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THE REDUCED ROTATION MATRIX: PLOTS AND ZEROS*

J. G. CRAMER
University of Washington, Seattle, Wash. 28105
and
W. J. BRAITHWAITE

Princeton University, Princeton, N. J. 08540

The reduced matrix elements of finite rotations in the angular momentum representation
{d& ;. (B)} are presented in polar plots and root tables for several low spins having both integral
and half-integral values. The plots present, for j < 5/2, the magpitude of the matrix element as
the length of the radius vector at the polar angle which corresponds to the Euler angle of rotation.
The tables present those values of 8, in the region 0 < j < 8, which satisfy the conditiond ., (8) = 0.
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INTRODUCTION

Although an extensive tabulation of the reduced
rotation matrix &, (8) is available in the literature*
there are no convenient plots available between 0 and
2« for low values of both integer and half-intéger spin.
Rough values of &7, () may be cbtained from polar
graphs, but their major use is in providing a clearer
visualization of the symmetries (for a particular spin)
than is obtained from ordinary graphical form. Further,
there is only one short tabulation (for integer spins only)
of zeros of the reduced rotation matrix availabie in the
literature? despite the important role these zeros play in
the theory of angular correlations.?

The reduced rotation matrix is evaluated vsing a
Wigner closed-form* expression:
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where (Q)E WK N _Nk')_! %1 is the binomial cocflicient,
j is the angular faomentum of the system, m’ the mag-
netic substate of / before rotation, m the magnetic sub-
stale after rotation,"and B the Euler angle-of rotation.

The sum is over all values of ¢ for which the
factorials all have non-negative arguments.

The phase convention is that of Brink and Satch-
ler.5 Multiplication by (—)™" or interchange of sub-
scripts mand m’ will make the phase consistent with that
of Behkami.!

The following symmetry relations exist:
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Comments and Results

A computer programé was used to perform the
numerical evaluation of the elements of the reduced
rotation matrix o, (). [n the present work, we have
employed this program 1o generate plots of the reduced
rotation matrix for 0 <j < 5/2 and |myn’| < j with
0 < B < 27. The plots were done on the line printer of
the University of Washington SDS 930 Computer Sys-
tem, employing special high-density plotting symbols
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and the subroutine GRAPHIC which will be described
elsewhere.”

The figure shows the polar plots of the matrix
elements thereby generated. The representation employs
a normal Cartesian coordinate system, with the x-axis
to the right and # increasing in the counter-clockwise
direction. It was decided to make the radius vector equal
in magnitude to the absolute value of the matrix ele-
ments and 1o indicate the sign of the matrix element by
adding plus and minus signs in the different angular
regions.

The program, togethker with ROOT, a program for
finding the real roots of an equation numerically,® has
been used to calculate the zeros of the reduced rotation
matrix elements for values of j up to j = 8 The table
gives these zeros in degrees. It is interesting 1o note that
there are certain regularities in these zeros which suggest
symmetries in the rotaticn matrix which have not been
described previously, However, a detailed discussion of
these regularities is beyond the scope of the present

paper.
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Polar Plots of the Reduced Rotation Matrix

The polar angle is the Euler angie of rotation of @, (8) and the length of the radius vector is the magnitude of this matrix

element
The signs indicate the sign of the matrix element for 0 < B < 2w, For integral j the matrix clement repeats cvery 2= For
half-integral / it repeats every 47. Sigas for 2n < 8 < 4z can be found from the symmetry relations; Eq, (2)
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TABLE. Zeros of the Reduced Rotation Matrix
Explanation of Table

The table presents, in the columns headed ANGLES OF ZEROS, values of 8 for which
& (B) = 0. See Eq. (1) for &, (B) in the INTRODUCTION.

Only matrix clements with m, m! positive and m’ > m were included because the missing matrix
elements may be obtained from the symmetry relations of Eq. (2).

