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PROGRAM SUMMARY

Title ofprogram: DS

Cataloguenumber:ABOR

Programobtainablefrom: CPC ProgramLibrary, Queen’sUniversityof Belfast, N.Ireland(seeapplicationform in this issue)

Computer:IBM 360/91.Installation: PrincetonUniversity

Operatingsystem:OS360

Programminglanguagesused:FORTRAN IV

High speedstore required:947 words.No of bits in a word: 64

Is theprogramoverlaid? No

No. of magnetictapesrequired: None

Whatotherperipheralsare used?CardReader;Line Printer

No. of cardsin combinedprogram andtestdeck: 112

Card punchingcode: EBCDIC

Keywords:Atomic, Molecular,Nuclear,Rotation Matrix, RotationGroup, Representation,Euler Angle,Symmetry,Helicity,
Correlation.

Natureof thephysicalproblem factorials)is evaluatedby combiningthelogarithmsof the
SubprogramDS is a FORTRAN IV DOUBLE PRECISION factorials,followed by oneexponentiation.Theremainingex-

FUNCTION which calculatesthereducedmatrix elementsof pressionis written, without factorials,asa nestedproduct.
finite rotations [I] in theangularmomentumrepresentation, This methodcontrastswell, in speedandaccuracy,with meth-
usinga standardphaseconvention [21.The four argumentsof ods that evaluatefactorial,productsin theclosed-sumcoeffi-
theFUNCTION are:J2, twice thetotal angularmomentum; cientsterm-by-term,beforeadding.
Ml2 andMF2, twice thez-projectionof the total angularmo-
mentumin theinitial andfinal coordinatesystems,respective- References[11 E.P.Wigner Gruppentheorie(vieweg,Braunschweig1931)
ly andBETA, theEuler angle-of-rotationaroundy [2].

AR. Edmonds,Angular momentumin quantummechanics
Methodof solution (PrincetonUniv. Press,Princeton,1960).

A Wigner-closed-sumexpressionfor d’mm ‘(a) is evaluated. [21D.M. Brink andG.R. Satchler,Angular momentum(Oxford
Eachtermcontainsproductsof factorials.Using a method Univ. Press,London,1962).
similar to that of Wills [3], a commoncoefficient (containing 13] J.G.Wills, Oak RidgeNationalLaboratoryReportORNL-

TM-1949(1967), unpublished;ComputerPhys.Commun.
* Supportedin partby theUS Atomic EnergyCommission. 2 (1971) 381.
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LONG WRITE-UP

1. Introduction

The elementsof the matrix associatedwith the rotation operatorR(a,j3,y)= exp (—‘icsJz) exp (—ij3Jy) exp (—i’)Jz)

areevaluatedin the angularmomentumrepresentationwherethey are exp(—ima) d~,m’(I3)exp (—im’y). These
matrix elementsarecomplex,with the real matrixdlmm ‘(i3) beingthe only difficult part to evaluate.

The rotationmatrix hasenjoyedwide use for manyproblemsof interestin quantummechanics.Althoughit
hasbeenwidely usedin a formal way, its numericalevaluationis neededif it is to be appliedto experimentalprob-
lemsin atomicandnuclearphysics.Examplesof this applicationoccurin the useof direct reactionscatteringthe-
ory to predict the angularcorrelationsbetweentwo or more radiations[1], andin the expansionof nuclearreac-
tion crosssectionsin helicity amplitudes[2].

2. Codedescription

The codebeing reportedis a FORTRAN IV FUNCTION SUBPROGRAMcalledDS. This subprogramcalcu-
latesvaluesfor the reducedrotationmatrix [31 correspondingto an Euler angle-of-rotationofil aroundthey’axis
[4] for bothintegerandhalf-integerspins.The methodof calculationis to modify and evaluatethe following
Wigner closed-formexpression[3].

d~m~(~)[0+n~) i~m)i]~2~ ( ~ )(Jm). 1~)
2a+m’+m(5~113)2J~~2a~m~m

where(~)= N! /(N—K)!K! is thebinomial coefficient.
A commonfactor is extractedfrom theaboveform andthe phaseis modified by (— lY~— m to follow the

Brink andSatchlerconvention[4]. This resultsin the following numerically-convenientexpressionfor the reduced
rotation matrix:

d1 (~)= (
1)K3-KL ~8 SK9 (K1 !K2!K3 !K4!) 1/2 1 — c

2 (I +K
6Ku) (1 +K7_Ku)mm’ K5!K6!K7!KL! ~2 (KS+KU)(KL+Ku)

[ c
2 (2+K

6 Ku) (2+K7 Ku) r c
2 (3 +K

6 —Ku)(3 +K7 Ku)
X L

1 S2 (K
5+Ku 1) (KL+Ku l) L

1 — s2(K5~U2)(~CL+~(U_2)1 —

whereK
1 =j—m’,K3 1—m,KLmaximumof(0,m—m’),K5 ‘m’+m +KL,K7 K3 _KL,K2=/+m’,K4 j+rn,

Ku= minimumof(K1 , K3), K6 =K1 —KL,K8 K5 +KL, K9 =K1 +K2 —K8,C= cos~~j3andS=sin -~f3.
The factorial terms in the coefficientof thenestedproductaboveare evaluatedby combiningthe logarithms

of the factorialsandexponentiating[5]. Thisexpressionis:

exp {~[ln(Kl!)+1n(K2!)+1n(K3!)+1n(K4!)1_[ln(K5!)+ln(K6!)+ln(K7!)+ln(KL!)]}

wherethe logarithmsof the factorialsare providedin a lookup table for argumentsfrom 0 to 150 andapproxi-
matedby a 5-term Stirling’s formula [6] for argumentsexceeding150.

Forthe specialcaseof rotationsthroughnir (wheren 0,±1, ±2, ±3, . . .) the reducedrotationmatrix is ei-
therzero or equalto the coefficientof the nestedproductprovidedthat the term is includedwherethepower of
sin ~2.j3or ( cos ~3)is zero whensin ~3or ( cos~3) is zero.Theserotationsare givenspecialattentionin the pro-
gram, thusensuringthat all the endpoint roots of d~m’(f3)are properlyaccountedfor [7,8].
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3. Testdeckandtestrun

The testprogramevaluatesthe reducedrotation matrix for severalargumentvalueswhereit is approximately
zero [7, 8].
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TEST RUN OUTPUT

iii 1~~
‘K~ ~ ‘~?~L”~“

DS(3,1,1, 70.529)~O.00GOO4
OSI~.(i.fl~4.736)~0~0O00O9

ii~

S 5, ,0, 6.852 = 0 0
OS 5,3,1, 78.463)—0 00001
DSt,3,3.~5~.1 0 ‘~~:0 0000’~

ii
Os (6,~,U, •o.565) 0.000002

DS(6,2,2, 40.977) 0..fl000fli
DS,(~,Z.2.95.0~)=—0.00000

- ~—~‘----‘~1
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