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Coding and Information
Theory

3.1. Introduction

Just as Chapter 2 summarized modulation theory, we now review coding
and information theory with an emphasis on what underlies the rest of the book. We
will refine somewhat the ideas of E:P channels and coding that were introduced

_in Chapter 1. A data source is a sequence of independent symbols in this chapter,

and a channel converts these to another, possibly different, set of symbols. We
will see in'more concrete form how a channel code is a set of patterned sequences,
each corresponding to a data sequence, and how the patterning allows eriors (o be -
recognized and corrected. Channel encoding and decoding are the study of schemes
for creating these patterned sequences and for deciding the data therein after the
channel has taken its toll. Coding involves signal distances and Eo_um_u_::mm of -
error, as well as coding algorithms, their steps and complexity.

Tn a book about coded modulation it is worth repeating that with a binary

channel the only way to impose a coded patterning on binary data is to.add extra

symbols to the transmission, symbols that we colloquially call parity checks.
Section 3.2 introduces codes for this simple situation. Section 3.3 introduces an
important way to view codes, the code trellis. The trellis idea also applies to most
presently existing coded modulations, codes which are based only partly or not at
all on parity checks. Since most of the codes in this book are most easily viewed as
trellis codes, moowoz 3.4 introduces some basic trellis decoding algorithms. Other
ideas in-Section 3.4-are code concatenation, the combining of smail codes into
large ones, and iterative decoding, Hrnmo ogom?m lie at the heart om many Hoooﬁ
developments in coding.

The rest of Chapter 3 Eﬁoa:omm some R_néﬁ parts of mg:;o: infor-

, mation’theory, which is a subject quite different from coding. Shannon theory

thinks of a data source not so much as symbols but as a probability distribution
on the symbols; a channel likewise is a conditional distribution of the channel -
outputs given its inputs. Information is measured 3 a functional called entropy.
The theory proves limit theorems about this measure before and after the.channel

“and about what measure can flow through the channel. It is often difficult to infer
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hard conclusions from information theory about concrete encoders and decoders,
“but-the theory’s suggestions are provocative and roughly accurate, and this is the
theory’s appeal. . ,
Information theory has three main divisions, a theory of channel trans-
mission, of information in data sources and a theory of rate distortion, which is
about the transmission of information when imperfect reproduction is allowed.
Only the first division is of major interest in this book. We will focus expecially
on the Gaussian channel models that underlie coded modulation. . '

3.2. _u_m..=<-n_amnr nonwm_

The chapter cnm.:”_m with'codes that work by adding parity-check symbols

. to the data %E.wo._m. We will introduce only afew simple codes, but these nonethe-
Yess find direct use later in the book: The structure of more advanced parity-check
codes is based on the algebraic theory of finite fields, a major topic that we can-

- ot cover heré. Fortunately, these details can usually be divorced fromi the rest

of a coded modulation system. When not, we can recommend [2-4]. The section
ends with the notion of a soft/channel. .

3.2.1, Parity-check Basics
- ol

We consider binary channel codes that encode a sequence u®) of K data
bits into a codeword W v_.&ﬂ_n:wﬁr N bits.}. We will assume for now that the K
- data bits are gathered together and form the first K bits of the word; the last N-K
bits are the added parity theck Bits. A code such as this, in &”Eor the data bits
explicitly appear, is called a systematic code. The rate of this code, in data bits per
channel use, is K/N. . | . , . )
- When a codeword passes through a binary symmetric channel (BSC), the
“charinel inverts some of ithe: bits of x at random to form the lengih-N received
vector y. In a standard BSC, these errors occur independently with probability p.
We can write y = ¥ -+ ¢/ in which the addition is bit-wise mod:2 and e is another
length-N sequence called the error sequence. An error in the jth position means
thate[j] = 1; otherwise] e[j]1 =0." ,
: In analogy to the maximum likelihood (ML) recejver in Section 2.3, it

is possible t derive an Hc:.. sreceiver for the BSC. As always, the receiver should

find the max imum over i Om ?o probability P[y | x;], where x; denotes the ithof a
set of words E&.Q. consideration. Starting from Eq. (2.3-2) and adapting the steps
~ thercafter, we jget the analog to Eq. (2.3-4), that
o i P|lEl= A=A p <12, (3.2-1)
15 denotes a 8& vector @w ength N; x' denotes a column vector; x; denotes the ith of several
such vectors. |x] j], denotes the jth component of a sequence oF veclor x. C

Coding and Information Theory 77

in EE.or d; is the number of bits in y and x; that differ. This is simply the number
of H.m in the sequence y + x;, the Hamming distance, denoted kp(y, x;). It.is
equivalent to maximize the log of Eq. (3.2-1) over i, which yields .

_ Find i that achieves: max(N — d;) log(1 — p) +d; log p.
i .

By eliminating N log(1 — p) and reversing the sign, this becomes

"Find i that achieves: mind; log[(1 — p}/pl. (3.2-2)
P

M_.E. p < 1/2, this boils down to minimizing 4;, the Hamming distance Ap(y, x;)
0y, : ,

o When the source probabilities mo_..o%: xare m<&.§£? :_u.mnogmm,. possible
to specify an MAP receiver. In analogy to Eq. {2.3-3), the receiver executes

‘Find i that achieves: max(1 — py¥ =% p% P(x[i]],
]
which by the steps above becomes
Find { that achieves: EM.E d; log[(1 = p)/pl I._om Plx[i :. (3.2-3)

As p ~» 0, the choice in Eq. (3.2-3) becomes the ML choice in Eq. (3.2-2).

H.u any real transmission system, d modulator somehow undetlies the
wmoﬂ &:o: is just saying that symbols have material existence when they ﬁm..
transmitted. A simple situation would be that antipodal mmm:m._::w — or for carrier
.ancmm:oz. either BPSK or half of a QPSK - underlies the BSC. In these cases
pina BSC is Q(2E,/Np). It is commen to plot error rate for a BSC aooomom
..mmmEE the Ey,/ Ny obtained from p through this equality. On the other hand, little
is known sometimes about the underlying channel, and there may not even be a
momsm&._m channel error probability. In such cases, one can still employ a minimum:
Em::s_:.m distance decoder to correct errors without, of course, defining a decoder
error ?.o_.umcw:_ww.. Probabitities of any kind are not actually required in what follows.

o The simplest parity-check code is the repetition code, that iransmits one
%:w c.: per codeword by simply repeating the bit N times. Cleatly, a simple
majority decision will correct up to' [ N /2] transmission errors: The code rate is
1/N. The opposite of a repetition code is a single parity-check code, which carries
N-— .H data bits in.each word, with the N'th a parity bit chosen so that the bits sum
mod-2 (6 zero. This code cannot correct errors, but it can detect the presence of

any odd number; in particular, it can detect a single etror out of N, which with

a’'short block Hsm& and a reasonable charinel, can greatly reduce the undetected
error rate. The rate is (N — 1)/N.

. mm.m.om<0 oo%m most n.&:_m time need to avoid the extremes of these two
codes. A parity-check cede does this by defining the set of codewords to be the
:,::_ m.ﬁmno of a matrix, Emﬁ is, the row vector x is a codeword if

xH=0. (3.2-4)
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Here H isan N x N — K binary matrix, 0 is the length N — K all-zero row vector,

" and arithmetic is over the field of integers mod-2. In a single parity-check code,

H=1(11...1.Fora systematic code with the first K bits in x being the data

bits, H will have the form

= P 1 (3.2-5)
In—x .

where I y_x is the identity matrix of size N — K and the K ¥ N — K matrix
P is what we are free toj choose. Equation (3.2-4) expresses in: matrix form a’
setof N — K parity-check equations, all of which must be satisfied by x if x is
acodeword. - : _ ,
L - The solutions S_mn_.. (3:2-4) form an. algebraic group, mmw:oo the bitwise
‘mod-2 sum of any two solutions to Eq. (3.2-4) is itself a solution.” For this reason
parity-check codes are called group codes, or more often, linearicodes. The prop-
erties-of the group so formed are the key to the decoder desigi for the different
types of linear codes. The minimum distance of a linear codé is in analogy o
Section 2.3 the least Hamming distance between any pair of words, For word 0,

the closest E@.&wm the one 38. the least weight (i.c. the fewest.18). Call this one
w and its weight dy; since w -+ w s a word lying this distance from word x,itis
clear that any word has & neighbor at the same distance and no closer. dy is, i
fact, dipin, the minimum m”&_.m.hmsoo between words-that occurs in the whole set of
codewords. Further arguriients like this show that all words in a linear code have
the identical constellation of neighbors. :

From the triangle inequality, a linear code with a minimum distance
decoder can correct. all méw.wmsmﬂ bit etror patierns only if ¢ < dpin/2. When
channel error sequence e occurs; the received y is X -+ e, and Eq. (3.2-4) becomes

LyH=(x+e)H = 0-+eH. {3.2-6)
‘eH is om:,& the Q;&ETR of x. If e consists of a single 1 in.the jth place, the
syndrome is the jth row _o H; if e indicates errors in several places, ¢ H is the sum
of the respective rows of _E If all the rows of H are distinct, it is clear that all single
errors inx can be &mﬂzm_y_w_mrma by their syndromes and corrected. More generally,

if .9_63_ combination of ¢ rows is distinct, then any ooagnmmor of t errors can be
_corrected. A decoder that;works by finding the syndrome yH, mapping to a set of

error positions, and ooﬂn_.o.m“:m these positions, is called a syndrome amooao_..m:o:

~ asimple Sm_a, look-up procedure is practical for short codes. Much research has .

gone into finding less b Jky procedures that are based on properties of the code
group. - _ -

