13014023045+ D150 15023045+ D110 45+ D1oD1 302045+ 13015024045
+ 013023024045+ D 15023024045+ 012013025045+ D130 14025045+ 13023025045+ D14b2302e0 45+ D12D13D34D45
+ 012015034045+ 012023034045+ D15023034045+ 1202034045+ D13D2eD 3045+ D12D1303e0 45+ D 12014035045

+ 012023035045+ D140 230350 45+ D 10240350 45+ D13024035045) - (29

In the normalized cumulants above, we note that the in{g;,—o, with i=1, ... n—1) so thatb;,=0, bothk, and
coherent contributions given in E¢d.7), (19), (21), and(23)  k§~' become zero. Thus, in some sense the full normalized
are what has been called the “true” muItiparticIe correlation Cumu|ant, even in the presence of Coherence, reflects the
[2]. However, the coherent-incoherent cross terms given imultiparticle correlation because all terms in E(7)—(24)

Egs.(18), (20), (22), and(24) may also represent significant depend on correlations with all particles present. This is not
contributions to the normalized cumulants when coherence ighat is normally meant by the “true” multiparticle correla-

present, and these are composed of correlation terms whiaion, however.

do not reflect the full multiparticle correlation of ordey in We note a remarkable correspondence between the above
that each term is missing one “link” between a pair of pionsrelations and the linked-pair approximatig®]. The incoher-
in the correlation. ent parts of the cumulants given in Eq$7), (19), (21), and

It should be noted that in the the full normalized cumu-(23) above are superpositions of all the ways in which the
lants given above, when we remove partideto infinity  correlated particles can be linked to form a closed ring. The



914 J. G. CRAMER AND K. KADIJA 53

effect of coherence is to delete one of these links, and the
coherent-incoherent cross terms of EG$), (20), (22), and
(24). These are the same ring correlations with one link in
the ring deleted, and they therefore form on open chain of
linked pairs. This open chain has the same correlation topol- st
ogy as that used in the linked-pair approximation. In particu- -
lar, we note that the linked-pair approximation expressions ;
for high order cumulants given in E§25) of Ref. [3] for
n=3-5 are the same to within a normalization factor as our
Egs. (20), (22), and (24). Thus, the linked-pair approxima- st
tion is de factoequivalent to the assumption of dominant
coherence in the correlation.

60 80

q (MeV/c)

B. Evaluation of correlation functions
and normalized cumulants FIG. 1. Modified four-particle correlation functioR,—1 vs
gwomentum difference (see texk for the casee = 7/8. The solid

Let Us first consider how the relations presented abcNcurve is the total correlation, the dash-dotted curve is the incoherent
can be compared with experimental data. There is a funda- '

mental problem in histoaramming and fitting multiparticle contribution, and the dashed curve is the contribution of the
_p . 9 9 9 p coherent-incoherent cross term.
correlation functions and cumulants because there is a very

large number of independent momentum variables. Thus, _
there is no one “correct” way of plotting, histogramming, or COTners of a regular tetrahedron in momentum space. The
fitting multiparticle correlations withn>2. One of us latter assumption, which has been widely used in the litera-

(J.G.C) is co-author of a recent publicatida0] which pro- ture of Bose-Einstein correlations, is, of course, very restric-
vides a procedure for avoiding any binning of the data andive, but allows us to investigate the effects of coherence and
using the maximum likelihood method to directly fit a given cONtamination. We will consider the cases with= 6 fm
data set with a “hypothesis” probability density provided by With ¢=1/8 (small coherengeand ¢=1/2 (medium coher-
multiparticle correlation functions like those given in Egs. €NC9-

(2), (5), (6), and (7) used with a mode]like the Gaussian Figure 1 shows the modified four-particle cprrelation
model used in deriving Eq(3)] which relates theb; ; to function R,—1 for the case¢ = 1/8, plotted against the
momentum variables. momentum differencg in units of MeVk. Three curves are

An alternate approach was presented by one ¢81%.C) shqwn, the total porrelation function and the separgte contri-
in an earlier publicatiorf4]. There it was shown that any butions from the incoherent term and_the coherent-incoherent
multiparticle system can be represented in terms of thre€0SS term. We note that at the orgia & 0) the three
“coalescence variables,” momentum-related quantities givfunctions have valuesR,(0)=22.0, R,(0)=15.2, and
ing the increase in the invariant mass of the system over itRy '(0)=6.77; i.e., the incoherent contribution exceeds the
at-rest value due to motion of the component particles in th€oherent-incoherent cross term by more than a factor of 2.
transverse, longitudinal, and radial directions, respectively. ANote also that at abouf = 34 MeV/c the two contributions
theoretical correlation model was used to show that thesbecome equal because of the broader width of the cross term.
variables could be used to analyze multiparticle correlations Figure 2 shows a similar plot d®,—1 for the casep =
by binning data with these variables and then fitting the re-
sulting three-dimensional histograms with a theoretical
model that is represented in terms of the same variables,
while averaging over all other momentum variables. The 27
multiparticle correlation function given in Eq&), (5), (6),
and (7), with an appropriate model for thie;;, , would be sk
used in this way. .

