CHAPTER 8: TWO-LEVEL EXPERIMENTS WITH SEVERAL VARIABLES

1. Introduction

In earlier chapters we have seen that causal inferences are less ambiguous when the data
are generated by designed experiments, especially when randomization is used in establishing the
sequence by which trials are conducted. We studied examples of two very simple experimental
designs, the simple randomized experiment and the paired sample design.

Both designs can be applied either to time-series data or to cross-sectional data. For
example, in Section 4 of Chapter 5, Randomized Pairs, the blood-pressure experiment was run for
one person sequentially across a whole day to evaluate the effect of hyperventilation on blood
pressure readings; in Section 4 of Chapter 7, the boys shoes experiment entailed a comparison of
wear of different sole materials for a sample of 10 boys.

In the current chapter, all the experiments will be based on time-series data. They were
carried out in a definite time sequence -- a randomized sequence, in fact. All studied more than
one experimental variable. Each variable was set at two distinct levels only.

These examples only begin to introduce the potentialities of designed experimentation; but
they offer a simple and important tool for finding out which, of a number of possible independent
variables, actually affect the dependent variable: process output, yield, quality, or cycle time.
These designs are called two-level factorial and fractional-factorial designs. They can be used
either for quantitative or qualitative independent variables.'

As usual, we shall develop the key ideas in the context of specific applications. Before
doing so, however, we deal with a philosophical point that has important practical consequences
both for scientific method and for management practice. There is an obsolete proposition that is
still widely taught in colleges and universities:

"To learn about causation by experimentation, it is essential to vary one variable at a time
and to hold all other variables constant."

By the examples of this chapter, and the principles conveyed by them, we shall see that:

e [t is possible, and often desirable, to vary several variables at once.

'If we already know which independent variables are important and are interested in finding the best settings for quantitative
independent variables, another class of designs, called response surface designs, is applicable. In this chapter, we shall
discuss only the factorial and fractional-factorial designs.
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The one-variable-at-a-time approach leads to unnecessarily large, expensive, and time-
consuming experiments.

The one-variable-at-a-time approach fails to permit learning about interaction effects --
effects that are either greater or less when the variables are combined than would

be inferred from their separate effects.

For a quick survey of the key ideas of the chapter, look at the examples of Section 2 and

Section 5.

2.

The Pilot Plant Experiment: Full Factorial Design with Replication

We begin with an application to chemical engineering, where the objective is to increase

the yield of a pilot plant. The following data are contained in a file called PILOTPLN.sav:

PILOTPLN.sav - SPSS Data Editor

File Edit ‘iew Data Transform Analyze Graphs Utilities Window Help

Q|8 B o[« =[k| a FE BlEE %9

Tt -1

t | C | k | txe | 1xk | ok | tukee | y | order | index |

1] -1] -1 -1 1 1 1 -1 59.0 5 1
2 1 -1 -1 -1 -1 1 1 74.0 2 2
3 -1 1 -1 -1 1 -1 1 a0.0 1 3
4 1 1 -1 1 -1 -1 -1 £3.0 5 4
5] -1 -1 1 1 -1 -1 1 a0.0 g =3
5] 1 -1 1 -1 1 -1 -1 g1.0 9 53
7 -1 1 1 -1 -1 1 -1 45.0 3 7
8 1 1 1 1 1 1 1 73.0 7 8
9 -1 -1 -1 1 1 1 -1 B1.0 13 9
10 1 -1 -1 -1 -1 1 1 70.0 4 10
11 -1 1 -1 -1 1 -1 1 a8.0 16 1
12 1 1 -1 1 -1 -1 -1 B7.0 10 12
13 -1 -1 1 1 -1 -1 1 4.0 12 13
14 1 -1 1 -1 1 -1 -1 85.0 14 14
15 -1 1 1 -1 -1 1 -1 44.0 1 15
16 1 1 1 1 1 1 1 a1.0 15 16
17

Pilot plant experiment to increase yield (Y) of a chemical plant
by choosing advantageous combinations of low and high levels of
three variables, temperature, concentration, and catalyst.