2 One needs to w,:o“é as. well 52 the codeword 0 is the identity element, that each’element has an
inverse (namely,
. vl

itself) and thiatthe addition is Ccommuiative;

| i B R
When yH = 0, y is already a codeword, .and is usually the one sent. .
e so if e :Mm.w_m is'a codeword. When. e H is not 0, an ML decoder,
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in accordance with Eqg, (3.2-2), will decide in favor of the codeword closest to-y
In a syndrome decoder, it is this error pattern to which the syndrome is Eﬂ%ma.
The syndrome decoder cannot guarantee cotrection of more than |drin /2] oﬂ.o_.m.
because no decoder based on minimum distance can do so, but it remains to _um

: .m_pog.g H.Fﬁ.n really corrects up to ¢. This follows from the fact that x 3 H = 0 for
the minimum weight codeword x ;. Consequently, dmin rows of H sum to 0, but
no fewer rows n_? since then the weight of x i, would then be less. Thus owoa\
sum of ¢ or fewer rows must be unique, which implies that every e with ¢ 9“. fewer
errors leads to its own syndrome, -

. The Hamming codes are a simple but.effective class of codes that cotrect
all single errors in the codeword. By definition, the rows of H for a mmBBEm
code consist of all the length N — K words except 0. There are 2¥-% —'1 of
5%@...“5@. so the length of a codeword is N -= 2VN—K — 1, Bach row of H is the
syndrome for one of the N single-bit errors. Hamming codes have rates of the
form R =2 —1—£)/Qf - 1), for£ =2,3,... :

—wxu!.u_m 3.2-1 (The Length-7 Hamming Code). The first non-trivial code is the
one with N — K ==3, which creates the code and H shown in Fig. 3.1. The 16
words .&mﬁ satisfy x H = 0 are listed: The code is a systematic version of this
Hamming code, with the first four bits equal to the data bits; H with a.different
arrangement of the rows will lead to a different version of the same code. The
syndrome (x + ) H = 110 occurs when there is an error in the first place; although
110 also occurs when there are errors in places 2 and 4, the pattein e = 1000600

“ is So..Somm likely one. All' Hamming codes have minimum distance 3, which is
 clear in the figure for length 7. .

110
10 1 1
: 3 I |
"1t o0
010
0.0 1
0000 000 0101 110
1000 110 0011 010
0100 011 1110 01:0
6010 111 1101 000
0001 101 1011 100
1100 101 0111 001
1010 001 1111 111
0110 100
1001 o011

. Figure 3.1 - Parity-check matrix H and the codeword set for the systematic (7, 4) Hamming code. The

first 4 bits in each word are the data.
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A standard notation for block parity-check codes is the form (N, N ),
which means codeword length N and K data bits, The above example is a
(7,4) code. 3 . : »
An alternate way to define a parity-check code is by its m.n:owmﬁo.n matrix,
the K x N matrix that maps the data bit word u to a codeword x according to

x = uG. (32D

For a systematic code, G Has the form | m.
| . g=ixm, o 029
where P is the K ix (N — K) malrix in Eq. (3.2-5). From the form of m@ (3.2-D,
it must be that each row of G is a codeword, and the code must consist of 0 plus
a1 2K — 1 sums of the rows of G Since xH = 0, it must bejthat uGH =0
for m:.E oo:mnewm:s% it must be that GH .= 0, with cm_n_.m E_m H: x.(N.— N )
all-zero mairix. We could equally well write this as (G H)Y" = H | Q qH. _c. &&_os
is an expression of the fact that H' can be a generator matrix and G can be the
um._.:w._osa.ow matrix, for alength-N code with the new rate (N — K)/N.This nwaw“
which encodes N — K data bits rather than K., is said to be the dual code to the
one generated by G. L

3.2.2. BCH and mmmn_,.wmm_oio: Codes

These m:%onm.:ﬁ odes m_wo members.of a large m:,cn__mam Sa the linear codes
called cyclic no._n_mm. These are codes whose words are all cyclic mﬁ_&m of each oEowﬁ
The.(7,4) Hamming ooﬁ? Fig. 3.1 is one such code. Words ::EGQ. 2,3,7 _.H X
m“‘ 11 and 5 form a set of right shifts; there is one other mm4o:-Eo§cQ. set of shifts,

..8:_5@ ntm?‘Em éoam___m:”:_._mzaoooooooma mr._mﬂmo?:@gm@?om.#nm: be

shown that for a cyclic cade there exists a generator matrix whose rows are cyclic

shifts as well. This new js_m:.mx may not set up the same ooﬁm%obao:no cogmns

amﬁwso&mganoa@ioam,wcﬁﬁoo<m_.m__mme Omoomnﬁ_o&mi.w:cmEommEo,m:a
the code is therefore taker as equivalent. L .

The o.wo:o. Eovm@;% as well as many of the "Emn.:mEmm of cyclic codes,
are, easier 10 rx@_amm ,E:FE.“@ delay polynomial notation. nosma..ﬁ the word x =
a:.< - 1], x N-=-2],.. _ - x[0], with bit number 0 taken as the rightmost one; 1ts
polynomial notation is mWZQ“, by

m N-1 3
x(p) =Y xEIDY C(329)
=0 .

in which the pofynomia

[ va iable D can be thought of also as mwmimﬁz.m a n_obm% ﬁ.ﬁ.. .
one symbol W_uom:._os. m‘o.mﬂ wm_oion way to generate the words ina code if it is cyclic :
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is by the polynomial multiplication #(D)g(D), in which #(D) represents the data
word u, g{D) is the first of the rows in the generator matrix, and operations on
coefficients are mod-2. Some investigation shows that because the rows of & can-
be taken as cyclic shifts, the matrix operation ¥ = u( in Eq, (3.2-7) can indeed
be replaced by x(D) = u(D)g(D). g(D) in the (7, 4).code, for example, is D3 +
D? 41, which is the row vector 0001101; for the data word u. = 0010, represented
by the polynomial D, the polynomial product #{D)g(D) is D* 4 D3 + D, which
is the codeword 0011010, This codeword corresponds (o data word 0011 in the
‘Fig. 3.1 list, which is not the # we have just taken, but the u(D)g(D) process
will eventually generate the same list if continued through all possible u (D). The -
operation u (D) g{D) has terms beyond the power N — 1, and we emulate the cyclic
shift through the requirement that words of order greater than N — 1 be taken as

x(D) = u(D)g(D) mod(DY — 1), (3.2-10)

that is, x(D) is'the remainder when #(D)g(D) is divided by D¥ — 1, It can be
shown that g(D) generates a cyclic code if and only if g(D) is a factor of DY — 1,
and further that g(D) is the unigue nonzero codeword polynomial of least degree
in the code. A rich ¢coding theory grows out of these facts and leads to many clever
decoders [2-4]. :

The BCH and Reed-Solomon codes are cyclic codes for which g(D)
breaks into factors taken from a certain kind of polynomials that stem from the
theory of finite groups. These and the final g{D) are listed in algebraic coding the-
ory texts. In BCH codes the polynomials and the g(D) take on binary coefficients,
while RS code polynomial coefficients are non-binary. For any fn = 2, there exists
an (N, K )BCH code that corrects ¢ errors, with N = 2% —1 and K = 2" —1—mt..
BCH codes are quasi-perfect, which means that for a givén number 2¥ =X of syn-
dromes, they correct all patterns of 7 or fewer errors, plus a set of patterns of ¢ + 1,
and no others. For the BSC with p < 1/2, no code of length N and rate K /N has
lower word error probability than such a code. The Hamming (7,4) code is a BCH
code with m == 3 and ¢ = 1. A double error:correcting (15,7) BCH code (with
m = 4 and t = 2)is generated by g(P) = D8+ D7 + D% 4+ D% + 1; its 256
syndromes can be used to correct all 121 patterns of two or fewer errors, as well
as 135 three-error patterns. .

.. InRS codes, the coefficients of x(D), g(D) and the data u(D) are taken
as non-binary, and in fact are usually from alphabets of size 2¢. In a way parallel
to BCH codes, RS codes correct ¢ or fewer 26-ary symbol errors. As an example,
there exists a (15,9) RS code based on hexadecimal symbols, that corrects three
symbol errors, The generator is _ ,,

Wﬁbv”bmn_lﬁbm +©U#.+wa+hbm+ﬁb+&w

where the hexadecimal coefficients are  denoted in the usual way 0, H._ N

a,b, ..., f. Arithmetic rules between these symbols need also to be specified
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during the code construction. The code encodes nine hexadecimals, or 36 bits,
into words of length 15 symbols (60 bits).

3.2.3. Decoding Performance and Coding Gain

Usually, but not always, decoder performance means ?.owm.cEQ of error.

When probabilities 85:1 cma@mnoa.gos Em:c:_coaoﬁoz.omm .ooﬁaoaamm:a
performance measure, m@_,_a_.m_ co_:a.m on N , K and d can be constructed from the
combinatorics and the algebra that govern parity-check codes. The most important
of these is the Gilbert-Varsharmov bound, which is based on the fact that no
combinaiion of diin — 1 of fewer rows of H fnay sum to zero. It can be shown [2-5]

that this implies

drpin—2 .

i=0

which is the precise form of the bound. It gives a liriit on dipip in terms of N.and
K, or alternately, N and the rate R. .

An interesting dsymptotic form results when N and K. become large at a
fixed rate K/N. A result of combinatorics states that for dgn < N/2,

MA_.E:aLN AZ . H

14

=0
L e : . b
as N — oo, where hp( )is the binary entropy function (fora an. of this function,
see Bxample 3.6-1). This, Eq. (3.2-12) becomes in the limit:Ag (dmin /N) < 1—
K/N= 1—=R. mw_mom Bi( ) is monotone in the range of interest, we have

(1/N)log v o /) G212

| /N < byt (1= R). , (3.2-13)
This is a bound on ﬁ:_n,m“n“E@éEm minimum distance mm.m.m.mo.emo: of block length.

