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June 20, 2012

Abstract

The paper shows that any TU-game can be generated from an as-
sociated production economy with indivisible labor inputs. An equilib-
rium of that economy always exists after a central intervention through
a system of taxes and subsidies. The set of equilibrium allocations
corresponding to the smallest such tax coincides with the proportional
extended core of the original game. If the game is balanced, the small-
est tax is zero and the core allocations of the original game coincide,
à la Shapley-Shubik, with the (tax-free) competitive equilibrium allo-
cations of the economy.
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1 Introduction

Following Shapley and Shubik’s seminal work, various approaches have been
proposed to answer two main questions: which games have market interpre-
tations and, once an economy has been associated with a game, what is the
relationship between that economy’s Walrasian allocations and the core of
the corresponding game. Shapley and Shubik (1969) show that a game can
be generated by a standard pure-exchange economy if and only if the game is
totally balanced. Garratt and Qin (1997) and Garratt and Qin (2000) con-
sider economies with time constraints and obtain a market interpretation
for balanced super-additive games. Alternatively, Sun et al. (2008) focus on
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production economies and relate them to an even larger family of games:
those whose super-additive cover is balanced. We extend previous results in
the literature showing that any TU-game with a finite set of players can be
generated from an associated production economy with one firm and finitely
many consumers and commodities.

A key feature of the production economies we use is that the firm’s tech-
nology requires indivisible inputs and thus a competitive equilibrium may
not exist. However, we identify a system of taxes and subsidies that can
restore equilibrium. Consumers are required to pay a proportional income
tax. On the other hand, if the firm employs every agent in the economy,
a fraction of the wage payments it makes is subsidized by the government.
This type of subsidy can be seen as a stylized version of the work oppor-
tunity tax credit or any affirmative action subsidy that is meant to reward
diversity in the employed labor force. We show that an equilibrium always
exists if the tax rate is high enough and calculate the minimum tax needed
for this to occur. The set of equilibrium allocations corresponding to that
minimum tax coincides with a non-empty TU-game solution concept ex-
tending the core: the proportional extended core (Bejan and Gómez, 2009).
For economies corresponding to a balanced game such minimum tax is zero.
Thus, our results can be understood as a generalization of Shapley and Shu-
bik’s equivalence (between competitive allocations and the core) to arbitrary
TU-games.

2 Definitions and Notation

Let N be a non-empty but finite set of |N | = n players, N the collec-
tion of all non-empty subsets or coalitions of N , and for any i ∈ N define
Ni = {S ∈ N | S ∋ i}. Let ∆N (respectively ∆N ) be the unit simplex in R

N

(respectively R
N ), and ei ∈ ∆N (respectively eS ∈ ∆N ) the vertex corre-

sponding to i ∈ N (respectively S ∈ N ). For every S ∈ N , let 1S ∈ {0, 1}N

denote the indicator function of S.
A TU-game (or simply a game) on N is a mapping v : 2N → R+ such

that v(∅) = 0. For any S ∈ N , v(S) is called the worth of coalition S.
The restriction of a game v to S ∈ N is the game v|S on S such that
v|S(T ) := v(T ) for all T ⊆ S. Given a game v on N , a possible outcome

is represented by a payoff vector x ∈ R
N that assigns to every i ∈ N a

payoff xi. Given x ∈ R
N and S ∈ N , let x(S) :=

∑

i∈S xi and xmin :=
min{xi | i ∈ N}. A payoff vector x ∈ R

N is feasible for coalition S if
x(S) ≤ v(S). It is individually feasible if for every i ∈ N , there exists
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S ∈ Ni such that x is feasible for S. We say that coalition S is able to
improve upon the outcome x ∈ R

N if x(S) < v(S). A vector x ∈ R
N

is stable if it cannot be improved upon by any coalition. The core of v,
denoted C(v), is the set of stable outcomes that are feasible for N , that is,
C(v) := {x ∈ R

N | x(S) ≥ v(S) ∀S ∈ N , x(N) = v(N)}.
A collection of coalitions B ⊆ N is called balanced (respectively weakly

balanced) if there exist positive (respectively non-negative) numbers (λS)S∈B
such that for every i ∈ N ,

∑

S∈Ni∩B
λS = 1. The numbers λS are called

balancing weights. A game v on N is called balanced if
∑

S∈B λSv(S) ≤ v(N)
for every balanced family B with balancing weights (λS)S∈B. Bondareva
(1963) and Shapley (1967) showed that v is balanced if and only if C(v) 6= ∅.
A game v is called totally balanced if v|S is balanced for every S ∈ N . For
every game v, let v̄ denote the least totally balanced set function that is
greater or equal to v. The game v̄ is called the totally balanced cover of v.