J j Anguiar momentum of the system

Mi m’ Magnetic substate of j, before rotation
MF m Magnetic substate of j, after rotation
8 Euler angle of rotation

One should be reminded here that d/,,. (8) for %alf-imegral Jj repeats every 4« and for integral
/ repeats every 2. However, in both cases a zero for j implies a zero for 27-8. Therefore the tables
are given only for 0 < 8 < w.
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TABLE.

REDUCED ROTATION MATRIX

Zeros of the Reduced Rotation Matrix

Angles of Zeros

180,000
90.000
«aeo
180,000
70.529%
+000
180,006

+000
180.000

39.238
0

+000
180.000
34,634
L]

+008
120.000

180.000

180,000
180.000

125,264

90,000
180,000
180,000
180,000

106,852
78,483

180.000

90.000
63,438
98,068

160.000
180.000

79.568

180,000

70.124
49,107
72,4182
67702
51,978
20,057
90,000
75,523

180,000
180.000

63,403
44,851
664570
62.483

180,000

413

180,000

180.000
180,000

140,768
118,565
180,000
180.000
180.000

129,122

180,000

109.876
$0.000
114,20%
112,208
96,859

180,000

99,624
82,397
105,871
103,901
90.000
180,000
180,000
180,000
180,000

180,000

130¢.000
180.000

149,444
130.893
180,000
180,000
180,000

136.004
120.547
160,000
180.000
180,000

130.000

180,000
180.000
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TABLE. Zeros of the Reduced Rotation Matrix

Angles of Zeros

+000
140,000
23.018
+000

23,099
+000

«00C
23.29%
<000

»000
<000
28.322

00
180.000

57,420
40,088

180.000

32,043
374127
54,510
30,987

180,000

180,000

90,000
73,427
91,954
90,000

180.000

180.000

180,000

474

122.57%
106,573
126,278

180,000

113,012

180,000

140,000

154,083
139,912
160,000
180.000
180,000

143,41
130.600
160,000
180.000
180.000

131,392
117.960
134,396
13 07

00
18¢.000

180,000

180,000
180,000

138,823
146,122
180,000
180,000
180.000

189,000
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REDUCED ROTATION MATRIX

TABLE. Zeros of the Reduced Rotation Matrix

Angles of Zeros

31.003

000
180.000

43,264
Ji.690
46,274
43.218
32.767
48,538

49.377
38.582
61,083
65,568
76,688
67,280
57,421
46,187
180,000
180.000
180.000
180,000
180,000
180,000
180.000

42,138

180,000
180,000
188.000

180.000
180,000
180.000

70.972
58,073

180.000

96,739
84,324

180,000
180.000

90,000
77.91%
$1.636
908.000
794644

18¢.000
180.000

475

122,378
110.723
127,414
126,801

180.000

113.944

148,637
137,782

160,000

137.862

180,000
180,000

180.000
180.000

161,842
150.662
180.000
180,000
180,000

180,000
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TABLE. Zeros of the Reduced Rotation Matrix

Angles of Zeros

180,000

180,000
160.000
180.000
180.000
180.000
180,000
180.000
180,000

37.187
28,874
I7.456
34901
25.247
38.300
43,955
35,726
27.048
39.853
53.356
45,396
37.191
28,403
42,409

63,433
55,7062
47,888
39,809
30,589
4 2

180,000
180.000
180.000
180,000
180,000
180.000
180.000
180,000

62,068
50.869
63,179
81.629
$2.021
65.627
73,074
64,048
s,

180,000

58.296

62,794

180.000
180,000

84,589
28

160,000

79,430
88.708
80.098
792124
69.828
82,233
90,000

380,000

107,143

180,000

100,570

18G.000

129.756
119,456
134,063
133,666
124,980

120,000
00

140,

121,704

152,858
14 71
180,000

180.000
180.000

142,813
132,024
145,322
145,069
138.712¢
130,000
160,006
180,000
180.000

180.000
18 00

183.799
154,526
180,000
180.000
180.000

180,800