When the channel is a BSC with a definable crossover p, the p and the

capacity m%m@ p = mmh (1 — C), as we will discuss in Section 3.6. Consider

coding at a rate R closg to, C in this channel. On the average thére will be about

_pN channel errors in each length-N codeword, and yet Eq. (3.2-13) states that dyin
is less than N nm_ﬁ - R), which is about Np. Thus no parity-chéck code exists that

 always cortects even half the numbet of errors that we expect to occur! Fortunately,
parity-cheg _e codes co _RQ“ many error patterns at weights above dmia/2, even if
they do iot cortect all om??? Both in theory and in practice, their error probability

. : | . . . .
is set by how far beyond diin/2 they continue to correct most eITors.

- such technique is the transfer function .Eo&oa (see [5,11,19])
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- When a full BSC with crossover p can be defined, one can compute an
overbound to codeword error probability for a #-error-correcting code as

?mM ;.2:( Ez-; a.m-zv
n=t+l : . .

This estimate assumes that ¢ + 1 or more channel errors always lead to a decoder
error, which will be true for at least one such error pattern, but may not be true for
too many others, particularly if the patterns have .E.wﬁ t +.1 ertors, BCH and
Hamming codes correct all the t-error patterns, possibly some at ¢ 4 1, and
no others; however, the convolutional codes in the next section correct ,Emb%
longer patterns. The only way to refine Eq. (3.2-14) perfectly is to enumerate the

" correctable patterns. :

For a fixed N and ¢, as p — O the log fi i )
. , g of the fight side of Eq. (3.2-14
tends to (£ + 1) log p. The asymptotic formof Py is thus? T OZD

pw~ p'th (3.2-15)

When the decoder decides an incorrect word, data bit errors must necessarily occur,

- but there is no set rule about how the data bit error probability Py compares to Py.

Obviously, P, < Py. Once again, an enumeration of the cases is needed and one

Since the output of a BSC is one of two symbols (namely, the two that m.ms

_ be sent), it is called a hard decision channel. A standard way to view the gain from

a code over the BSC is to assume that an AWGN channel and a binary antipodal

. .E_oﬂ:_mgcn underlie the BSC. Therefore, p = Q(+/2Es/Np), in which E; is the
| modulator’s synibol energy. Since the code carries R data bits/channel use, our
usual energy per data bit must be Ef = Es/R, where the superscript ¢ is a reminder

that the transmission is coded. Substitution for E; then gi V2
. Lis coded. . or Eg then gives p = Q(,/2RE}/No),
and the tight approximation to Q(?) in Eq. (2.3-18) converts this mmvﬁgwﬁoa%m:u\ as

p-+0to

p~(1/2) exp(—RES/Np). (3.2-16)
If we combine Eqs (3.2-15) and (3.2-16), and take P, = Py, then as p. — 0 the

| ‘log of the data bit error probability P, tends to (¢ + D(—RE;/Np)loge.

. .im_.,:oc_“,.oo&:mi P, is simply Q(,/2E[°/Ny), whose log tends to
—{Ep .E.év _omm,. .i._ﬁno uc ‘means uncoded.. If we equate these two log
probabilities, we obtain the asymptotic ratio Ef/E¢° that is required to maintain

the same log probability; in dB it is

G = 10log;y R(: + 1) dB, (3.2-17)

3 See Section 2.3.2 for the technical definition of ~.
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This is the asymptotic AWGN hard decision coding gain. It shows how much the
uncoded system energy must be increased in a good channel in order to ruaintain
the same error probability.

A soft decision channel talkes in transmission symbols (binary here) but
puts out symbols in a larger alphabet, for instance, over the real numbers. A.
standard way to view coding gain in this case is to once again assume binary -
-antipodal signaling in AWGN, but now with real inputs to the decoder. One unit
of Hamming distance between binary codewords transtates 1o a Euclidean square -
distance 4 E; the 95:.5:3.. distance between codewords becomes dmind Fs When.
normalized to the data bit w:ﬂmﬁ the same distance becomes _

4 EgGumin/ 2Es/ R) = 2Rdin- _ (3.2-18)

The probability of deciding a word as its :mmhomr:ommrwco,n is then from
Eq. (2.3-22). the 2-signal probability  Q( uh&.a.amm /No). ﬁm&oﬁ coding, the

antipodal signaling ertor Ecvmg_:@ is Q(/2E°/No) as usual. Following the .

‘'samne steps as for the hard ‘channel case, we obtain the ratio

Gy=, 1010gyg:Rdmin = 10log1o 2R(t + 1/2)dB. (3.2:19) .

This is the asymptotic soft decision coding gain for the AWGN channel. Compating

"Eq. (3.2-17) with Eq. (3.2-19) shows that soft decision leads in theory to'a 3dB
coding gain. SN L
: In Section 3.4, .ﬁm will introduce the idea of a soft decision decoder,
and it is easy Lo confuse this notion with a soft-output channel. 'The soft decoder

puts out & probability that its data bit decisions are correct, together with the bits.
To reiterate, {he soft-outpiit channel puts out a higher alphabet variable, which,
a decoder, ..:.mw:. gither hatd or soft, can use to make betier decisions.

3.3. Trellis Codes

icodes whose words have a regularly repeating struc-

| s,o_:._m of a code closely relates. to the Viterbi decoder
for the code, but the no ions of paths, states and branches. in a code trellis also
‘provide a language 1o describe other kinds of decoders. We will begin with convo-

0 We now tarm. t
ture called atrellis. The

intional codes, a class of parity-check codes that are also trellis codes. However,

continuous-phase Bogiw.&o& (CPM) and partial response signaling (PRS) codes

are not in “mpv\w&mm parity ,omoow. It should be mentioned ,ﬁruﬁm:.samoﬁn&nomnm

‘have some sort of trellis structure, and the study of these structures 1s an interest-

ing subject, ﬂuﬁ in this book: “trellis” codes will mean those with a certain highly
regular siracture. . :
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3.3.1. Convolutional Codes

Viewed as a parity-check code, a convolutional code consists of words x
defined through a code generator matrix by x = uG. Herethe arithmetic operations
are an..m. u is the data bit- word and G is the generator matrix as usual but with
the special form:

Go G Gy .-+ Gy
’ Qo QH. ..QN. v QE
G = Go G1 G2 - Gy (3.3-1)

in which the successive rows consist of GGy - -« Gy shifted right by a fixed step
for each row and the pattetn is truncated on the right, The elements not shown are
ZEros. .H.m._ﬁ acode of rate R = (log, 8)/c, where ¢ and g are E&mﬂ.mw in practical
codes B is a power of 2 and so it will be convenient to denote-log, £ as b and take
the nm:.u as b/c. The building blocks G ; in Eq. (3.3-1) areh x ¢ submatrices. It will
be easier to work first with the.case & = 1, which yields codes with rates of the
%oz: 1/2,1/3,1/4,.... Then each of the building blocks G j-consists of the ¢ bits
in the row vector {G[1], G;[2], ..., G;[cl}, and there are m -+ 1 such building
blocks. m is called the memory of the convolutional code, since from the form of
x = uG, aspanof m -+ 1 data bits affects a given code symbol.* m sets the code’s -
complexity and strength. . o

o .Hso concepts are much easier to visualize through an example such as
the following, which is a standard example of a short systematic code of rate 1/3.

quﬁ.ﬂ.—m 3.3-1(Memory 2 Rate 1/3 Convolutional Code). The submatricés will be
Q..o = 111, Gy == o.ﬁ. Gy = oor each with length m -4 1 = 3. From Eq. (3.3-1),
the generator matrix is the top. of Fig. 3.2. A length-N codeword is given b
¥ = gE)G. N and K may tak onvenic 50 A 4
- N and K may take any convenient values, 50 long as K /N equals
the rate. For example, with N = 15 and K = 5, G is truncated to the 5 x 15 matrix

111 0t 001
111 011 001 _
111 011 001 |. (33-2)
111011
R |

The .@Em 10011 will produce the codeword 111.011 001 111 100. (The spaces here

and in Eq. (3.3-2) are inserted only for legibility.) The underlined bits, it can be

seen, are the data bits; in fact, the corresponding columns in Eq. (3.3-2) taken by .
themselves form an identity matrix, and so the code is oimgzw mwmﬂwim&o.

4 ; .
»: older term for meaory is constraint length, by which is meant the quantity m + 1.
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Figure 3.2, Rate ,:..u ma:ﬁﬂo” s..__m.wax G of width 15, for Example 3.3-1 (top); shift register encoder
maﬁ_oamuﬁao:“@e:aiv. P : . .

The essence of the code generation in Eq. (3.3-2) is that noaoéoﬂ bits

are Eon_:o& in muﬁ.oc,wm ow__ , groups of three in m._o example. H;mmcoﬁmoa of mu g. mm
is a circuit that produce _E.o“mxmBEm code bits in a way that .wm_mo_:maﬂ.mcq easier
to follow than the generator method. The data bits enter a m_:m..ﬁ register on the left,
~and the cods bits are mm@ﬁ.&mn_ by tap sets and leave on the right. H.rm tap sets, or
momn_&oﬁm, as they are oﬁ__mm, are themselves defined in vector notation as follows:

m: = Ruo:_, Gilll, ..., Gn(1l)
g; = (Gol2}, G1[2], ..., Gul2]}

(3.3-3)

. u {Golcl, Gile), ..., Gulcl}-

W s
f

Here, G;[ ,H%_so.am th
generator, for example;

g1 and is justjasingle tapiback to the data stream. It produces the first of each group
of three codeword bits. Tap sets at the middle and bottom implement g3 and g3.

_ e U
|

nith componentof a 1 x ¢ submatrix G ;- The second -
orm._mﬁm of the second bits of each'building block. The -
second tap set will consist of atap at each ‘1”-in this “mosm,mmﬁow. M_._ mxm.BEm 3.3-1, :
the mw:mwm&% are gy =100, g5 = 110 and g5 = 111. The top tap set implements ;
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It will be convenient to denote the first tap set output sequence as x,
the second as x3, etc. up to x,. The ¢ sequences interleave to form the complete
codeword. :

Yet another way to generate convolutional codewords is by the simple
formula

m )
ol =Y aljluin - jl,  k=1,...,c. (3.3-4)
j=0

In the notation here, u[1) denotes the rightmost bit in the shift register, the oldest
_one, just-as in the delay notation of Section 3.2.2. Each.x; equals the convolution

Xi = g * u, aconvolution of the kth generator with the data bits, In the succeeding
chapters, we will exclusively use the convolutional form of Eq. (3.3-4). Generator
vectors will be given in left-justified octal notation. For example; the rate 1/2 code .

