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INTRODIICTION 

Although an extensive tabulation of the reduced 
rotation matrix dJ=,,. (fl) is available in the literature ~ 
there are no convenient plots available between 0 and 
2~" for low values of both integer and half-int~tger spin. 
Rough values of dJ,,,~r (/9) may be obtained from polar 
graphs, but their major use is in providing a clearer 
visualization of  the symmetries (for a particular spin) 
than is obtained fi'om ordinary graphical form. Further, 
there is only one short tabulation (fo~ integer spins on(y) 
of zeros of the reduced rotation matrix available in the 
literature 2 despite the important role these zeros play in 
the theory of angular correIations. 2'a 

The reduced rotation matrix is evaluated using a 
Wigner closed-form 4 expression: 

d~,.,,,. (/9) (1) 

F(+ + '~') ' ( / -  " ) '  l ~  s ( + + . . . .  } ( / -  ) - ~ ( ; - ~ ( J + ~ J  , v  . . . .  " - o , , o  

t B\= / b'\=j = , 
x ( -  i~ ...... ~os  ~j . . . . . .  V ~ 57 . . . . . . .  

where \KJ: ' (~I- - -K)!K!  is the binomial coefficient, 

j is the angular hlomentum of the system, m' the mag- 
netic substate of]' before rotation, m the magnetic sub- 
state after rotatioo,Mnd fi the Etiier angle, of rotation. 

The sum is over all values of e for which the 
factorials all have non-negative arguments. 

The phase convention is that of Brink and Satch- 
ler. 5 Multiplication by (--)"~"~' or interchange of sub- 
scripts m-and m" will make the phase consistent with that 
of Behkami) 

The following symmetry relations exist: 

d~=., (fl) (2) 

= (-l)','-='di_.,._w(fl) = (--  l)J-= d~_.,,,, (r; +/9)  
= (--l)J-m'dJ,n_m.(~7 + /9) : (--I)m-m'dJ,n,,n(~) 
: d',,,,~. ( - f l ) .  

Comments and Results 

A computer program 6 was used to perform the 
nunlerieal evaluation of the elements of the reduced 
rotation matrix d~,~ w (/9). In the present work, we have 
employed this program to generate plots of the reduced 
rotation matrix for 0 ~ < 5/2 and Im,m'[ <_j with 
0 < fl _< 2rr. The plots were done on the line printer of 
the University of Washington SDS 930 Computer Sys- 
tem, employing special high-density plotting symbols 

and the subroutine GRAPHIC which will be described 
elsewhere. 7 

The figure shows the polar plots of the matrix 
elements thereby generated. The representation employs 
a normal Cartesian coordinate system, with the x-axis 
to the right and fl increasing in the counter-clockwise 
direction. It was decided to make the radius vector equal 
in magnitude to the absolute value of the matrix ere- 
meats and Io indicate the sign of the matrix element by 
adding plus and minus signs in the different angular 
regions. 

The program, together with ROOT, a program for 
finding the real roots of an equatioia numerically, s has 
been used to calculate the zelx,s of the reduced rotation 
matrix elements for values o f j  up t o j  = 8. The table 
gives these zeros in degrees. It is interesting to note that 
there are certain regularities in these zeros which suggest 
symmetries In the rotation matrix which have not been 
described previously. However, a detailed discussion of 
these regularities is beyond the scope of the present 
paper. 
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[rEDUCED ROTATION MAfRIX 
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Polar Plots of the Reduced Rotat ion M a t r i x  

The polar ankle is tile Euler angle of  rotation of  d~,~, (fl) and the length of  Ihe radius veclor is the magnitude of  this matrix 
dement  

Tile signs indicate the sign of the matrix elemem for 0 < fl -< 2~. For integral j the matrix element repeats e~ery 2~, For 
Italf-[ntegral j" it repeats every 4~. Signs I'or 2w < fl < 4~ can be found from the symmetry :~elalionsc Eq, (2) 
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TABLE. Zeros of the Reduced Rotation Matrix 
Explanation of Table 

The table presents, in the columns headed ANGLES OF ZEROS, values of fi for which 
dJ.~ m, (fl) = 0 See Eq (i)  for d~m~, (,8) in the INTRODUCTION. 

