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are discussed in this chapter. An especially important case is when the transformation 3.4 Consider transmission of ASCII characters, 8 bits long. Define a random vari-
can be represented on a graph as a straight line. In this case the form of the density able as the number of 0’s in a given ASCII character. rw SN
does not change; only a shift and scaling occurs. ' | -2 ot

Distributions may be conditioned on an event and the probability of an event can (a) Determine the range of values that this random variable takes.

be conditioned on the observance of a random variable. These concepts are developed
and applied in the application areas of signal detection and object classification. In
these areas, we demonstrate how to form optimal decison rules that minimize the
probability of error, and compute the probability of various types of errors that occur

(b) Determine and plot the probability mass function.

Common discrete probability distributions
g Sketch the PMF fx [k] for the following random variables and label the values.

when the decision rules are applied. Y
(a) Uniform. m=0,n=9 — Wwit pd .f,gufi
(b) Bernoulli. p=1/10 — binstd¥ - =1 Gara
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/3{6 In the transmission of a packet of 128 bytes, byte errors. occur independently
with probability 1/9. What is the probability that less than five byte errors
occur in the packet of 128 bytes?

/3.7 In transmission of a very long (you may read “infinite”) set of characters, byte
errors oceur independently with probability 1/9. What is the probability tha

& Bons, New York, second edition, 2001. 3.8 The Poisson PMF has the form fet 12
: Y o - 5
fr|k] = —e@ E=0,1,2,...,1~ : ' 4
PrOblemS k! Wr?) Q/ b.r‘ﬂfatwﬂ'
where « is a parameter. s o R T Lk
. ' . (H 3
Discrete random variables {a} Show that this PMF sums to 1. s

3.1 In a set of independent trials, a certain discrete random variable K takes on (b) What are the restrictions on the parameter o, that is, what are the allow-

the values - . able values?
,0,601,10 1,110 1 (a) Sketch the PMF of the following random variables: 5
(i) geometric, p=1/8 = %Lé&/ &)
(a) Plot a histogram for the random variable. (i) uniform, m=0,n=7 - n <l

)7 (iii) Poisson, o = 2 75 ?b( 76') '// ﬁ}
(b) For each of these, compute the probability that the random variable is
greater than 5. - .
(¢) For each of these, if you desire that Pr[K > 5] < 0.5, what should be the

respective values of the parameters? Wnrl oD );O
M’/’]I P\/.«OI - r;; PM X‘Q/ ?

(b) Normalize the histogram to provide an estimate of the PMF of K.
3.2 Repeat Problem 3.1 for the discrete random variai)le J that takes on the values
1,302 1,2 0,3, 1,1,3,1,0,1,2,3, 0,2, 1, 3, 3, 2

3.3 A random variable that takes on values of a sequence of 4QAM symbols, I, is
transmitted over a communication channet: 3, 0,1, 3,2,0,2,1,3,0,0, 2, 3, 1,

C t. - « g
3,0, 2, 1, 0, 3. The channel introduces additive noise, J, equivalent to adding ontinuous random ve.trlables. o L q U;’@
the following values to the above symbol sequence: 0, 0, 1,0, 0, 1, 1, 0,0, 0, 0, 3.10 The PDF for a random variable X is given by v
1,0,1,0,0,0, 1, 0, 1. The addition is performed in modulo form. 22/9 0<z<3 '\?L‘ v 79

fx(z) = {
(a) Form the resultirig sequence: /+.J modulo 4. Let K be the random variable otherwise

that takes on these values.

-]
’/T’
(a) Sketch fx(z) versus z. _
(b) What is the probability of the following events?

() X<1

(b) Plot hlstogra.ms for random variables' 7 and K.

(c) Normalize the histograms to provide an estimate of the respective discrete
probability density functions.
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(if) X >2
(i) 1< X <2
(¢) Find and sketch the CDF Fx (z).
{d) Use the CDF to check your ansﬁrers to part (b).

3.11 The PDF of a random variable X is given by:

frla) = 04+ Cz, 0<z<5
XN T 0 otherwise.

(a) Find C that makes it a valid PDF.
(b) Determine: Pr[X >3], Pr[l1 < X <4}

(¢) Find the CDF Fx(z).

3.12 A PDF for a continuous random varaiable X is defined by

C 0<xz<2

20 4<z<6

x#)=3 "¢ 7<z<9
0 otherwise

where (' is a constant.

(a) Find the numerical value of the constant C.
(b} Compute Pr[l < X < 8.
{c) Find the value of M for which

[ = [ st

M is known as the meédian of the random variable.