Variables:
t: temperature (-1 is low level, +1 is high level)
c: concentration (-1 is low level, +1 is high)
k: catalyst (qualitative variable: A is -1, B is +1)
txc: interaction of temperature and concentration
txk: interaction of temperature and catalyst
cxk: interaction of concentration and catalyst
txexk: interaction of temperature, concentration, and catalyst.
y: yield
order: order in which the trials were actually made
index: order in which the trials are listed above for
convenience, the "standard sequence" or "design
matrix"
From Box, Hunter, and Hunter, Statistics for Experimenters,Wiley, 1978, Table 10.3,
page 320.
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Each of the two quantitative variables, temperature -- t --and concentration -- ¢ -- is set at
either a low or a high level, For temperature, the low level (coded -1 for convenience) is 160
degrees celsius, and the high level (coded 1 for convenience) is 180 degrees. Similarly, the low
level for concentration is 20 percent, coded -1, and the high level is 40 percent, coded 1. In both
instances, the low and high levels are modest departures from current standard practice. For
example, the then standard temperature for temperature was about 170 degrees and for
concentration, 30 percent.

The third variable -- k -- is qualitative, there being two catalysts, A and B, that are
arbitrarily coded -1 and 1. One was at that time the standard catalyst, the other a promising
alternative.

The interaction variables are simple transformations of two or three of the three primary
variables that will be explained shortly.”

This experiment may not answer all questions about the effects on yield of t,c, and k, and

further experimentation may be indicated by its results. But the experiment is designed to learn
about all three variables at once and to lead to improvement over the current process. To see
how this happens, follow carefully the steps in the following analysis.
We now study the pattern of minuses “-” and pluses “+” to show how it was arrived at
and what it means for the analysis. Consider first the columns in Data Editor for the first three
variables, t,c, and k. To distinguish these from the interaction variables, we use the term “main
effect”. Thus our potential independent variables include, along with the interaction effects to
be explained in a moment, three main effects—t, ¢, and k:

e The first column, t, starts with a minus sign and alternates minuses and pluses.

e The second column, ¢, starts with two minus signs and alternates two minuses and two
pluses.
e The third column, k, starts with four minus signs and is followed by four plus signs.

e The sequence of eight combinations of t, ¢, and k is repeated once more.
There are three important consequences of this layout:

e The column sum, and therefore the mean, of each of the three main-effect variables is
Zero.

e For each of the three variables, the mean of the squared deviations about the mean of zero
is one. Essentially, the variance (squared standard deviation) and the standard deviation
of each main effect are one.’

*As we shall show in later examples, it would also have been possible to "block" the 16 observations into two consecutive
groups of 8, create a block indicator variable, and to have randomized within each block rather than across all 16 observations.

*This statement needs a technical qualification. It would be precisely correct if the sum of squared deviations were divided by
the sample size n in the process of computing the standard deviation. However, it is conventional to divide by n-1 rather than
n, and this gives rise to a numerical discrepancy. The computed standard deviation, based on the divisor n-1, will therefore be
slightly greater than one: in this application it will be 1.033, as we shall show below.
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e The sum of cross-products of deviations from zero for any pair of the three variables is
zero. For example, for t and ¢, we have:

CDEDHIEDHEDTHID)HEDEDH EDHED T = 1-1-14141-1-141 = 0

This implies that t and ¢ are uncorrelated; also t and k and ¢ and k are uncorrelated. Thus
we have zero multicollinearity (zero correlation between independent variables), and by
design!

Next, we bring the fourth variable -- txe -- into the picture:
txc is the two-factor interaction between t and ¢. Numerically, it is obtained by multiplying t by
¢. On the first row, for example, t=-1 and ¢=-1, so t times ¢ = (-1)(-1) = 1. If you were setting
this up in SPSS you could create txec with Transform/Compute...:

txc = t¥c

txc equals 1 when t and ¢ are both high (+1) or both low (-1); txc equals -1 when t and ¢
are of opposite signs. We shall see how this definition is useful in practice when we come to the
actual data analysis.

The remaining interactions -- txc, exk, and txexk -- are computed in the same way. The
first 8 rows of the design constitute a "2 to the 3rd" factorial design -- written "2’ factorial

design'': there are 3 factors -- t, ¢, and k -- each at two levels, -1 and +1.

Rows 9 to 16 are simply a replication of the first eight rows, so we speak of the full design
as a "2’ factorial design with two replications".