Only matrix elements with m, in! positive and m'  > m were included because the missing matrix 
elements may be obtained from the symmetry relations of  Eq, (2), 

J j Angular momentum of the system 
MI In' Magnetic substate of  j ,  before rotation 
MF m Magnetic substate of j ,  after rotation 
,8 Euler angle o f  rotation 

One should be reminded here that d i ~ ,  (/3) for ~alf-integralj repeats every 4~r and for integral 
j repeats every 2-r. However, in both cases a zero for ,8 implies a zero fo~: 2~'-/3. Therefore the tables 
are given only for 0 < /3  < ~'. 
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R E D U C E D  ROTATION MATRIX 

T A B L E .  Z e r o s  o f  t h e  R e d u c e d  R o t a t i o n  M a t r i x  

J M F  .141 A n g l e s  o f  Z e r o s  

o o o 

112 1 / 2  112 t s O * O 0 0  

1 ? : . . . . . .  .ooo , . . . . . .  
1 t 1 t 8 0 4 0 0 0  

~ / 2  112 t l ~  7 0 , 5 2 ~  1 ~ 0 . 0 0 0  

3 / 2  3 / 2  3 / 2  ISO,OOG 

: : g . . . . . . . . . . . . .  
. o o 0  9 0 . 0 0 0  I S 0 4 0 0 0  

2 t t 6 0 . 0 0 0  tSO.O00  
2 2 0 . 0 0 0  1804000  

2 1 . o o o  t s o . o o o  
2 a 2 l e o . o o o  

s / 2  1 / 2  t / 2  4e4~72 t o 6 . a s z  1 8 o . o o o  
512  ~ / 2  I / 2  . o o o  r s , 4 6 ~  t e o , o o o  
s / 2  3 / 2  a12  5 3 . 1 3 o  : 6 o ~  
S /2  S l 2  I / Z  . o o o  z e o . o o o  
S12 S /a  a12 4000 t e o . o o o  
S / 2  S /2  S I ~  IBO*OOO 

. o o o  6 ~ . 4 3 s  z l e l s e s  tSO*O00 
3 1 1 4 0 . 9 7 7  ~S ,066  1 8 0 . 0 0 0  

. o o o  l o . s 2 ~  l s o . o o o  

2 . o o o  t s o . o o o  
~ = t e o . o o o  

712  t 1 2  1 / 2  3 4 , 6 3 |  7 9 . ~ 6 8  I 2 S . 1 2 2  1 8 0 . 0 0 o  
712 312 l l a  . 0 0 0  w  105o141 180o000  
712 3 / 2  312 3 7 * I T S  8e*SXS 1 8 0 , 0 0 0  
712 S I2  I t 2  ,000  81 .~8Z  t s o , o o o  
7 / 2  5 / 2  312  4000 6 4 . 6 2 3  1 8 0 . 0 0 0  
7 / 2  S12 512  4 ~ , & l S  | 8 0 . 0 0 0  
7 / 2  712 112 . 0 0 0  l a o . o o o  
712  742 3 / 2  . 0 0 0  | B o . o o o  
7 / 2  7 / 2  S12 *000  1 8 0 , 0 0 0  
7 / 2  Z12 ~ / 2  t a O . O 0 0  

0 3 0 . 5 5 6  70 .12A  1 0 9 . 8 7 6  1 4 9 . 4 4 d  
4000 4 0 * t o ?  9 0 . 0 0 0  ~ 3 0 . 6 9 3  1 8 0 . 0 0 0  

3 1 . 3 4 9  7 2 . | R 2  | 1 4 . 2 0 5  1 8 0 . 0 0 0  
O * 0 ~  6 7 . 7 o 2  1 1 3 . 2 0 8  1 8 0 , 0 0 0  
1 .oQo  s l . ~ e  9 6 . 6 s g  1 8 0 . 0 0 0  

3 4 , 1 7 5  8 0 . 0 5 7  1 8 0 , 0 0 0  
* 0 0 0  9 0 . 0 0 0  t a O , O 0 0  

1 . o o o  7S*~23 ~ e o , o o o  
2 .CO0 ~O*OOO z a o , o 0 0  
a 4 t . J l O  t e o . o o o  
o . o o o  1 8 o . o o o  