.with g; = 1101 and g, = 1111 has generators 64 and 74, and is called the (64,74)

rate 1/2 code. The code in Example 3.3-1 i the (4, 6, 7) rate 1/3 code.
It remains to take E.o cage of rates b/c, when b > 2. Now it is easiest to .
think of the data as arriving in blocks of b, which are de-interleaved into b streams,

“Uy,. .., Up, as for instance in Fig. 3.3, mmo__H stream feeds its own shift register,
.and taps on these registers feed a group of ¢ summing junctions that produce the
_c output streams; any register can connect to any junction. Now there are as many

as be length m + 1 generator sequences, which we cai denote as g, ,, for each

k=1,...,candeach£ = 1, ..., b. The convolution form of Eq.(3.3-4) _umooEmm.

: bom - : ) .
ol =) grelilueln =71, k=1,....¢ (3.3-5)

£=1 j=0r

‘with the x;, interleaved in the usual way to form the complete x. The G-matrix

u::&um.gonw.m are iow obtained from the generators by

g1,101 e1lil -+ gealfl

812071 g.20i1 - gealdl .
Gy=| L =0,m (3.3-6).

g1.6l7/1 gaplil - geplil

The :.oﬁumo.:m here are easiest to learn by another ﬁmﬁgm&.mxmgm_o..

. wmwﬁe_m 3.3-2 (Memory 2 Rate 2/3 Convolutional Code). 'Take as generators the

six sequences - :

81,1 = 100, .mm_e.u 010, = g3 =110,
g12=011, = g;,=000, g5,=100,

“The shift register circuit that produces the codewords appears at the bottom of

Fig: 3.3.-Commutators at the input and output de-interleave the input and inter-
leave the otiput, Two bits enter: for each three that leave. The second of each input
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161 011 000 .#
001 100 100

101 011 000

001 100 100-

101 011

001 100

101

ﬁ oo

W m.“ . ) X3
ool +

.‘\.
-\Y

.:m

En—.:.a 33 mma 2/3 generator: Bm:_x Q of width 12, for mxmBn_o 3,3-2 (1op); the shift register encoder
) uaw_mﬁmamgn @a:qz& !

pair has no effect on the se o_a of each output :G_m, thisissi ms_mma _3 g22= ooo
Using Bq. (3:3-6), we cal btain the G-matrix shown at the top of the figure, s.:m%
-the block _osmﬁr is set to' 12. Take the data input & = 100111 oo De-interleave
this is #7 = 1010 and # = 0110. The o_EuE streams are x =:1000, x2 = 0101,
x3 = 10013 interleaving, these gives x = 101010000011, ér_or is the result
of uGs. Eﬂ.@ the first _u; Lo enter of leave the encoder circuit is on the left.)

Tmmense E@EER exists about :5 propeities of oo:<o_sﬁo=m_ codes,

"a review of which can
interest is Bom,& the ogooEm of minimutn distance and error event, but these are

easier to Emocmm in'terms. of acode trellis i in Section 3.3.2. The references list codes
with best E_EEcB distance at each rate and memory m.

A mwmﬁamﬁc noio?ﬁo:m_ encoder produces the.data bits Qﬁro_sw asthe .

first b bits Om cach- oz:ui mﬁo:m of ¢. In the convolution formula G.w..b.. itis m_mm.s.
that g | must Uo 100 -+~ o in/a rate 1 /c systematic encoder., A generalization of this

applies to mn (3.3-5) >= o_, the convolutional encoders so far here have 83&:@& :

mma%o_sw_n m:& _mmumﬁoa 't is also @o%_E@ to generate feedback, or “recursive,”

 found in [2-6],-and [11] is a full _osm% treatment, Our
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X

¥

Em-_ama m:_m nom_mﬁ.a _EEmEmmEcou o?:sﬁ:u H.nnago_h mwmagmsngnoao:_ wu\ NC,SE
&) =46and gy =72 :

- convolutional codes by means of a feedback shift register like Fig. 3.4, The figure

‘actually demonstrates a systematic recursive code with rate 1/2: The first bit in
.each output pair is directly the data bit and the shift mmm_maa in the figure EnSme_w
generates the ?EQ -check symbol.

" The feedback register needs a littlé more aﬁu_msmso: and we will use
as an aid-the D-transform notation of Section 3.2.2. The Hmm_man in Fig. 3.4 car-
ries out the polynomiai multiplication by g2(D)/g1 (D), it which the division is

‘the polynomial kind, but the coefficients add and multiply 5 the mod-2 rule. The

highest order term in g1 (D) or g2(D) ooqnmm.o:% to the Em:nzomﬁ register tap.

‘The division may carry on indefinitely, which is to say that Eo circuit has infinite .
unit response. The register has two tap sets, a m@mamo%m& one whose taps cor-

Emco_a to the 1s in.g4, and a feedback one whose Svm are the s in gy Am;E
must always be 1), With the corresponding tap sets, the circuit can carry out any

, :qu 82(D)/g1(D). A general rate 1/c feedback oo:<o€:o=& code ios_m require
¢ registers of the kind in Fig. 3.4.

A theory has developed that compares the different types of convolutional
codes. We can summarize the HBﬁo_.EE results briefly. mc_. brevity, restrict the
rate to 1 \n.

1.  For a given rate R and memory m, nonsystematic feedback codes have in

- theory the largest distance. However, at short and medium m, few, if any,
feedback codes are better than the best feedforward code at the same R
and m. Thus, nonsystematic feedback codes are seldom used.
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2. For any feedforward code, there exists a systematic feedforward encoder
that generates the same set of words; however, its memory may be as large
as N /e, the number of data symbols. If its memory is limited to that of the

. original code, the distance will be much worse.

3. For any feedforward code, there exists a systematic feedback code with
the same m, that has the same codewords and therefore the same distance
properties. The words in the two codes may correspond to different data
sequences. e

Since the mmo&o_néma code class includes essentially;the best-distance
codes, it follows that feedback is an important aoria:m._umnmgmn it allows these
best codes to be at the same time systematic. It can be shown ithat the feedback
systernatic code that cortesponds to the rate'1/¢ feedforward code with generators

g1(D), s me,ﬁUv rmm.&a generators |
(1, 2D}/ g1(D), g5(DY/81(D), -, £e(DY 1)) B3

For example, the rate 1/2 code (46,72), which has g1(D) = 1+ D3 + D* and

g2(D) = 1+ D + D? 4 D*, has the equivalent systematic feedback code with

generators 1 'and ga(D)/g1(D); the circuit for this is Fig. 3.4.

' 3.3.2. Code Trellises

' Any realizable encoder is.a finite-state machine %ww\c and a trellis is

a graph of all possible state transversals against time, The wellis waom was suggested

by G. D. Forney around qu The concept originally grew up asa way to visualize

convolutional ‘Godes and, we will start the discussion of trellises with these. The

. trellis ooaomwﬁ. leads &aﬂq to a basic decoder, the Viterbi amﬂmu&:a (VA), which
we take up in Section 34. . .

ﬁﬁ _u.nmm:.a.: “mﬂ.wz_ .ammna@aow of a oo:<o_=aomm_m_w.=noam_... The state
of an encoder such as Fig, 3.2 can be defined at time » by the b-ary data symbols

u[n — 1], :? —21,.:.}#fn —m). The output of Em.&moon_ﬁ.,. (which is a c-tuple)
depends on| these sym ols plus the present one, uln}; that is, on the last m + 1

" data mchoh;m. The ‘tretlis is created from the state transitions by plotting states
vertically against time evolving to the right. Figure 3.5 shows the trellis of the

" machine in Fig. 3.2, assuming that the FSM begins in state 00. Nodes in the trellis

represent states in the mmz "The trellis breaks down into stages. At each stage.

two g.m:n:w@ leave each:state, one for each present data bit, and after two stages, .
two branches ¢énter each state. After stage 2, the trellis is fully developed and

repeats :i mw?o&aﬁm&, patiern indefinitely until the data stops. The branches.
each ooﬁmﬁ branch _m“w_m__m,. which are the codeword c-tuples, and the data bits.
in cmnasgwmﬂ,_.aafa the transition. The states are numbered in a binary coded.
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Time 0 1 2 3
‘State
0

Figure 3,5 The code trellis for the rate 1/3 convoluti rated i
gur , i utional code generated in Fig, 3.2, Sm:
aré the data bits that canse-each transition; large figures are branch labels. ’ i ol Deues

aoorsm:oH.mmmEmmoPs:rEo_m ..._ . ..
Joere Hommm%ﬁ i mmﬁ m_mEm_o.mE Eﬁmaza :,v .Eo oEomﬁcnS.Eo
Co Any path through the trellis s ells out a codeword, b i
,.%an all the possible words. As m%oxmBEn_, the data wm_maxﬁm ,mewwn :,,n:M
“Hoo ... produces the shaded path in Fig, 3.5. (Recall that bit 1[0] w.m anmmm.ﬁ to
enter the encoder shift register.). The path rejoins the.all-zero path, caused by
= 00. .. 0, after three stages. The set of future paths:is identical in front of these
two ﬂr_.on..._u&:or codeword sections {000, 000, 000} and {111, 011, 001}; the two
%m& sections are said to merge, in this case, to merge at state zero m&on mmmm@ 2