The following table is a convenient way to display the layout of this factorial design:

This table was produced by the SPSS sequence
Pilot Plant Factorial Desiﬂ“ Analyze/ReportS/OLAP Cllbes. . .Where OLAP
stands for “Online Analytical Processing.” The
1 L K I . . .
7 T T v > procedure is rather involved and we will not
1 y 2 discuss it further here except to say that it also
b 1 -1 ¥ 2 requires table pivoting. (Your instructor should
1 ¥ 2 demonstrate this procedure in class, and it is also
1 1 i ¥ z helpful to read Chapter 6, “Working with Output”
! i 2 in your SPSS 12.0 Brief Guide.)The table shows
1 1 "
- Y 2 that for each of the eight factor combinations,
1 ¥ 2 . .
there are two replicates in each cell.
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Finally, here is another way to visualize the layout of this design. Imagine taking the layers of the

table above and stacking them to form the following 2x2x2 cube shown below

B Y

2x2x2 Factorial Design

The eight cells formed by the cube represent the different combinations of factors. This is an

example of a 2" factorial design wh

=3.

Crc n
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The next step is to obtain descriptive statistics for the factors and interactions:

Descriptive Statistics

Ml Minimum Maximum Mean Std. Deviation
1 16 -1 1 0o 1.033
C 16 -1 1 0o 1.033
k 16 -1 1 0o 1.033
e 16 -1 1 0o 1.033
ke 16 -1 1 0o 1.033
ik 16 -1 1 0o 1.033
Tk 16 -1 1 0o 1.033
i 16 44.0 a8a.0 B4.250 13.41349
Walid M {listwize) 16

Note first that the means of all potential independent variables (not just the main effects t,
¢, and k but also the interactions txe, txk, exk, and txcxk) are equal to zero. Second, all the
standard deviations are printed out as 1.033. The mean of the squared deviations for each of
these variables is 1, so the sum is 16. As explained above in a footnote, the conventional way of
computing the standard deviation of a sample is to divide, not by n, but n-1, and then to take the

J16

square root. So we have s =1.033,

Next we look at the correlations:*

Correlations
t 5 k e Tk ik Bk Y

1 Fearson Correlation 1 .aon .0oa .0ao .00o .aon .0oa BEE™

C Pearson Correlation .ono 1 oo oo Rul)i] .0oo 0oo -192

k Pearson Correlation 000 .aon 1 .0ao .00o .aon .0oa 058
| [t Pearson Correlation .ono oo oo 1 Rul)i] .0oo 0oo nag

ke Pearson Correlation .ono oo oo Rululi] 1 .0oo 0oo 385

ik Pearson Correlation .o0o oo .0oa Rululi] Rulaly] 1 .0oa Rululi]

Beboce Pearson Correlation .ono oo oo Rululi] Rul)i] .0oo 1 018

y Fearson Carrelation BEE™ -182 058 058 385 oo 0149 1

o currldliun is sigrifvant A0 e 0.01 Teval (2-Liled),

The correlation between all pairs of the seven potential independent variables is zero! This is a
desirable consequence of the design of the study. It means, for example, that when we do
regressions of yield y on any combination of these variables, we will get the same coefficient for
any given variable -- say, ¢ -- regardless of the other variables in the regression.

* In the Correlations table we have hidden the rows for significance level and sample size to make it easier to read. Your
instructor can show you how to do this.
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We are almost ready to do the analysis. However, in columns 1 through 10 the data are
listed in the standard sequence, not in the order in which they were actually run. The variable
order -- gives the actual order, so we next rearrange the data in the actual order, using Data/Sort
Cases....

The original data and sorted data are next compared. We would get the same regression
equation from either layout, but the sorted data enable us to check as to whether or not the

residuals appear to be in control.

Before the sort:

t | [ | k | e | tek | cxk | tukxc | ¥ | order | index |
1] -1 -1 -1 1 1 1 -1 59.0 5 1
2] 1 -1 -1 -1 1 1 1 74.0 2 2
| 3] -1 1 -1 -1 1 -1 1 500 1 3
| 4] 1 1 -1 1 1 -1 -1 620 g 4
| 5] -1 -1 1 1 1 -1 1 500 a A
|_B] 1 -1 1 -1 1 -1 -1 §1.0 4 5
7] -1 1 1 -1 1 1 -1 46.0 3 7
| ] 1 1 1 1 1 1 1 720 7 a
| 9] -1 -1 -1 1 1 1 -1 61.0 13 a
| 10] 1 -1 -1 -1 1 1 1 700 4 10
| 11] -1 1 -1 -1 1 -1 1 55.0 16 "
L 12] 1 1 -1 1 1 -1 -1 67.0 10 12
| 13] -1 -1 1 1 1 -1 1 54.0 12 13
| 14] 1 -1 1 -1 1 -1 -1 g5.0 14 14
| 15] -1 1 1 -1 1 1 -1 44.0 M 15
| 18] 1 1 1 1 1 1 1 51.0 15 16
17
After:
t B | k | e | txk | cxk | twkxc | ¥ | order | index |
1] -1 1 -1 -1 1 -1 1 500 1 3
L2 1 -1 -1 -1 -1 1 1 4.0 2 2
| 3] -1 1 1 -1 -1 1 -1 45.0 3 7
L4 1 -1 -1 -1 -1 1 1 0.0 4 10
| 5] 1 1 -1 1 -1 -1 -1 g2.0 a 4
5] -1 -1 -1 1 1 1 -1 520 5 1
| 7] 1 1 1 1 1 1 1 790 7 a
| Bj -1 -1 1 1 -1 -1 1 500 a g
=l 1 -1 1 -1 1 -1 -1 g1.0 4 G
110} 1 1 -1 1 -1 -1 -1 g7.0 10 12
1] -1 1 1 -1 -1 1 -1 44.0 M 15
112 -1 -1 1 1 -1 -1 1 a4.0 12 13
113 -1 -1 -1 1 1 1 -1 g1.0 13 4
114 1 -1 1 -1 1 -1 -1 gs.0 14 14
115 1 1 1 1 1 1 1 g1.0 15 16
15 -1 1 -1 -1 1 -1 1 53.0 16 1
17
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The next step is to apply our standard approach for selection of a tentative regression
model. A Stepwise Regression will show that the coefficients do not change as new variables are

entered into the model:

Model Summary
Adjusted Std. Error of
Model R R Square R Square the Estimate
1 .Baha Jad J69 6.4531
2 SARD 932 823 3.7419
3 agae 968 962 2.6300
a. Predictors: (Constant), t
b. Predictars: (Constant), 1, tek
L. Predictors: (Constant), t, ik, ¢
d. Dependent Variable: y
Coefficienmts®
Unstandardized Standardized
Coeflicients Coefficients
model B Std. Errar Beta 1 Sin.
1 (Constant) 64.250 1.613 359.826 .00o
t 11.500 1.613 .Bas 7128 .0on
2 (Constant) 64.250 838 B5.498 .00o
t 11.600 938 .Bas 12.260 .0on
ek 5.000 938 385 8.3 .0on
3 (Constant) G4.250 BaT 497.720 .00o
t 11.500 Bay .Bas 17.491 .0on
ek A.000 B&T 385 7.605 .0on
C -2.800 BaT -149z2 -3.802 003
. Dependent Variable: v

Note first that as we move from step 1 to step 2 to step 3 of the stepwise process, the
regression coefficient of any one variable is unchanged. (Remember, every pair of independent
variables is uncorrelated.) For example, the coefficient of t is 11.50 at steps 1, 2, and 3. The t-
ratio for t increases from 7.13 to 12.26 to 17.49 as the Std. Error of the Estimate decreases
from 6.4531 to 3.7519 to 2.6300. This decrease of the standard error of the residuals, in turn, is
made possible by the additional significant variables that are added to the model at step 2 and step
3. We have not mentioned it before, but the Std. Error of the Estimate is an essential ingredient
of the denominator of the t-ratio. (When it decreases, the t-ratio increases.)

Three variables -- two main effects, t and ¢ -- and one two-factor interaction --txk --

appear to be significant. Before going ahead to diagnostic checks, we first examine and interpret
the fitted regression equation:

8-8



predicted y = 64.25 + 11.5 t - 2.50 ¢ + 5.0 txk
This says that, for given values of the other variables:

e Fitted y increases by 11.5x2= 23.0 percent as t goes from its low level -1 to its high level
+1.

e Fitted y decreases by 2.50x2 = 5.00 percent as ¢ goes from its low level -1 to its high
level +1.

But how do we interpret txk? If k is at its low level -1 (catalyst A), the fitted equation above
becomes:

predicted y =64.2 + 6.5t-2.50 c
Hence the effect of t is only 6.5x2 = 13 percent when k is at its low level.
However, when Kk is at its high level +1, we have
predicted y =64.2 + 16.5t-2.50 ¢
Therefore the significant interaction txk means that the catalyst appears to affect the result, not
directly, but through its effect on the t variable. The temperature effect is more pronounced for

catalyst B (k=1) than for catalyst A (k=-1). This illustrates the idea of an interaction variable.