. o o o  1 8 o . o o o  

. o o o  t s o 4 o o o  

. o o o  l e o . o o o  
4 I ~ 0 . 0 0 0  

9~2 J / 2  I / 2  2 7 . 6 S l  6 3 . 4 0 3  9 9 . 6 2 4  1 3 6 . 0 ~ 4  1 8 ~ , 0 0 0  

~ / 2  3 / 2  312 2 8 . ~ 5 4  6e.s~o t o ~ , a T |  | 8 0 , 0 0 0  
912  512  I 1 2  . 0 0 0  6 2 , 4 S 3  I 0 3 . 9 0 !  | s O . O 0 0  
912  ~12 ~12 *000  ~8.1~0 9 0 . 0 0 0  t a O , O 0 0  
g12 S I~  ~12 3 1 . 8 , 0  ~4.~e t ~ o . o o o  
9 / 2  112  112 ~  8 3 . 6 2 J  1 8 0 . 0 0 0  
912  ~12 312  400r  7O.S2g lSO*O00 
912  712 512 . o o o  56 .251  1 8 0 . 0 0 0  
912 712 712 3S .942  tSO*O00 
g12  9 / 2  ) I ~  46oo I ~ o , o o o  
912 9r  312 . c o o  ~ e o . o o o  
912  912 ~12 . 0 0 0  1 8 0 . 0 0 0  
912 912 7 / 2  . o o ~  1 ~ 0 . o o 0  
~ t 2  VI~ ~42 I ~ 0 . 0 0 0  

4 7 3  
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3. G. CRAMER AND W, J. BRAITHWAITE 

TABLE;  Zeros o f  the Reduced  Rota t ion  Mat r ix  

Angles  o f  Zeros 

2 5 . 0 1 7  5 7 * 4 2 0  9 0 . 0 0 0  ) 2 2 . 5 7 0  I ~ 4 . g a 3  
�9 000  4 0 . 0 8 ~  7 3 . , 2 7  1 0 6 . 2 7 3  1 3 9 . 9 1 3  l e O . O 0 0  

251445  5 0 . 4 8 0  9 | , g 2 4  1 2 6 . 2 7 8  l~OoOOO 
�9 000  5~1,236 9 0 , 0 0 0  1 2 5 . a 5 4  l O 0 , O 0 0  
. o o o  * rz .264 ~ 6 . s o o  1 1 2 . 4 3 7  t e o . o o O  

2 6 . e 7 5  ~ a . ; J O  9 9 . ~ 9 4  I ~ 0 , 0 0 0  
. o o o  ? i0 .52g 1 0 9 . 4 7 1  | 2 0 . 0 0 0  
. 0 0 0  ~ e . 2 2 4  ~ 7 . 2 7 ~  l ~ o . o o o  
�9 o00 4 5 . t 3 o  e s . 2 7 a  12ooooo 

3 2 ~ . 9 2 6  7 0 . 5 3 9  l a o ~  
4 o . o o o  e o . o o o  1 8 o . o o o  
, 1 . o o o  7 S ; L 6 3  1 8 0 . 0 0 0  
�9 2 *GO0 6 & . 4 2 3  l a o . o o o  