- The trellis makes it easy to visualize minimum distance. If oo=<oEzo~.~m_
.owanéo.ﬂm are'of length &, which implies N /¢ trellis stages, the code minimum
_&mﬁsoo is the least nonzero weight of a path.in the trellis. (We use here that the
g_.,ﬁm:om mﬂznﬁE.n of the code is the same for all words, and assume that the all-zero
.ooams.oa is sent.) The general problem of finding the least weight path through a
trellis is solved by dynamic programming, which for a trellis is the VA. In finding
the least é&m:.ﬁ path, we will consider only. those that leave the all-zero .@m_& and
wmﬁo_. merge to it again; we will take care of the low weight paths at the far right
in-the trellis later. Some study of the example in Fig. 3.5.shows that Ewoum the -
paths that split and later merge, the least weight path has weight 6, no matter how
long the trellis runs. The shaded path'is-one such path. A minimum distance has
oﬂ:ﬂ.na tather soon in the trellis and no elongation will give a larger distance
H.Em phenomenon occurs in general and the limit to: distance is called- the .wwmm.,
distance, dy. Not all trellis codes have the same distance structure around all 9@#
codewords, and so we give a more general definition as follows:

Definition 3.3-1. The free distance is the least dis
| . : tance that occurs bet | trelli
cadewords of unbounded length. weenells

- In a convolutional code trellis, the path pair that yields d lie separate at
east m + 1 stages, but the separation is often somewhat longer. In general, the
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State 000 00x 000 00x

3 ®

- Figure 3.6 A punictured trellis code, using Fig, 3.5 as'the mother code and a 2-stage puncture pattern
that deletes every sixth bit, w:mm denoted “X” are not transmitted. ) .

dynamic prograi searchifor df must extend far beyond m + 1 in order to be sure-
of finding the minirum merged-path pair. g T
With a convolutional feedforward encoder, the trellis slate transitions are
easily derived from the shift register contents and the present data symbol: if the
present symbol is, for mx&n.%yo binary 1, and the present state is.01 10, then the next
state is 1011, with the old present bit on the left. With recursivé codes; the left bit

" is niot necessatily the old present bit. The 2”-state trellis.can nonetheless be filled

out by enumerating all the transitions, and the decoding, distance finding, etc., are
then the.same as always; ;= : o
The trellis stru¢ture is:convenient also for visualizing punctured codes.
These are codes in SE.&.H patity bits. at certain times are- simply deleted, or
“punctured.” Consider again the binary code-in Fig. 3.5. Ifiwe simply ignore
every sixth codeword bit] we have an encoder that puts out fivé bits for every two

data bits, which is a wmﬁw,\.m encoder. A section of this encoder trellis is shown

_ in Fig. 3.6; the free &_m&__an is now reduced to five. The original code in Fig. 3.5
is called the mother, o, parent, code and the every-sixth bit deletion scheme is
called the Esﬁca pattérn. The pattern here extends over two trellis stages; other,
go-ﬂmmﬂ%ﬁmﬁm oocﬁ puncture varying combinations of bits number 2, 3, 5

and 6, which would yi¢ld rates of 2/5, 2/4; 2/3, depending ¢n how many were

deleted. A set of codes like this that all stem from the same parent are called rate-

~ compatible punctured codes. The set gives an casy way to shift the code rate in -

response toja change inl channel quality, since the encoder and decoder for each

code is the same oxomnran which bits are to be ignored. Also, puncturing can’

provide EMT-BE convolutional codes, which are otherwise difficult to find.

. N )
Other ﬁq&ﬂ% ﬁ.c%h

or to codes based on mod-2 arithmetic. We will close with examples of other kinds:

of treilis .o%w%%ﬂ appear'in chapters to come.

_Hwow Hwn:._m m.ﬁamﬁ:wo notion is by no means limited 10 parity-check codes:
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Wm&ﬁ. than mod-2 convolution, it is possible to construct trellis code-
words by the real-number convolution

xlnl = gljluln — jl. (3.3-8)

=0

This models intersymbol interference, ordinary linear filtering, and the PRS class
of ooa.on_ modulations, which are all discussed in Chapter 6. As a simple example
a trellis based on g(D) = 1 + aD? is shown® in Fig. 3.7; symbols in u Hw.w,u”
the values %1, and the branch labels are real numbers, and the encoder state
{uln — 1] ufn — 2]} is one of the four two-tuples {~1—1, ~1+1, +1~1, 41 +1)
érﬁ: ar¢ labeled respectively {0, 1, 2, 3}. The essential difference c.ﬁ.imo: Emm
trellis and _Em. 3.5 is the arithmetic rule, and no more, :
Another kind of trellis code is shown in Fig. 3.8. This is a CPM trellis
one Emﬁ.mwo.im the codewords generated by Eq. (2.5-27) when the CPM coding wm,
m_w._.ua called 3RC with modulation index /2 = 1/2. Now the data symbols in u are
again HH and the branch labels are oxonmmt:mmn transitions ¢ (¢), where the entire
.Em:m_ i88(t) = &/2E;/ T cos(wpt '+ ¢ (1)), A selection of these phase transitions
is shown next to En trellis; respective transitions occur between the states that are
shown. The states in this CPM trellis are enumerated by a phase that is a muitiple

of 277 /3 radians and by the two, previous data symbols. M ;
are employed in Chapter 5. Yy . Many such CPM trellises

Arriving : ’
_ symbols u[o} - u] 2]

Figure 3.7 - PRS code trellis generated _u 2 . tirer]é
by 14&D=, Branch labels are single real indi
data symbols that cause transitions, Symbols before «f0] are —1. £ mumibers. < indicate

5 , o
In Chapter 6, the delay notation will be exchanged for the z-fransform notation 1 + ez 2.
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{0,1,1)
(0,1,-1}
- 0,1, 1
©.-.1 2rn ﬁ ua -1,1)
©-1-0 | @ _ _
2xi3,1,1) a3 CCS R R
. e —
(2n/3, 1, -1) - ~(4mi3, -1, 1) ©, 1,1} -
Amﬁ\m_ .I.-. : ) nm.a.m. ._. ‘_v ’
2nf3 ) .
@n/3, -1, -1) . (4wi3, %, 1) "Ly
/ /3,1, 1) A2, L ﬂma_m..lf v
_ @3, 1,1 T T @i -1 Amaw_ﬁ.-:
(413, -1, 1)
. | onsa @n/3,~1,-1)’

v (43,1, =T}
Fi E.».w 8 OES trellis m.: the r._smwu_ wwnmmo:g.ﬁ 2:,__ index b = 2/3 AE.oBo@ mx.ﬁ mem_z E M nw%ﬂ
:cm_.ms. %. branch Izbéls, which are T-second phase transitions. State n_oms.eﬂcﬂnon,m_ms. ofap as

two data symbols. (Adapted from [8].) .

. Emi.m 39 Onestageof a ,_.Q& code trellis based on subsets of an 8PSK constellation, Branch labels
are the four 2-point subsets n@.ﬁ 12 C2:C3. Small figres ate daia bits.

Yet another tréllis:is the TCM teellis of Fig. 3.9. Hjm one is E:mQ mw__.a
similar in %@m&mﬁma_:ﬂm.m.? except that the branch labels are sefs, In m _._M
ommm_ subsets of ﬁo__inm 1 an 8PSK constellation shown at the side. There are M

5, C3, which are subsets of §PSK as shown, In this code,

two-point sets Co. C1,

, ate 1/2 i (g{ (D), g2(D)) equal to.
one data EH &Eom a Hﬁo wb encoder s.:.% mgmnﬁoa ﬁm:b vsﬂmmr Www%qm_cow.
1+ D+ D21 +,U~v_. this gencrates bit pairs (x111], x21n]). : g
00, 10, T1 fm,sm.o? Hrwm%“m: selects the subset Co, C1, C2, (s, respectively. The:

code carries a second data bit by selecting which of the two points in the subset

is sent. Hsm overall data'rate is thus two data bits per 8PSK symbol interval. .H.:_m.

kind of coding based on séts is introduced in Chapter 4,
oding bd e
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3.4. Decoding

The maximum likelihood principle is an obvious design for a decoder:
find the most likely transmitted message given the observed channel output. We.
developed an ML decoder for Gaussian noise in Chapter 2 -and for the binary

- channel in Section 3.2. In both cases, as it turns out, the decoder seeks the closest

codeword to the channel sequence, in a Euclidean distance sense or in a Hamuming
sense. We first present an efficient ML receiver for a trellis code, which is the VA,
""" There are, however, other design principles than the ML one. We might
wish to use a non-ML feceiver that has virtually ML error performance at, say, low
“error probabilities. Another design principle is bounded distance detection, Here
the decoder is designed to correct all error patierns with a certain weight, or in the

Euclidean distance case, all noisés of a ceitain size. This principle is particularly

useful whern no definable channel error probabilities exist. .
The section will focus on decoders for codes with a regular trellis struc-

- ture. Most of this book:is devoted to such codes. A large body of decoders exists for

block parity-check codes, aside from the basic syndrome decoder in Section 3.2.
For these we must defer to the references, especiaily [2-5]

3.4.1. Trellis Decoders and the Viterbi Algorithm

The aim of a trellis decoder is to find the closest path in the treflis to
the received sequence. If it succeeds, it will have found the maximum likelihood -
codeword. One option is to search the entire trellis; this is the VA, to which we
return momentarily. Another option is to search only a small region, where the
nearest codeword is likely to be. An plder term for these schemes is sequential

. decoding;a more modern one is reduced-search decoding. 'With some reduced-

search decoders, it cannot be guaranteed that the ML path is found, although with
most the error performance at moderate: to high signal-to-noise ratio:(SNR) is
essentially that of an ML decoder. . ..