3.13 For what values or ranges of values of the parameters would the following PDFs
be valid? If there are no possible values that would make the PDF valid, state
that.

i PROBLEMS
(a) B+Asinx 0<x<2x
fx (x)= ]
0 otherwise.
AtB EES '
/\ /
_A+B ___________ y x
® A
o A
2 3 X
(c) £
A ————— 1
4oy 1 30X

3.14 The CDF for a random variable X is given by

o Fr(z) = { OAarctan(x) izg

(a) Find the constant A.
(b) Find and sketch the PDF.

3.15 A random variable X' has the CDFT specified below.

0 r < _Z
' L 2«

Fx(z)=1{ :(1+sinozx) I s
2a 200 -
1 x> T
T 2o
(a) Skeich Fx(z).
(b) For what values of the real parameter « is this expression valid?
(e) What is the PDF fx (x)? Write-a formula and sketch it.
(d) Determine the probability of the following events:
() X <0 -
(ii) X < -1
(iii) |X] <.001 (approximate)

85
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3.16 The PDF of a random variable X is shown below:
1

{a) Obtain the CDF.

(b) Find Pr[0.5 < X < 1.3, Prfl < X < 5], Pr[X < 0.5], and Pr{0.75 < X <

0.7501].
3.17 Given the CDF,

(a) Find C.
(b) Sketch this function.
(c) Find the PDF and sketch it.
(d) Find Pri0.5 < X < 1.5].
3.18 The PDF¥F of a randem variable X is of the form
Cre ™™ z>0

fx(m)={0 2 <0

Where ' is a normalization constant.

(a) Find the constant C and sketch fx(z).
(b) Compute the probability of the following events:
(i) X <1
(i) X >2
(¢) Find the probability of the event zg < X < zp - 0.001 for the following
values of zq:

(l) Ty = 1/2
(]_1) o = 2
What value of 2 is “most likely,” i.e., what value of zg would give the
largest probability for the event
o < X <z +0.0017
(d) Find and sketch the CDF.

Cominon probability density functions
3.19 Sketch the PDFz of the following random variables:
(a) Uniform:
(i) a=2,b=46;
(i) a=—-4,b=—1;
(i) a=—7,b=1;
{iv) a=0,b=a+ 6, where § = 0.
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{b) Gaussian:
() p=0,0=1

(i) p=1.5,0=1;
(i) p=0,0=2;
(iv) p=15,0 =2;
(V) Ju’=k2uo-_:1;
(vii) p=0,0 = 0.
(¢) Exponential:
Ha=1
(i) A=2
(iii} A — 0;
(iv) A = oo
(v) Can A be a negative value? Explain.

3.20 The median M of a random variable X is defined by the cbndition

M 00
[ Tx(u)du 2/ Fx{u)du
—0o0 M
Find the median for:

{a) The uniform PDF.
(b} The exponential PDF.
(¢} The Gaussian PDF.

3.21 A certain random variable X is described by a Gaussian PDF with parameters
t=—1and o = 2. Use the error function (erf) or the Q function to compute
the probability of the following events: :

(a) X <0
(b) X > +1
(¢) —2< X <42

3.22 Given a Gaussian random variable with mean u = 1 and variance ¢? = 3, find

the following probabilities:

(a) Pe[X > 1] and Pr [X > v3].

(b) Pr[|X — 1| > v12] and Pr[|X — 1| < 6].
(¢) Pr[X >1++/3] and Pr[X >1+3V3].

CDF and PDF for discrete and mixed random variables
3.23 Consider the random variable described in Prob. 3.3.

(a) Sketch the CDF for I and K.

(b) Using the CDF, compute the probability that the transmitted signal is
between 1 and 2 {inclusive).

(c) Using the CDF, compute the probability that the received signal is between
1 and 2 (inclusive). '

3.24 Determine and plot the CDF for the random variable described in Prob. 3.4.
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3.25 The PDF of a random variable X is of the form
Ce™+38(z—2) z>0
fX (55) = { 0 8 z<0

Where (' is an unknown constant

(a) Find the constant ¢ and sketch Ix{z).
(b) Find and sketch the CDF.
(¢) What is the probability of the event 1.5 < X < 2.57

3.26 Given the PDF of a random variable X:

[ Czx+0.56(x—1), 0<ze<s3
(z) = 0 otherwise.

(a) Find C and sketch the PDF.
(b} Determine CDF of X.
(c}) What are the probabilities for the following events?