3 . 0 0 0  5 ~ , 1 a 0  l e o . o o o  
4 a e . 8 7 o  | ~ o ; o o o  

s o . o o o  ] e o . o o o  
s �9 . o o o  I s o . o o o  
s . o o o  teO.OOO 

2 s . ~ o o  I s o . o o o  
s �9 . o 0 o  l e o . o o o  
2 s l s o . o o o  

1112 112 I 1 2  2 3 . o l e  2 2 . e 4 5  a ~ . e 7 4  ~ l a . o 1 2  1 4 s . a l l  l s o . o o o  
1 1 / 2  312 | 1 2  *OOO 3 7 . 1 2 7  6 8 , 0 6 9  9E*g96  ~30 ,eO0 I&O*O00 
1 1 / 2  3 / a  312 a 3 . e ~ s  5 4 . S 1 0  e s . e a 9  t l e . 4 ~ 3  z e o . o o o  
| 1 1 2  212  | 1 2  ~ S O . g � 9  e � 9  1 1 1 . 4 6 2  LeO.O00 
1112 512 312  .00 �9  3 8 . 9 0 5  7 1 . 7 3 7  [ o 5 . 5 6 5  1 ~ 0 . 0 o 0  
l ; l a  212 512 = 2 . 2 5 2  5 e . 4 5 0  9 = . 6 7 l  1 8 0 . 0 0 0  
I [ / s  T : 2  t / z  . o o o  6 6 . o 2 7  z o 2 . e a 5  l e o . o o o  
| 1 1 a  7 / 2  312 . o 0 0  5 4 . 7 6 3  9 1 . 8 0 b  l e o . o o o  
1112 712 S i 2  . 0 0 0  a 2 , 2 g o  e o . o s 2  l e o . o o o  
1112 712 712 2 4 * 3 2 a  8 6 . 4 r  1 8 0 * 0 0 0  
1112 D I 2  112 *OOO e ~ . / a 4  1 4 0 . 0 0 0  
Z I I 2  ~12 31~ . o o o  7 4 . t 7 3  t a o . o o o  
1112 g12 512  .O00 6 2 . g 6 4  l a O , O 0 0  
1 1 / 2  ~1~ 7 / 2  . o o o  s o . ~ s  t e o . o o o  
1 | 1 2  9 / ~  912 3S*097  I~O.O00  
1113 I | / 2  | 1 2  *QO0 l e O . Q 0 0  
1 1 / ~  I t / 2  31~ . 0 0 0  l a O . o o 0  
1 1 1 1  1112 s 1 2  . o o 0  I o o . o o o  
1112 1112 712 ~  [ 8 o . o o o  
I 1 1 ~  l z l ~  o f  2 . o o o  t e o . o o o  
| 1 1 2  ~ 1 / 2  1 | 1 2  |o0,OOO 

o 2 1 . 1 7 7  a ~ . 6 0 4  7 6 . | 9 ~  1 0 3 . 0 0 5  1 3 1 , 3 9 2  1 5 ~ . 8 2 3  
0 . 0 0 0  3 3 . a 7 ~  6 2 . 0 4 0  g o . o o o  1 1 7 . g 6 0  1 4 6 . 1 2 a  1 ~ . 0 0 0  
1 2 1 , 4 3 3  4 9 . 2 2 9  7 7 * 2 7 #  1 0 5 . 2 8 2  1 3 a . 2 9 6  1 8 0 . 0 0 0  
0 . o o o  ~ s . 9 ~ 3  ? ~ . 4 ~  | o ~ . s l l  t 3 a . o o ?  l e o . o o o  
l . o o o  aao~43 6 3 . ~ 6 0  ~ 2 . ~ t 7  1 2 3 . 1 1 2  l a o , o o o  

a 2 . 2 6 4  s J . 2 6 Q  e O o g i ?  1 1 2 . o 6 g  t 8 o . o o o  
3 o . o o o  5 6 . 5 1 6  g o . o o o  | 2 | . 4 8 2  1 8 o . o o o  

~ " 0 0 0  4 ~ . g 2 2  7 9 , 1 1 0  1 l | , 0 4 2  1 8 0 . 0 0 0  
�9 ooo  3 e . ~ o a  6~ .~S1 X O 0 . ~ 6 � 9  Ja�9 

�9 3 ~ 2 a . s ~ e  2 2 . ~ 4  a ~ . g 9 ~  t a o . o o o  
4 o . o o o  7 2 . 4 2 2  1 o 7 . 2 4 4  ~ 8 o . o o o  
�9 l . o o 0  6 a . 3 s /  ~7*S0~ l a O * O 0 0  
�9 2 .OOO s | . ~ s g  u . l a o  l ~ o . o o o  
4 3 . o o o  ~ 0 . 4 3 7  ~ 6 . 1 7 9  laOoOOO 

~ . ~ s o  6 3 . 7 1 3  1 ~ o . o o o  
o .ooo vo.ooo zao.ooo 

.Ooo  e o . 4 o e  z ~ o . o o o  

. o o o  7 0 . ~ 2 ~  I s o . o o o  
2 3 . o o o  e o . o o o  z o o . o o o  
s 4 .ooo ~ a . z ~ o  l~o,ooo 
s 2 S3.2S~ l e o . o o o  
6 o . o o o  t s o . u o o  

. o 0 0  1~o.o0o 
6 3 . o o o  z~o.ooo 

e 6 �9 . 0 o o  t e o . o o o  
e . o o 0  l a O . O o o  
6 t a o . o o o  

4 7 4  
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[a, EDUCJED ROTATION MATRIX 