.. There are many reduced-search schemnes, but in their gross behavior they
fall into two categories, breadth-first decoders, that search forward through the
trellis in only one direction, and backtracking decoders, that can backtrack: Exam-
ples of the latter are the Fano and stack algorithms, and since these do not much
figure in the rest of the book, we will not discuss them further. The best known

' breadth-first decoder, aside from the VA, is the M-algorithm.® This scheme works

forward through the trellis, retaining just M paths; at each stage it makes the 2° M
extensions of these and keeps only the M paths with the least cumulative distance.
Breadth-first decoders are inherently less efficient than backtracking ones, but

6 A less common name for this scheme is st algorithm. However, the algorithm does not maintain
a “list” in the computer s¢ience sense, - :
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the complexity and variability of the 1atter have discouraged their use: Complete
treatments of all these schemes appear in [5,11]. ,
Whatever algorithm a decoder may follow, two basic measures of its
complexity are the number of trellis paths it needs to view and store, and the length
of these paths. The VA stores one. path to each trellis state, or 2™ - altogether; the
M-algorithm stores M. While it is true that the decoder must go through a number
of steps to extend, view and sort each path, it is known that in theory these steps are
in lineat proportion to th¢ number of paths. It is usually possible (see [5]) to rélate
the path- number to the performance achieved, either a size of noise corrected or
a probability of error. A teduced-search decoder-needs to store[much fewer paths
than a VA, particularly :_. the case of the partial response:codes;in Chapter 6.
The length of the trellis paths stored by a decoder is it§ decoder decision
depth, or alternately, its lobservation window, denoted Nyin. A trellis decoder in

the modern view moves its way down a trellis of indefinite depth, with new parts
of the trellis. entering Em window at the right at stage »n, and a final bit decision
exiting on the Rm at stage 7. — Nuin .7 Hopefuily, the remaining trellis paths in the
decoder. mSH_mmm all msﬁo..m. single ancestor branch on the left. If not, oné is chosen
as the decoder output and m: paths that stem from another branch are dropped from
storage. The decoding delay is Nyin. We will illustrate these concepts shortly with
the VA. ,

decoder error performance is the same as that of a decoder with unlimited depth.

It is easiest to estimate a .u._,omom decision depth under the bounded distance desigh

principle. The resulting: nw@& is in fact a parameter of the cede, not the decoder,
and is called the code décision depth Lec- Suppose it is desired to correct up to
d /2 errors, Then when wﬂ paths are extended L de; forward from some node, none
should lie closer to the correct path than d; otherwise, the minimum distance as

-seen by the decoder will be less than d. Dynamic program algorithms exist that’

find the worst-case m.o___.._w path.and starting state, and thus evaluate the Lyec(d)
to achieve a given d. Such decision depths are tabulated fot many trellis codes
(see (7] for n.o=<o._smomm._ codes and Section 5.2 for CPM codes). For good rate
b/c convolutional codes and d < dr, a simple law holds'as d grows: The needed
Laec at d satisfies. : . =

\ . d

chi' (1 —R)

stages. (3.4-1)

| Lgeeld) ™

Here hg .: ) “mw.aﬁ F&F_._momo_.. the E:m@., entropy function. At R = 1/2, the law is
Laec(d). ~4.5d;at R =11 /3.t 8 Laec(d) ~ 1.94. Itis important to note that when

d is the wm&_ frée distance, decision depth in Eq. (3:4-1) greatly exceeds encoder

memory; and this is mo&onm:% true for all coded modulation.

7 Adecodér z%._ sucha iﬁwwww Mim:_moé is sometirnes called a sliding block am.noaﬂ...oam._sm_._% trellis
decoders were considered: 1o run to the end of the trellis and thien decide the entire treilis path.

Hrm mm.o._mmo: amd.& ofa decoder should ideally be long enough so that the
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When the design. principle is error probabilit i
y, law (3.4-1) still roughly
holds, but the probabilities of different events are such that i i isi
atin t
depth can be ahalf or so of Eq. (3.4-1). practice the decision

The Viterbi Algorithm

~ The VA searches the entire trellis for the least-distant path, in the most
efficient manner possible. It finds wide use despite its exhaustive character for
-a number of reasons: it repeats a similar step at each node, its moves are syn-
or_.o.socm and unidirectional, it adopts easily to solt channel outputs; finally, small
Ro._:mom. where the exhaustiveness does not matter, oﬁa.: have ms,mmnmﬁw wo&_ﬁm
gains. .Hro central idea in the algorithm; the optimality cﬁs&@_m, was published by
583_.. in 1967 [9]. The full algorithm is an application of dynamic programming
an earlier procedure that finds the shortest route in a mwm_ur.m ,
. It is easiest to describe the VA with respect to a fixed code, and we will use
_Fig. 3.5. The stage by stage progress of the algorithm is in Fig. 3.10. The encoder

' begins from state 0. In Fig, 3.10(a), the first bit triple received is 001 and the first

“two branches out of state 0-are drawn. The Hamming distances from these stage-0
: E.msnrom (000 and 111 in Fig. 3.5) to the channel output are 1 and 2; the cumulative
distances along the two paths in are shown in parentheses, and are just these same
“values. In Fig. 3.10(b), the channel output 110 arrives and two path extensions

.Amv W.:_.:m. 0 . .@v ,.z_,:m. o oy
. [ ] 3 . . 0 : - .
¢ & ¢ . ot o o
. b . . ; ) » .
¢ o o e s e e@ s o

M“w_m.%_ w_.; <:M_._u._ decoding when the trellis is Emm of Fig. m..m and {a) 001, (b) :o. (c) 011
d) 001 is received. Numbers on branches are distance in H i . o di _
mnnzén_mmosm. crements; those in parentheses are distance

8§ i . . S : : .
The dynamic programming cbservation was made by J. Omura arcund 1969,
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from stage 1 have been made. The new branches create four paths in total, whose
distance increments are shown on the new branches and whose cumulative distance
again appears in parentheses. After the four stage-2 node extensions are made in
Fig. 3.10(c), two paths merge al each node.

. Now comes the critical idea in the VA. From the two paths entering each
node at time 3, the one of those with the least total distance, called the survivor,
is kept and the- other R&. is deleted all the way back to the earlier node; if both
have the same distanice asurvivor is selected at random. After all the path deletions,
the distances of the comw paths into each time-3 node are (3), {2), (4) and (5), and
the surviving trellis _onmvwm like the first three stages. of Fig. 3.10(d). The stage-4
path extension is showp in Fig. _m.woav along with the set of survivor distances
(2); (5), (5) and (6). Itjappears that after four trellis stages, %m least-distant path
(heavier) statts from state 0 and Tuns to state O at time 4, and furthermore, it has
‘total distance 2. This sutviving path has path map [0 11u[2]x[3] = 0100, and
corresponds to the partial codeword 000:11101 1001. There are two other words
'in the full tellis that enter and léave the same nodes, namely those with path maps
0000 and 1000. Their distances are both 6. One can trace the survivor paths to the
other nodes at time 4 and find that no path has cumulative distance less than 5.

The VA procédure in Fig. 3.10 can be extended indefinitely, The reason
thatit finds the Hommﬁ-&mﬁ:”ﬁ path to each state at each level is the so-called oprimality
principle of dynamic uBmBEEEm“ when paths through a graph merge at a node,
only a least-cost alternative need be retained, and a least-cost path through the
entire graph exists that dogs riot contain the dropped path sections.

In the ﬂ_ooo&.wm example here, all survivors after.time 2 stem from the
same initial bratich, so. that this branch, corresponding 1o /data bit 0, could be
released as output. Inia software implementation the path maps into each node at
time # and the cumulative distance of each node are stored/in two arrays. In the
exiension: to WQBWW n .._..M_r_ two new artays ate created as the mﬁ: extensions are
made, and survivors overwrite deletions. After the creation of stage n + 1, the
new arrays n@i&:?mmw&.ﬁéﬂm and become the old arrays|for the next stage. In

a hardware implementation, an array of similar processor units corresponds to the -

- state nodes at time #; these write to each other through a connection butterfly that
mimics the trellis stage branches. :
We have shown the VA search as beginning from a start state at time 0.

Very often, a transmiission has a defined end state as well, in which case the -

trellis collapses down to this single state. If so, the trellis codeword is said to'be

terminated. We can take the example of binary fecdforward convolutional codes of -

rate 1/c. 1 general, E extra stages are needed to terminate a codeword? and since
this means adding m terminating 0s to the message, the overall rate is degraded.
. | ! g it | ) . ’ .
With length-K data frames, a rate b/c code degrades.to bK / c(K +m)
I :._moQ. Lice SHBmzmmrm MEG minst be used, but a length equal to the shift register is the Lm:m_
choice. | | S B A S Co o
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Another technique of termination is tailbiting, where the start state is

.aom:oa to be the state at the end of the data symbols. Yet another mqmﬁm.w is to

ignore the termination problem altogether. In this case the entire best path in the

“decoder storage is released when the front of the séarch reaches the last encoder

. Qmﬁﬁr. The path map bits near the front of the map will be less reliable in this case.

<..ﬁ€ma as a block code, a trellis code without texrmination has a poor minimum
distance, but the distance only affects the last few data symbols.

“ Although the discussion here has been carried out with a convolutional

.ooaa example, the ideas of decision depth, paths, trellis searching, and termination

apply to any code with a trellis, and in particulaf to those in Chapters 4-6.