For every game v, let t(v) be the smallest tax rate t ≥ 0 such that
{x ∈ R

N | x(S) ≥ (1−t)v(S) ∀S ∈ N , x(N) = v(N)} 6= ∅. The proportional
extended core (Bejan and Gómez, 2009) is defined as

ECp(v) =
{

x ∈ R
N | x(S) ≥ (1− t(v))v(S) ∀S ∈ N , x(N) = v(N)

}

.

The proportional extended core is non-empty, and coincides with the core
for balanced games. Its elements can be seen as the stable outcomes that
would arise if any proper coalition that would attempt to form were taxed
a fraction t(v) of its worth. The tax t(v) is thus the smallest tax needed
to deter blocking by any proper coalition, inducing the formation of the
grand coalition. It can be proved that t(v) = v̄(N)−v(N)

v̄(N) and ECp(v) =
{

x = v(N)
v̄(N) · x̄ | x̄ ∈ C(v̄)

}

.1 We offer next a market-based support of this

interpretation.

3 Games as Economies with Indivisibilities

A production economy with a finite set of goods L, a finite set of consumers
I, and one (public) firm is represented by

E := (L, I; (ui, ωi)i∈I , Y ),

where for every i ∈ I, ui : R
L
+ → R and ωi ∈ R

L
+ denote, respectively,

consumer i’s utility function and endowments of goods. Y ⊆ R
L is firm’s

1See (Bejan and Gómez, 2009) for more details on the proportional extended core.
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production set. We restrict attention to production economies in which
consumers’ utilities are quasi-linear in the same good and the production
set satisfies [y ∈ Y and t ∈ N] ⇒ [ty ∈ Y ].

For every S ∈ N , the set of feasible consumption allocations for coalition

S is

F(S) := {x ∈ R
LS
+ | ∃z ∈ Y such that

∑

i∈S

xi =
∑

i∈S

ωi + z}. (1)

Given an economy E with consumers I, define the TU-game V(E) on I

by

V(E)(S) := max

{

∑

i∈S

ui(xi) | x ∈ F(S)

}

for every coalition S ⊆ I. A TU-game v is called a market game if there
exists a production economy E such that v = V(E).

Shapley and Shubik (1969) showed that the class of totally balanced
games coincides with the class of games generated from standard pure ex-
change economies. We now prove that introducing indivisibilities and certain
technological constraints allows for a market interpretation of an arbitrary
game.

Given a TU-game v on N , we define its direct production economy (or
direct market) as

E(v) = ({Li | i ∈ N} ∪ {C}, N, (ui, ωi)i∈N , Yv) ,

where ui(l1, . . . , ln, c) = c is consumer i’s utility function, ωi = (ei, 0) ∈
R
n+1
+ her endowment, and Yv :=

⋃

S∈N {k(−1S , v(S)) | k ∈ N} the firm’s
production set.

Thus, the economy E(v) has n consumers and n + 1 commodities. The
last commodity, denoted C, is a perfectly divisible consumption good; the
other n commodities, denoted L1, ..., Ln, are indivisible and represent agent-
specific human capital (or skilled labor). Each consumer i cares only about
the amount of good C he consumes and is endowed with one unit of human
capital Li.

2 If the firm chooses production plan k(−1S , v(S)), we say that
it operates technology S at level k. It is crucial, for our results, that only
one technology can be operated at a given time.

2Another way to construct a direct (coalition) production economy is proposed by
Billera (1974) in the context of NTU games and by Sun et al. (2008) and Inoue (2010).
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Note that in the direct economy E(v) the set of feasible allocations for
coalition S is F(S) = {(y,0) ∈ R

S
+ × R

nS
+ |

∑

i∈S yi ≤ v(S)}.3 Therefore,
for every S ∈ N

V(E(v))(S) = max
(y,0)∈F(S)

∑

i∈S

yi = v(S),

which proves the following result:

Theorem 3.1 For every game v, V(E(v)) = v and thus every game is a

market game.4

When the core is non-empty, one can follow the argument in Shapley
and Shubik (1975) to show that core allocations of a game v coincide with
the Walrasian allocations of E(v). The next section shows how to generalize
this equivalence to arbitrary games by using the proportional extended core.