TABLE. Zeros of the Reduced Rotation Matrix 

Angles of  Zeros 

1312 112 I / 2  1 9 . 7 1 8  2 5 . 2 6 &  7 0 , 9 7 2  9 6 . 7 3 9  1 2 2 . $ 7 ~  1 4 6 . 6 3 7  1 8 0 . 0 0 0  
1312 3 / 2  1/2 . a o 0  3 1 . 6 9 6  5 8 . 0 7 3  8 4 . 3 2 4  1 1 0 . 7 2 3  1 3 7 . 7 4 2  1 8 0 . 0 0 0  
1312 312 312 2 0 , 1 3 7  4 6 . 2 7 4  7 2 , 7 1 4  9 9 . 5 4 4  | 2 7 . 4 1 4  ; 8 0 . 0 0 0  
1 3 / 2  5 / 2  1 / 2  ,GoD ~ 3 . 2 1 5  7 1 . 0 0 1  9 8 . 4 8 8  1 2 8 . 8 0 1  1 6 0 . 0 0 0  
1312 5 / 2  3 / 2  , 0 0 0  3 2 . 7 6 7  6 0 . 1 9 2  8 7 , 8 7 8  1 1 6 , 8 6 6  1 6 0 . 0 0 0  
1 3 / 2  512 g / 2  ~ 1 . 0 6 4  d B . 5 3 5  7 6 , 7 4 2  | 0 8 o 6 3 1  ISC*O00 
1312 712 1 / 2  ,000  5 5 * 2 0 0  B5 .05~  1 1 5 . 2 2 6  LBO.GO0 
| 3 1 2  7 / 2  3 / 2  *OOO 4 w  7 4 . 9 9 9  1 0 5 . 6 1 4  I~O,QO0 
1 3 / 2  7 / 2  512 ,QOC 3 4 . 6 3 6  6 4 * 4 2 3  9 5 . 6 6 3  1 8 0 . 0 0 0  
1 3 / 2  712 712 2 2 . 7 3 6  5 2 . 7 4 1  8 4 . 9 7 1  14G,QO0 
1 3 / 2  412 1 / 2  *OQO 68.@08 1 0 2 , 2 7 $  1 6 0 . 0 0 0  
1312 g / 2  3 / ?  ,OOO 5 9 ~  9 2 , 1 7 2  1 8 0 . 0 0 0  
1 3 / 2  412 5 / 7  ,ooo 4 9 * 3 7 7  e 3 . 2 1 1  1 6 0 , 0 0 0  
13 /2  4 / 2  712 *DO0 3 B . 5 ~ 2  7 2 . b 3 0  180 .G00 
I~12 g/2 g17 2 5 , ? ~  61.053 I S O . o o o  
1312 1 i / 2  1 / 2  .000  SS.SeS laO*~O0 
13 /2  1112 3 / 2  *000 7 6 . 6 6 &  1BO,O00 
13/2 11/2 s / z  oooo 6 Y . 3 6 o  1 ~ o , o o o  
1312 1112 712 . o 0 o  57.421 1 8 0 . 0 0 0  
$ 3 / 7  1 1 / 2  9 / 2  , o o o  4 6 , 1 2 7  l a O . o o o  
1 3 / 2  1 1 / 2  1 1 / 2  3 2 , 7 0 4  1 8 0 , 0 0 0  
1 3 / 2  1~12 I 1 1  . o o o  l e o , o o o  
13tZ 131Z 3 / a  . o o o  1 6 o . o o o  
1 3 / 2  1 3 / 2  5 / a  ,ooo  1 6 o . o o o  
1 3 t 2  1~12 ? / 2  , aoo  1 2 o . o o o  
1 3 / 2  1 3 / 2  9 / 2  .OOG | 6 0 , 0 0 0  
131= 13/2 11/2 . o o o  | e o . o o o  
1312 13 /2  13 /2  1 8 0 . 0 0 0  

1B .358  4 2 . 1 3 8  8 6 . 0 5 6  qO,OOO 1 1 3 . 9 4 4  1 3 7 . 8 6 2  1 6 1 , 6 4 2  
. 0 0 0  7 9 . 3 3 8  5 3 * 7 ? 2  7 7 . 9 1 9  1 0 2 . 0 8 1  1 2 ~ . 2 7 8  1 5 0 . 6 6 2  180o000  