Error Events in Trellis Decoding

. We define.an error event to begin when the decoder output trellis path
splits ?.oE the correct trellis path and to end when it merges again. Such events are
the basic mechanism of etror in trellis coding, and other occurrences, such as data

3 bit errors, derive from them. > bit error necessarily occurs when an event begins
" but may not occur when it ends,

Figure 3.11 portrays some differént typés of error events. When the

- decoder chooses a path at or near the minimum distance from the correct one
N E

a “short” o..ﬁﬁ occurs, whose length is close to the memory m of the code. These
are the typical events in a good channel. In convolutional and PRS decoding, short

 events imply data symbol errors in the first few branches after the split, but none

E@.Rmm.ﬂ.. The data symbol error rate tends in this case to be 1-2 times the event
error rate. In CPM and TCM, bit-errors occur at the beginning and end. of a short
event. In poorer channels, “long” error events occur, and typically :.mm.m imply a
50% data error rate during the eveént. The overall BER is thus a multiple of the

Unending™ -

Em:..m.u.ﬁ - Types of error events: ‘two short events (fop); a long event (middle); an event that fails
to tecminate (bortom). Solid path is sent, dashied path is decoder output, .
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event rate that depends on the batance of short and long events. In reduced-search
decoders with certain codes, indefinitely long events can happen. These occur
because the decoder path siorage has completely lost the correct path. In a prop-
erly designed decoder, these would occur only when a VA decoder would have
failed as well, at least briefly. S

We now turn to the calculation of probabilities for these decoder.error
evenls, As in the previous discussions, we will assume that the channel is AWGN
or the BSC and that the decoder seeks a minimum distance path; that is to say, the :
decoder is ML or.in the nmummm of a reduced search, it at least attempts:to be. Over -

 the BSC, the signals are binary symbols and the distance can bie Hamming; with =
AWGN, the signals are &&. functions of time and the distance is Buclidean. Since -
this is a coded modulation book; we will focus on the more general AWGN case.
~ Suppose that decoding is correctup to time » and that an alternative trellis

path representing signal s (t) exists and splits from the correct path so(t) at this
time. s(¢) lies ,&mﬁﬁoo d; away from so{t). Signal space theory in Section 2.3.2
then shows that in AWGN the probability is Q(v &.w E/ Np) that the ﬁo.a?.o_@ r(t)
lies closer to s(Z) than to so S.Hﬁ P,y be the probability that some event occurs
at time ». If there are several alternatives, Pev at this juncture is overbounded
by . A:Q(Vd} Ep/No), }:Q.,.o A; is the number of alternatives: at distance ;.
The sum is dominated as usual by the @ term for the closest alternative, and
in the full unbounded .:me, its distance must be the free distance dy. If ihere

3.4.2. lerative Decoding and the BCJR Algorithm

The central theme in the preceding section was the decoding of a trellis
w.mE., The VA/dynamic program search of the code irellis yielded the maximum
likelihood path. As for the data bits, these werg taken to be the bits that drove
the ML path. In some applications, it is necessary to know not the bits, but the
probability of the bits. This section introduces some of these ,ch::m&o:mv and the
parallel to the VA called the BCIR algorithm, which produces these probabilities
Outputs such as these are an example of a soft ouzput, an output that is ot mmEﬁQ

“adata transmission symbol, but may even be areal number such as a probability, We
have already seen soft-output channels; here we encounter soft- o:ﬁ..: aoooamqm.
S As an example of a transmission system that profits from soft-output
Qooo&:.m. we introduce concatenated coding systems. Two basic alternatives are
shown in Fig, 3.12. The top system is serial concatenation, in which.an outer
oEH.aQ. feeds an inner decoder, whose outputs pass through the physical channel
>=. inner decoder detects the inner encoding. This decoder could put out a :m&
estimate Yo Of Xou, the inner encoder’s input. Some thought, however, shows
Emﬁ the outer decoder might profit from some soft information about the me@o_m
mﬁq Yout: such as the probability of each symbol. A way to visualize the situation
is mon_:.mm:..o the inner encoder/channel/inner decoder as an “inner o:m::m_ ” the
medium in fact seen by the outer encoder and decoder. The outer Qoooamm will

are many alternatives we nm: argue as in Section 232 that Pe has the.form
Poy ~ AgQ(~/dZ Ev/ No)sasymptotically in En/No.

The sort of argumient here gives good estimates of Pay for CPM and partial
responsé codes at all useful Ep/ No, if one notes carefully whatlalternatives cannot
occur at nodes along the correct path. On the average over w“_gm.ﬁgmamag it

surely profit from outer channel soft outputs. -

. It is also conceivable that the inner decoder can profit from the delib-
erations of the outer decoder. The inner decoder output y,, may, for example

‘+———— Inner channel - ————

can be said that a log-log plot of Pey vs Ep/No, 2 so-called “water fall curve” like L(u)
those inFig. 2.17, will tend at high Ey,/ No toward the curve AQ(v df Ep /No), with .wl -
- number of neiehbors i ; A1 1 f X 1
A Eo ds_dco._. of neighbors at df. The bit error rate (BER) plot will lie somewhat y — Wﬂmq out . Inner | X , Ghannel Yin inner | You [Guter )
above, but will eventually converge to the same curve. enc dec N dec [ TU
With convolutional codes, it is less easy to get tight éstimates 0 Pey. An
approach called fhe transfer function bound has been devised which is partially
successful. By the Mason gain technique, a transfer function ¥ .
. Tk u Enc 1 Y| Dect 7
! : . » U
: TE) =Y A : (3.4-2) — 7
B N P . , . : . E : . Channel T
is obtained fromm the ooaa. generator state diagram, where A; is the number of trellis. — J— o
paths of weight i. It cani;bé shown that over a BSC with crossover p, Pey has the: . X' Y - .__ L{u
estimate | | - . : , Enc2 , Y lbec2] 4 .

Pey ~ T sapi=py

(34-3)

: , PR : ; . : : Figure 3.12 Ooﬁum;mc_.ﬂmo?mmmn serial (fop) and Rm:.H b e .
An analogous bound can be derived for BERs. Détails may be found in [21-[6]. - , {zep) and parallel (bottom) code concatenation. Some possible

soft information flows are shown.
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somehow not be a legal outer codeword X oy Information of this sort is shown

as the feedback L () in Fig. 3.12. .

A second kind of concatenation is parallel concatenation. Here the data
symbols are somehow encoded twice and sent ai different times through the phys-
ical channel or through two separate channels. The two channe! sequences are
decoded, butitis clear that the two decoders can profit from an interchange, because
both are guessing at the;same data symbols. These flows are shown.as L(u'y and
HAE:V. . 3 :

g

A common im_z to organize the feedback in these two, systems is through

iterative decoding: one decoder processes:its inputs, then feeds information to the
other, which does Enmimp and so on back to the first, until both estimates stabilize.
There are two important subtleties in this method. First, the decoding of a large
code structure'is broken down into small steps with small codes. Investigation
has shown that large-code performance is obtained this way with relatively small
decoding-effort. Second, for the iterating to be effective, soft information must
interchange.

The BCJR Algorithm

HEw scheme owiwﬁmm the data symbol probability at wmmn.: trellis depth, or
equivalently, the probability that each trellis branch was sent. The scheme accepts
channel outputs as inputs'but it can also accept a set of a priori probabilities about

the symbols that originally drove the encoder, if these are available. By taking -
as output the most likely data symbol, we can obtain a hard symbol output from -

the BCJR algorithm, but if we take a sequence of most likely trellis branches
as output, they will _5&_ necessatily form a valid trellis path. The algorithm was
developed in the early '1970s by researchers who studied early iterative decoders,
and it first appeared foimally in 1974 in Bahl ez al. [10]; from which comes the
algorithm’s name. mwsmm,:w puts out symbol by symbol probabilities, the algorithmi
is called a symbol by symbol MAP decoder. Provided that the start and stop states
are known, the BCTR Eomputes the true @ posteriori probabilities of each symbol

taken in isolation, '

The BCJR consists of two recursions on the trellis/structure, instead of -

the one in the VA. H:wm.m@_ are pictured in Fig. 3.13. They calculate two working

vectors called & and m (The quantity A will be defined later.) The ooEwonmaw .

al01, QEf ..., aff] and (0], BL11, ..., B ] are special probabilities that apply
1o states 0oy b at some stage in a W -+ 1 state trellis. The row vector & is
defined by ' | ; ,

| o i m e ; ” . . . L
10 Otherwise, BCIR gives a slightly biased calculation {sce [11,22]). Tt is also possible to design
asequence MAP algorithm, whose output is the a posteriori most likely codeword and its probability:

ax[j] & P[Observe y(1 : k), Encoder in state j at time k1. (3.4-4)
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| By
. Ew.:.o 313 .> picture of the BCIR algorithm, Ty, .. , Hw are first generated from the observed
outputs y[1], ..., y[K). Forward o recursion runs across the top; backwards 8 recursion across the

bottom. The scheme is initialized by g and 8.

Here oy is the o-vector at time k and the special notation y(1 : k} means the seq-
uence of stage by stage channel observations y[1],..., y[k]. Bach y[k] is the
entire, . Bmm:&% composite, observation for one stage; in the case of a rate 1 /e
convolutional code, this would comprise ¢ channel .ozﬁ_:m. The column vector at

~stage k is defined by

Bili] £ P[Observe y(k + 1: K)| Encoder in state i-at time k]. (3.4-5)
We also need a matrix T' at stage k, whose i , n mHEoE is
Tli, /] |
. %.:. P [Observe y(k), Encoder in state j at time k | Encoder in state i atk'— 17,
(3.4-6)

O Note that o[ 7] m.m the- _u_.o_umE:@ of the or_ms:.&, observations. at times
. .ﬂ ., k and at the same H._En state j at.k; Brlj] is the probability of the obser-
vations at k 4 1, ..., K given state j at k; I'y, is a-modification of the usual state

_ ‘transition matrix to include the kth observation. Technically, the algorithm seeks

at every step the probabilities of states given the entire observati i

at _ : tions. y, but since
it is ::nwo_. any _oﬁﬁ £ that P[E | y] = PIE, y1/P[y], and since P[y] is fixed
Enwrmroﬁ.. m.:m m._mo_.E_E needs only to find the probabilities of the states and y.
In mmo.Bn applications one needs to divide by P[y] before using the BCIR result.
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Now we can define the two recursions. We assume that the encoding starts
and ends in state 0. The forward recursion of the BCIR algorithm is

ap =Tk, k=1,...,K . 3.4-7)
with ag set to (1,0, ..., 0). The backward recursion is
Br=TisiPrey, k=K-1,....1 (3.4-8)

EE:. By setto(1,0,... “Mov\ . 'The algorithm can account for different initial Ea
final encoder conditions By a different ep and . The object of the BCIR is to