In a recent unpublished Ph.D. thesis, Brinkmdrii3] o
used momentum variables similar to those of Hdifl to .
investigate Bose-Einstein correlations in data from experi-
ment NA35 for multiparticle groups up to=5. These ex- sl
perimental multiparticle correlation functions were not, how-
ever, fitted with the correlation formalism presented Hére
formalism had not yet been deriveaind nor were coherence 05 20 m 0 30
and contamination explicitly considered.

For the purposes of the present work, let us consider the
very simple illustrative example of the correlations of four  piG. 2. Modified four-particle correlation functioR,—1 vs
particles under the restrictive simplifying assumptions thaimomentum difference (see text for the casee = 1/2. The solid
k=0, i.e., no contamination, tha;=exd —(g;r)’], i.e.,  curve s the total correlation, the dash-dotted curve is the incoherent
Gaussian Bose-Einstein amplitudes, and tyatq for all contribution, and the dashed curve is the contribution of the
combinations of andj, i.e., the correlated particles lie at the coherent-incoherent cross term.

ij

q (MeV/c)
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coherent-incoherent cross term exceeds the incoherent con-
tribution by a factor of 4.

C. Effect of coherence and contamination on intercepts

In experimental measurements of Bose-Einstein correla-
tion functions in ultrarelativistic heavy ion experiments, it is
usually found that the correlation functioRg, after suitable
corrections for Coulomb effects and contaminations from
particles that are not pions, do not reach the “intercept” val-

N
NN
N : 1Nt
N ues atQ=0 that would be expected if the emission process
was purely incoherenf11-13. It is an open question
whether this observation of a reduced correlation is related to
the coherent effects discussed above, to resonance effects, or
to problems with the correction procedures used.
- X . Here we point out that the relations presented above in
ferenceq (see textfor the case = .7/8‘ The solid curve is _the _total 5qs.(2)—(24) provide systematic predictions of the intercept
cumulant, the dash-dotted curve is the incoherent contribution, an alues ofR.(0) andk.(0) as a function oh, the order of
the dashed curve is the contribution of the coherent—incoherer‘l\tq1 n n - ’
cross term. e correlation. Fonlz 2-5 the mtercepts were c'alculated
from the above relations. These intercepts are given by the

following expressions:
1/2. Here the coherent-incoherent cross term dominates, and

0.0001 0 10 20 30 40 50

q (MeV/c)

FIG. 3. Normalized fourth-order cumulakyf vs momentum dif-

at the origin g=0) the three functions plotted have values Ry(0)=1+€°+2 ge, (29
R,(0)=12.1, R,(0)=3.06, and R '(0)=9.0; i.e., the s ,
coherent-incoherent cross term exceeds the incoherent con- R3(0)=1+3e“+2e°+6¢(e+€), (26)

tribution by almost a factor of 3.

Figure 3 shows the four-particle normalized cumulint
for the casep = 1/8, again plotted against the momentum
differenceq in units of MeVk. Three curves are shown, the
total correlation function and the separate contributions from
the incoherent term and the coherent-incoherent cross term.

R4(0)=1+6€°+8e>+9 €*+ p(12 e+ 24 €2+ 36 €°)
(27)

R5(0) =1+ 10e2+ 20e3+ 45¢*+ 44€°+ (20e+ 60€>

+12 ¢p2€?,

We note that at the origin the three functions have values + 1803+ 220e*) + $2(60 €2+ 120¢°), (29
k(0)=5.53,k},(0)=3.52, andk§ '(0)=2.01; i.e., the inco-
herent contribution exceeds the coherent-incoherent cross ko(0)= €2+ 2¢e, (29
term by a factor of about 1.7. Note also that at alpuet 25
MeV/c the two contributions become equal because of the k3(0)=2€3+6¢€?, (30)
broader width of the cross term.

Figure 4 shows a similar plot d&f, for the casep = 1/2. k(0)=6€*+ 245, (31
Here the coherent-incoherent cross term dominates, and at
the origin (@=0) the three functions plotted have values ks(0)=24€>+ 120 €. (32
ks(0)=1.88, k4,(0)=0.375, andk§ '(0)=1.5; i.e., the

Let us define a reduction factor variablé=2

—R,(0)=1-k,(0);i.e., §is for n=2 the amount by which
the intercept values of the correlation functi®y and the
normalized cumulantk, are reduced. Withk=0 and
é=(1—¢€), we then havee=1— /5, and with =0 and
k=(1—€) we havee=+1— 4. We can therefore plot the
intercept values oR,, andk,, againsts by evaluatinge as an
intermediate step.