? IS.~z* 4~ .S34  ~ 6 . 7 2 6  91*0~S I I S . S S *  1 ~ 0 . 6 7 9  1 8 0 . 0 0 0  
7 . 0 0 0  ~4*e~S S 5 * l O a  9 0 . 0 0 0  1 1 4 . 8 9 2  140*305  l e O . e 0 0  
? . o o o  2 4 . 6 9 0  5 4 ~  7 9 . 6 4 4  1 0 4 . 7 7 3  1 3 0 . 8 4 ,  IBO.O00 

1 9 . 0 S l  4 3 . 7 9 q  6 8 . 8 9 3  94 ,4B1  1 Z l . 3 6 0  1 8 0 * 0 0 0  
. o o o  5 0 . 1 6 0  7 6 ~  1 0 3 . 0 6 7  129,e4o IBO.O00 

7 *oao  a 0 * 8 9 0  6 7 . 2 4 6  9 2 . 4 5 0  1 2 6 . ~ 3 6  l e 0 . 0 0 0  
7 . 0 0 0  3 1 . 0 9 6  5 7 . 1 7 1  8 3 . 6 0 3  111o530 I ~ o . o o o  
? 2 o . o 4 6  , ~ . 2 0 6  7 ~ . 1 8 2  L01 .9~0  1 8 ~ . 0 o 0  
7 , o o o  6 1 . 2 8 9  9 0 . 0 0 0  118 .71G ZSC*O00 
7 .O00 S 2 . 3 9 8  a 0 . 8 6 6  l ~ 9 , a ~ a  1 8 0 . 0 0 0  

, o o o  * a . ~ 7 3  71,ael  1 o o , ~  l a e . o o o  
. 0 0 0  3 3 . 2 3 0  6 1 , 5 2 4  9 1 . 5 7 9  1 8 0 . 0 0 0  

7 7 1 . 7 3 0  5 0 , 4 1 3  8 1 . 4 5 2  IBO.O00 
7 . 0 0 0  7 3 . 8 4 6  1 0 6 . 1 0 2  1 8 0 . 0 0 0  

. o o o  e s . a 3 2  97.SSS 1 ~ o . o o o  

. o o o  ~ e . ~ 3 o  ~ * 6 5 ~  1 8 0 . 0 0 0  
7 o000 4 7 . 2 2 2  7 9 . 7 4 8  | 6 0 . 0 0 0  

. o o o  3 ~ . 9 6 2  6 9 . ~ o  1 ~ o . o o o  
s 2 4 , ~ I ~  s ~ . ~ s e  laO,OOO 

.ooG 4 0 . 0 0 0  1 ~ o . o o o  
7 . o o o  s ~ . ~ e 7  1 6 o . o o o  

2 . o o o  7 2 . ] 9 2  1 ~ o . o o o  
7 . o a o  ~ ' . ~ 2 ~  1 ~ o . o o o  
7 �9 . o o o  5 1 . 1 5 o  z s o . o o o  

. o o o  4 d , 4 1 5  | 8 0 ~  
6 3 1 . 0 0 ~  1 6 0 * 0 0 0  

. o o o  1 6 o . o o o  
7 t . o o o  I ~ o . o o o  
7 .OC~ 1 ~ 0 , 0 0 0  

3 . o o o  i ~ o . o o o  
7 . o o o  i ~ o . o o o  
? s . c o o  1 ~ o . o o o  
7 *COO teO*OOO 
? 18o~  
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J G. CRAMER AND w. J. BRAITHWAITE 

TABLE.  Zeros Of the  Reduced  Ro ta t i on  Mat r ix  

Angles  o f  Zeros 

I S l ~  [ / 2  I / 2  1 7 . 2 4 6  ~ . s s 8  6 2 . o 6 6  8 J . s s g  I o ~ . ] 4 ~  1 2 ~ . ~ 6  1 ~ 2 . 4 5 9  ) e o , o o o  
1 5 / 2  3 / 2  142 *000  2 7 . 6 ~ 4  7 0 ~  ~ 3 . 5 2 B  9 6 . 4 1 5  [ I g * 4 6 6  ] 4 3 . 0 7 1  tBO*O00 
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