‘find the probability of Eo_:.mnmaow from state i to state j ending at time k,while
observing the entire channel output y. We abbreviate the last as. !

oli = j1=P ﬁOc.mnzaw y, Encoder in state j at k, Encoder at state i at k — 1].
: C ; : ) -(3.4-9)

1t-will be owmw@m.ﬁ to Qmm_.:.mmm the calculation of ox(i — j)asa theorem and we- -
will justify there also ann.oim»o:m (3.4-7)and (3.4-8). -

THEOREM 3.4-1. Suppose codeword symbols are generated via a Markov chain
and sent over a Smﬁuqhm._aw ngaxmh. Then recursions (3.4-7) and (3.4-8) hold.
mxﬁ%mwﬁaﬁn o - S .
: ogli; = j1= k1 [i1Tk[Es j18eL])- - (3.4-10)
Proof, We. first'show Bq. (3.4-10). For brevity, replace the statement
«Encoder in state j at time k7 with the event [S; = j}. The proof works by

* breaking the event G.a-mvﬁ:o five simultaneous events as follows:

! R :
P[Sp-1.= 4,8 = > ]
PISi_p= iy S = j, y(L ik — 1), y(&), yle+1: K9

‘It may be .:&w?_ to denote these m.é. events in the abstract as, respec- .

tively, A,B,C,D,€. For any five events it is true %&, PIABCDE] =

PIACIPIBD | Snwwﬁm _ ABCD]. For our specific events, we may drop event C in
the conditioning .AC in thie probability P[BD | ACY. The reason is fundamental and

 rather subtle: with-a Markov chain, future ouicomes, oom&aowﬁm on the present
‘outcome, are independent of the past. The same applies when another sequence
of independent variables, the channel noise, are added to the Markov outcomes.
In this probability, the fature event BD = (S = j, y(k}}L when conditioned on
A = {Sp—1 =i}, 18 Emom_mzuao:m of the past event € = {v(1 : k- 1)}. By the same.
logic, the probability P[€ | ABCD] is equal to P[€ | B]. What remains is -

PLACIP(BD L AIPIE | B B .
LSk =iyl kRS = 4,30 | Semimi] Pk +1: K1 Si=il,

il

which is precisely. Eq. (3:4-10).
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“To demonstrate the recursion (3.4-7), we start by writing

wlil = PISt =/, y(1: 0] = ¥ PSict =i, S = j, y(1: B

We can break the event {y(1 : k)}into {y(1 : k—1), y(k)}and write the right-hand
sum as .

M_Uwai =i, 8 = j, y( 1 k= 1), y(&)].

i1

”g cmmo._..o we can denote these four events .H.omvmomé_w.mm A, B, C, D and note that
in mmsoum._ N [ABCDY = P[AC|P{BD | AC]. By the Markov argument, C may be
dropped in the second probability, What remains is

3PSk =i, y(1:k— D] PIS = j, y(k)| Se1 =],
m .

whichis ), o1 T. 1T%[i, j1. Fhis sum is just the jth component of the row vector
oy ;,,._s from which Eq. (3.4-7) follows. A similar reasoning shows Eq. (3.4-8).

- . . . |
o mEoo the gﬁn BCJR finds just the trellis transition (i.e. branch) proba--
_3::8” some further calculation may be required in a particular application. The
probability that y occurs and the encoder was in state j at time k (i.e. of a node)

m.mv using Eq. (3.4-7); “

Do ouli > j1=3 S 1 BITkli, j18eL] = nl f1BL)), (3:4-11)

that is, the product of \Em jthcomponents of vectors e and 8. The noiwoswﬁﬁmm
product of e; and B is given the special name A;; this vector is a list of all the

. riode probabilities. In order to find the probability that a given data symbol u (k)

was sent, we would sum the probabilities of all transitions that imply this symbol:

Plutt =01 =3 T exli = 1 | (3.4-12)

i,jin £

Here “h. is the set of ,c.oEm transitions that ooﬁ.mm@ona to data value £.

. Finally, the BCJR can be easily extended to the case where a priori
probabilities are available for the data symbols. In an iterative decoder, for example,
H_ﬁm@mmo&a be outputs’ from a previous BCIR algorithm. A Qo%.._oow at the
foregoing will show that only the transition wachamm Iy .w. , j] are affected, and
s0 the construction of this series of matrices needs to be modified. This kind of .
BCJR algorithm is variously called the Apri-BCIR, the Apri-MAP or the soft-in
soft-out BCJR algorithm.
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There is admittedly more calculation and storage in the BCIR algorithm
than in the VA and this is its chief drawback. At each trellis depth, a matiix Iy
needs to be constructed and stored; then the forward and backward recursions
must be run. Fortunately, some applications use short codes and then there is no
reason not to simply run the algorithm. The development of simpler near-optimal
substitutes for BCIR is an active research area. B

3.5. The Shannon Theory of Channels _

. As remarked at the beginning of Em,,o:mwar”oim one part of information
theory is of interest to us in this book, namely the probabilistic theory of channels.
This theory, like the rest of Shannon theory, is about limit theorems for random
variables. Tt neéds to be distinguished carefully from the coding theory in Sections
3.2-3.4, which concerns itself with eodeword mu\Bco_me:ommow distance and error
correction. Shannon theory makes many provocative suggestions about encoding
and decoding, but it is a free-standing theory based on its own premises. A full
treatment of information theory is availablein the classic text of Gallager [12);
a newer text with a strongly ‘information-theoretic point of ‘view is Cover and-
Thomas [13]. 0 |
~ In information theory, an information source X is a random variable
defined by a probability ﬁmﬁgmou Px], The source can consist of a sequence.
of variables X[11, ..., XK1, which we.can take as the one object X&) with
distribution P[x£)]. The X [k] may also be correlated, although in this book we -
will assume the source outcomes are independent so that PIXO1 =T, Plxikll;
then the distribution of just the kth variable defines the measure P[ ]for the entire
sequence. it :
The measure of information in a sovrce X is its entropy, defined for

discrete variables as!i: . -

mcom = =Y Plxllog, Plx] (bits/outcorae), (351

3 : :

where the subscript 1 inow enumerates the different oﬁoo?am of x. f X is'a
continuous variable, an. integration replaces the sum signiin Eq. (3.5-1). If the
vatiable ﬂ X5 in .E&.:U sequence X[1],..., XX, then it is easy to show that

H(X EN = KH mkv.v{r”@ﬁ X is one variable in the sequence. For discrete X with -

I choEWm,. H A.N, ). <'log, I, with equality if and only if the:outcomes all have

.osQoﬁg.m?ﬁﬁw._..ocﬁaoio_,owﬂ less. Tt needs to be stressed that “bits” ‘here is a real-
number measure of information, just as meters are a measure of length; this is not
to be confused with the earlier meaning of bits as synibols, )

ol : ’ ' .

probability 1/1-A é.zmc_o with outcomes in {—3, ~1, 41, 43}, for example, has .

TR .
11 Here and throughout, capital X denotes- a random variable and lower case x denotes an actual’

_outcome, |
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"When there are two information sou
. rees X and ¥, they may be corre-
lated. For example, when X passes through a distorting medium to become Y, we

hope that X snd Y are quite closel i
u y correlated. For. a particul
conditional entropy of X is defined to be particular ouisome . the

HX |y & - M Plx; | ¥1logy Plx; | ¥] @:&oinmanv, (3.5-2)

[

in which P[x; | y] is the probability of outcome x; given y. The expectation of

H(X|yyovery,

HX|Y)y= MU H(X|y;YP[y;] (bits/outcome), (3.5-3)

!

 i8 called the equivocation between X and Y. If X and Y are independent, the

equivocation H(X | ¥) is simply H(X).
" A ﬂmwmmzmm_oz or storage medium in Shannon theory is called a channel.
¢ transmission of a source outcome comprises one use of the channel, When

_ Maooo.mﬂﬁ uses ofa o_“.mzsm_ are independent, the channel js said to be memoryless
; As with an- information source, Shannon theory defines a-channel in terms of

probabilities. This time, the definition is by means of the conditional probability

: Em:.:u:mo:. P[y | x], the probability the channel output is y given that its input
s . As with any conditional distribution, }; P[y; |x] = 1, for each in E_u

: A memoryless channel for which both X mzaww are discrete mm called a &_MQ,@W

_..ngmg_mmm o:.mzso_. AU.ZO. The channel output is another information source

. 9,.4_“.,.. ose defining distributionis P[y;] = Mw.. Ply; | x;] Plx;]. If the channel m:m

o o.E?: source are both memoryless, then so'is source ¥. When ¥ is a continuous

variable, the channel is input-discrete only, and both the foregoing summations

become integrals. .
In this book we make use of only a few classic channels. The simplest s

- the BSC, already introduced in Section 3.2.1, for which inputs and outputs are taken

from {0, 1} and for which P[1|1] = P[0{0] = 1—pand P[1]0] = P[0} 1] = p.

- A convenient way to diagram the BSC probabilities is shown in Fig. 3.14. In other

orm.,mmw_mv symbols are either received perfectly or erased, that is, there is no hint
of the input at the output. In information EmoQ this is the T:mam erasure channel
(BEC). Hmm model is shown in Fig. 3,14; with Edva:G p the inpuis are converted
to a special erasure output, Qmscﬁa. e12A ooEcEmmos% the BEC. MEQ the BSCis

the binary symmetric erasure channel (BSEC), in Fig. 3.14. As the figure shows

the binary input can be received as either 1-or O or e, with the last signifying in

- effect that the reception was unreliable; The. BSEC is a one-step-softened BSC:;

the more outcomes that ¥ can take, the “softer” is the channel output

12 : . :
Itis a powerful advantage to know that any 1 or 0 received is necessarily correct. Decoders that fill

in erasures are called erasure . . ' , I /
) 1 decoders. In'general; a QWGOQW~ Can corne: W] S AT Tasures:as
it can efrors . g ] ) C CL IWICE a y era. :