Figure 5 shows the effect of increasing coherence on the
intercepts of the correlation functior®,(0) for n=2-5.
With k=0 and¢=1— ¢, we plot the fractional decrease of
AN the correlation functions R,(0)/R,(max against &
(0=6=<1). For this case the coherence fractigs \/5

Figure 6 shows the effect of increasing coherence on the
intercepts of the normalized cumularitg(0) for n=2-5.

FIG. 4. Normalized fourth-order cumulaky vs momentum dif- With =0 and¢=1—¢, we plot the fractional decrease of
ferenceq (see textfor the cases = 1/2. The solid curve is the total  the  correlation  functions R,(0)/Ry,(max  against &

cumulant, the dash-dotted curve is the incoherent contribution, ant0= 6<1). Here again the coherence fractigr- \/5 .
the dashed curve is the contribution of the coherent-incoherent Figure 7 shows the effect of increasing contamination on

cross term. the intercepts of the correlation functioRg(0) for n=2-5.

0.1¢f

k(@

0.01

0001 AN

0.0001 0 10 20 30 40 50

q MeV/c)
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FIG. 5. The effect of increasing coherence on the intercepts of FIG. 7. The effect of increasing contamination on the intercepts
correlations functiondR,(0;€) for n=2-5. Hered=R,(0;¢)—1.  of correlations functions R,(0;e) for n=2-5. Here
Assuming that this reduction is due to coherence andihkad, we  6=Ry(0;€) —1. Assuming that this reduction is due to contamina-
plot R,(0,€)/R,(0,e=1) againsts for n.=2-5. The correlation in- tion and thaty=0, we plotR,(0,6)/R,(0,e=1) againsts for n=
tercepts fom = 2, 3, 4, and 5 are shown by the solid, dot-dashed,2—5. The correlation intercepts for= 2, 3, 4, and 5 are shown by
long dashed, and short dashed curves, respectively. the solid, dot-dashed, long dashed, and short dashed curves, respec-

tively.

With =0 andk=1— ¢, we plot the fractional decrease of IV. CONCLUSION
the correlation functions R,(0)/R,(maX against &
(0<d<1). For this case the contamination fraction We have considered the effect of coherence on Bose-
k=1—1-6. Einstein correlation functions and normalized cumulants of
Figure 8 shows the effect of increasing contamination orP'd€rs 2, 3, 4, and 5. We find that the presence of coherence
the intercepts of the normalized cumulaktg0)for n=2—5. produces.a} coherent-incoherent mterference _amplltude which
With ¢=0 andx=1— e, we plot the fractional decrease of adds additional terms to the correlation functions and cumu-
. . . lants, and in particular means that the normalized cumulant
the ~corelation functions Rn(0)/Ry(max  against no longer isolates the “true” multiparticle correlation. We
6 (0=6=<1). Here again the contamination fraction g b . : )
have shown the dependence of the relative sizes of the co-
k=1- Vl__ S, ] o ] herent and incoherent contributions on the fractional incoher-
Comparing Figs. 6 and 8 indicates that for a given reducence, Finally, we have considered the behavior of the corre-
tion in thek; intercept, the reduction due to coherence in thejation functions and normalized cumulants in the region of
intercepts of the higher normalized cumulants£ 3-5 is  Q=0. We chose levels of coherence and contamination
much stronger than the analogous reductions produced hyhich had the same reduction effect on the 2 correlation
contamination. We suggest that this difference in functionalnd found that for the normalized cumulants of high order,
dependence might be used to distinguish the two effects ithe reduction due to coherence was much stronger than an

experimental data. analogous reduction due to contamination.
iF
08
E 0.6
E
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FIG. 6. The effect of increasing coherence on the intercepts of FIG. 8. The effect of increasing contamination on the intercepts
normalized cumulant&,(0;e) for n=2-5. Here§=k5(0;€). As- of normalized cumulant,(0;e) for n=2-5. Here5=Kk,(0;e¢).
suming that this reduction is due to coherence and &0, we  Assuming that this reduction is due to contamination and that
plot k,(0,e)/k,(0,e=1) againsts for n=2-5. The normalized cu- =0, we plotk,(0,e)/k,(0,e=1) againsts for n =2 to 5. The
mulants forn = 2, 3, 4, and 5 are shown by the solid, dot-dashed,normalized cumulants far=2, 3, 4, and 5 are shown by the solid,
long dashed, and short dashed curves, respectively. dot-dashed, long dashed, and short dashed curves, respectively.
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