(1) 0.5<X <2
{ii) X > 2.
3.27 The CDF of a random variable X is
0 =<0
Fx(z)=<¢ z 0<z<3:
1 $<a

(a) Sketch Fx(z).
(b) Determine and sketch the PDF of X.

Transformation of random variables
3.28 A voltage X is apphed to the circuit shown below and the cutput voltage Y is
measured.
R - )
— ¥

X 'R _Z'X
Y S— —
The diode is assumed to be ideal, acting like a short circuit in the forward
direction and an open.circuit in the backward direction. If the voltage X is a
Caussian random variable with parameters m = 0 and 02 = =1, find and sketch
the PDF of the output voltage Y.

3.29 A random variable X is uniformly distribuied (i.e., it has a unl_form PDF)
: between —1 and +1. A random variable Y is deﬁned by Y =3X 4 2.

(a) Sketch the density function for X and the function describing the trans-
formation from X to Y.

(b) Find the PDF and CDF for the random variable ¥ and sketch these func-
tions. :

PROBLEMS 39
3.30 The Laplace PDF is defined by

Ix(z) = %e_o"m_”l —00< 2 < oo

Consider the transformation ¥ = ¢X + b. Demonstrate that if X is a Laplace
random variable, then Y is also a Laplace random variable. What are the pa-
rameters o' and p’ corresponding to the PDF of Y7

3.31 Consider a Laplace random variable with PDF
fx(z)=e 2 —o <2< o0

This random variable is passed through a 4-level uniform quantizer with outpus
levels {—1.5d, —0.5d, 0.5d, 1.5d}.

(a) Determine the PMF of the quantizer output.
(b) Find PriX > 2d] and Pr[X < —2d].

3.32 Consider a half-wave rectifier with a Gaussian input having mean 0 and stan-
dard deviation 2.

(a) Find the CDF of the output.
(b) Find the PDF of output by differentiating the CDF.

3.33 Consider a clipper with the following transfer characteristic:

The random variable X i is exponential Wlth A= 2

(a) Determine the CDF of the output.
(b) Find the PDF of output by differentiating the CDF.

Distributions conditioned on an event -
3.34 For thé PDF given in Example 3.17, find and sketch the condrclona.l deunsity
fx| A(.’ElA) using the following choices for the event A:
(a) X <1
(b) <X <?
(c) [sin{X)| < 3
3.35 Consider the exponential density function

Pl = )\e AT )
otherwise

Find and sketch the conditional density function Fxja(zlA} where A is the
event X > 2.

3.36 Let K be a discrete uniform random variable with parameters n = —2, m = 2.
Find the conditional PMF fg| alk|A] for the following choices of the event A:

(a) K<0
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A pplications

3.37 In a certain communication problem the received signal X is a random variable
given by
X=2+W
where W is a random variable representing the noise in the system. The noise
W has a PDF which is sketched below:

Hew)

-1 +1

(a) Find and sketch the PDF of X.
(b) Using your answer to Part (a), find Pr{X > 2].

3.38 A signal is sent over a channel where there is additive noise. The noise N is
uniformly distributed between —10 and 10 as shown below:

Sy ()

1/20

-10 +10

The receiver wishes to decide between two possible events based on the value
of a random variable X. These two possible events are:

Hy: X=N (no signal sent, only noise received)
Hi: X =8+ N (signal was sent, 51g11al plus noise received)

Here S is a fixed constant set equal to 18. It is not a tandom variable.

(a) Draw the density functions fx(mu, (z[Ho) and fx|u, (z[H;) in the same pic-
ture. Be sure to label your plot carefully.

(b) What decision rule, based on the value of X, would guarantee perfect de-
teciion of the signal (i.e., Pr[Error{H;] = 0), but minimize thé probability
of false alarm (i.e., Pr[Errorng])? What is this probability of false alarm?

(c) What decision rule would make the probability of a false alarm go to 0 but
maximize the probability of detection? What is the probability of detection
for this decision rule? _

{d} If we could choose ancther value of S rather than S=18, what is the mini-
mum value of § that would make it possible to have perfect detection and
0 false alarm probability?

3.39 Carry out the algebraic steps involved to show that the decision rule of (3.42)
reduces to the simpler form given by (3.43).
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Computer Projects
Project 3:1

This project requires writing compuier code to generate random wvariables of
various kinds and measure their probability distributions.

1. Generate a sequence of each of the following types of random variables; each
sequence should be at least 10,000 points long.

{(a) A binomial random variable. Let the number of Bernoulli trials be n = 12.
Recall that the binomial random variable is defined as the number of 1’s in
n trials for a Bernoulli (binary) random variable. Let the parameter p in
the Bernoulli trials be p =0.5109. _

(b) A Poisson random variable as a limiting case of the binomial random
variable with p = 0.0125 or less and n = 80 or more while maintaining
a=np=1..