4 Taxes on production and the proportional ex-

tended core

Assume that consumers are required to pay a proportional income tax t ∈
[0, 1]. The firm, on the other hand, can benefit from a partial wage subsidy
if it employs every agent in the economy. This subsidy is similar to the work
opportunity tax credit meant to reward diversity in the labor force. More
precisely, if the firm hires every agent, then a fraction t of every employee’s
wage is paid by the government. That is, if the firm chooses to operate
technology N at level k (i.e., if it chooses production plan k(−1N , v(N)))
and the wage rate is w ∈ R

N
+ , then the total cost of labor borne by the firm

is only (1 − t) · k · w(N) and thus its profit is k(v(N) − (1 − t)w(N)). If
the firm chooses instead production plan k(−1S , v(S)) with S 6= N then its
profit is k(v(S) − w(S)). Therefore, given a tax rate t ∈ [0, 1] and wages
w ∈ R

N
+ , the firm solves:

max
(S,k)∈N×N

{

k(v(S) − w(S)) + t · kw(S) · 1min
S

}

. (2)

If the firm chooses production plan k(−1S , v(S)), then the government
revenue is g := t

(

w(N)− kw(S) · 1min
S

)

.

3To see this, it is enough to take xi = (yi, 0) ∈ R+ × R
n
+ and z = (−1S, v(S)) ∈ Y in

definition (1).
4The restriction to non-negative games is not important here. This result can be

adapted to arbitrary games via a construction similar to the one used by Shapley and
Shubik (1969).
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A competitive equilibrium corresponding to tax rate t̄ for the direct mar-
ket is a vector

[

(w̄i)i, k̄(−1S̄ , v(S̄)), (c̄i)i, ḡ
]

such that

i. c̄ = (1− t̄)w̄ (consumers maximize utility),

ii. (S̄, k̄) solves (2) given (t̄, w̄) (the firm maximizes profit),

iii. ḡ = t̄
(

w̄(N)− k̄v(S̄)1min
S̄

)

≥ 0 (no government budget deficit), and

iv. (S̄, k̄) = (N, 1) and
∑

i∈N c̄i + ḡ = k̄v(S̄) (markets clear).

We show next that competitive equilibria for the direct market exist if
the tax rate is large enough. The following theorem identifies the small-
est tax rate for which a competitive equilibrium exists and shows that the
corresponding equilibrium consumption allocations are elements of the pro-
portional extended core of the game.

Theorem 4.1 Given a TU-game v on a finite set N , t̄ := v̄(N)−v(N)
v̄(N) is the

smallest tax rate for which an equilibrium of E(v) exists. Additionally, c̄

is an equilibrium consumption allocation corresponding to tax rate t̄ if and

only if it belongs to the proportional extended core of v.

Proof. Let [(ŵi)i, k̄(−1S̄ , v(S̄)), (ĉi)i, ĝ] be a competitive equilibrium
corresponding to an arbitrary tax rate t̂ ∈ [0, 1]. Then ŵ(S) ≥ v(S) for all
S ∈ N , otherwise (2) does not have a solution. In addition, market clearing
condition (iv) together with (i) implies that (1 − t̂)ŵ(N) = v(N). If (λS)S
is a system of balancing weights such that v̄(N) =

∑

S λSv(S) then:

v(N) = (1− t̂)ŵ(N) = (1− t̂)
∑

S

λSŵ(S) ≥ (1− t̂)
∑

S

λSv(S) = (1− t̂)v̄(N)

and thus t̂ ≥ v̄(N)−v(N)
v̄(N) . The above reasoning also implies that if the

vector [(w̄i)i, k̄(−1S̄ , v(S̄)), (c̄i)i, ḡ] is an equilibrium corresponding to t̄ =
v̄(N)−v(N)

v̄(N) then w̄ ∈ C(v̄) and thus c̄ ∈ ECp(v).

Reciprocally, if c̄ ∈ ECp(v) then (N, 1) solves the firm’s problem (2)

corresponding to (t̄, c̄
1−t̄

) and thus
[

c̄, (−1N , v(N)), c̄
1−t̄

, 0
]

is an equilibrium

corresponding to t̄.

An immediate consequence of Theorem 4.1 is that the direct market has
a competitive equilibrium without taxes if and only if the core of the game
v is non-empty. In that case, the equilibrium wages are elements of the core
of the original game. Hence, the theorem generalizes Shapley and Shubik’s
(1975) result to arbitrary TU-games.
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5 Final Remarks

We proved that by considering production economies with indivisible com-
modities, every TU-game can be generated as a market game. A similar
result can be obtained for pure-exchange economies at the expense of a
more involved construction. The importance of indivisibilities in extending
the class of games that have a market interpretation have been pointed out
by Garratt and Qin (1997). The additional feature of our model – which
allows the extension of market games to the entire set of TU-games – is a
technological restriction that prevents disjoint coalitions to operate simul-
taneously: any productive activity requires the use of the same location.

Additionally, we have identified a (minimal) system of taxes and sub-
sidies that, in equilibrium, induce the firm in the direct market to employ
every agent in the economy. The corresponding equilibrium consumption
allocations are elements of the proportional extended core of the original
game, extending the familiar ties between core and Walrasian allocations to
the realm of non-balanced games.
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