(c) A type I geometric random variable with parameter p = 0.09.

(d) A {continuous) uniform random variable in the range [—2, 5].

(e) A Gaussian random variable with mean p = 1.3172 and variance o2 =
1.9236. '

(f) An exponential random variable with parameter A = 1.37.

2. Estimate the CDF and PDF or PMF as appropriate and plot these functions
next to their theoretical counterparts. Compare and comment on the resulés
obtained. '

MATLAB programming notes

To generate uniform and Gaussian random variables in Step 1(d) and 1(e), use the
MATLAB functions ‘rand’ and ‘randn’ respectively with an appropriate trans-
formation.

To generate an exponential random variable, you may use the function ‘expon’
from the software package for this book. This function uses the “transformation”
method to generate the random variable.

In Step 2 you may use the functions ‘pmfcdf” and pdfcdf’ from the software
package.

Project 3.2

In this project you will explore the problem of detection of a simple signal in
(Gaussian noise.

1. Consider a binary communication scheme wheére a logical 1 is represented by
a constant voltage of value A = 5 volts, and a logical 0 is represented by
zero volts. Additive Gaussian noise is present, so during each bit interval the
received signal is a random variable X described by

X=A4N ifal wassent
X=N if a 0 was sent
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The noise N is a Gaussian random variable with mean zero and variance ¢2.

The signal-to-noise ratio in decibels is defined by

2 A
SNR = 10logy, % = 20logy, P

For this study the SNR will be taken to be 10 dB. This formula allows you to
compute a value for o2.

(a) Let Hp be the event that a logical 0 was sent and Hy be the event that
a 1 was sent. Show that the decision rule for the receiver to minimize the
probability of error is of the form

Hy

g

g
Evaluate the threshold for the case where Py = Py = (.5 where Py and Py
are the prior probabilities of a 0 and 1, i.e., Py = Pr{Ily] and Py = Pr[H;].

(b) Now consider a decision rule of the above form where 7 is any arbitrary
threshold. Evaluate ey and ¢; and piot the probability of error (3.45) as
a function of = for 1 < 7 < 4. (Continue to use Py = 'Pl = (.5 in this
formula.) Find the minimum error, and verify that it occurs for the value
of 7 computed in Step 1(a).

(c) Repeat Step 1(b) using Po = 1/3 and Py = 2/3. Does the minimum error
oceur where you would expect it to occur? Justify your answer.

2. The detection of targets (by a radar, for example) is an analogous problem.
The signal, which is observed in additive noise, will have a mean value of A if
a target is present (event H;) , and mean 0 if only noise (no target) is present
(event Hy). Let pp represent the probability of detecting the target and ppa
represent the probability of a false alarm.

(a) Plot the ROC for this problem for the range of values of 7 used in Step 1
(above). Indicate the direction of increasing T to show how the probability
of detection can be traded off for the probability of false alarm by adjusting
the threshold. ' '

(b) Show where the two threshold values used in Step 1{b) and 1{c) lie on the
ROC curve, and find values of pp and pp.4 corresponding to each threshold
value.

3. In this last part of the project you will simulate data to see how experimental
results compare to the theory. '

(a) i. Generate 1000 samples of a Gaussian random variable with mean 0 and
variance o? as determined in Step 1 for the 10 dB SNR. Generate 1000
samples of another random variable with mean 5 and variance ¢2. These
two sets of random variables represent the outcomes in 1000 trials of
the events Hy and H;. For each of these 2000 random variables make a
decision according to the decision rule in Step 1(a) using the values of
that you found in Steps 1(a) and 1(b). Form estimates for the errors ¢
and ¢y by computing the relative frequency, that is:

. . #misclassified samples for H; .
&= 1000 fori=0,1
ii. Also compute pp, pra, and the probability of error (3.45) using these
estimates. Plot the values on the graphs generated in Steps 1 and 2 for
comparison. '
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(b) Repeat Step (a)(i) above using two other threshold values of your choice
for 7. You can use the same 2000 random variables generated in Step (i);
just make your decision according to the new thresholds. Plot these points
on the ROC of Step 2.

MATLAB programming notes

The MATLAR function ‘erf’ is available to help evaluate the integral of the
Gaussian density. ' B
To generate uniform and Gaussian random variables in Step 1(d} and 1(e), use the
MATLAB functions ‘rand’ and ‘randn’ respectively with an appropriate trans-
formation.