Thus, when asked to provide an equation for the predicted value, it is better to report two
equations:

predicted y =64.2 +6.5t-2.50c¢ if k=-1 (Catalyst A)

predicted y =64.2 +16.5t-2.50c if k=1 (Catalyst B)
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A Visual Explanation of Interaction

The graphs below explain the effect of interaction from a visual approach:

Plot of predicted vs. ¢
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Plot of predicted vs. t
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Plot of predicted vs. k
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Let’s begin our explanation by examining the scatter of predicted vs. ¢. At each point on
the graph we have indicated the settings for the triplet (t,c,k), always in the same order. Thus, for
example, you can read that when all three factors are at their low settings, the predicted value is
60; when the settings are all high, the predicted value is 78; and so on, for the other combinations.
These predicted values for each combination of factor settings are exactly the same in each of the
three graphs, but their position with respect to the horizontal axis can change. The first graph
also shows that when t is high the fitted value is higher than when t is at the low setting. This
relation also must hold in each of the three graphs. The straight lines connect the combinations
that differ only by the setting of ¢; thus they show what happens to predicted when ¢ is changed
from low to high while keeping the settings on the other factors unchanged. The most important
feature about the scatter of predicted on ¢, however, is that the lines are parallel. This shows that
whatever the settings of t and k, when ¢ increases from low to high the fitted value decreases by
a constant amount. The fact of this constant change, unaffected by t or k, shows that ¢ does not
interact with either of those variables.

Now you’ve got the idea! The second plot, predicted vs. t, demonstrates visually that
when t is increased from low to high, the fitted value of y increases, but the amount of increase
depends on the setting of k. We see that when k is low (Catalyst A) the effect of an increase in
t is not as great as when k is high (catalyst B). The crossing of the lines shows the interaction
between t and k. Note, however, that the two lines that start at the top left are parallel to each
other. The same is true for the two lines that begin at the bottom left. The end points of the
parallel lines only differ by the setting of ¢, thus showing from another angle that t and ¢ do not
interact.

Finally, the third graph, the plot of predicted vs. k, again demonstrates visually the
interaction between t and k, and the absence of interaction between ¢ and k, but from a
slightly different approach. See if you can talk yourself through the argument.

Next we turn to diagnostic checking of the residuals, which will lead to a small refinement
of the model:



Control Chart: Standardized Residual

Standardized
Residual

— — - UCL = 21566342
Average = 0000000

_________________________________ = = =LCL=-2.1566342

Sigma level: 3

This first visual check gives a strong hint of an upward trend of residuals, suggesting that there
was some unintended drift of background conditions during the execution of the 16 trials. (In a
broad sense this is good news, because it suggests that even as the experiment was being run,

something else was being done to improve mean yields, but it does muddy the interpretation of
the data.)

We can capture this discovery into the regression model by inclusion of a time trend into
the regression. The variable order is already listed in time order 1, 2, ... , 16 because of the sort
that we performed, so it will serve as the time sequence variable (we have previously used the

name time) for modeling trend.

Model Summary®

Adjusted Std. Error of
haodel R F Square F Square the Estimate
1 HG14 b8z HTE6 20724
4. Predictors: (Constant), tek, ¢, t, arder
b. Dependent Variable: ¥
Coefficients®
Unstandardized Standardized
Coeflicients Coeflicients
Maodel B Std. Errar Beta t 5ig.
1 {Constant) 61.300 1146 53471 on
order 347 20 123 2885 0145
1 11.5887 414 8a2 22325 .ooo
c -2.400 518 =192 -4.825 .om
ke 4. 436 A54 342 2.010 .ooo

2. Dependent Yariahle: y

The fit is improved, the trend is significant. The introduction of the trend variable order
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has slightly changed the regression coefficients of the other variables because of their slight
correlation with order. (The effect of ¢ is unchanged because it happened not be correlated at all
with order.)

If this model holds up under another round of diagnostics, our final regression equation
will be:

predicted y = 61.300 + 0.347 order + 11.587 t - 2.500 ¢ + 4.436 txk

The diagnostics are now satisfactory:

. . Runs Test
Control Chart: Standardized Residual
Standardized
4 Residual
Standardized Testwalued .00o0oao
Residual
_ Cases = TestValue T
— — -UCL = 23726882
Average = 0000000 Zases == TestWalue g
S - = -LCL =-23726882 Total Cases 16
Mumber of Runs g
Z =187
m /\/\ /\ Agsymip. Big. (2-tailed) 844
i \\Q_J v/"/eﬂ a htean

Sigma level: 3




Intocorrelations: ERE 2 Gtandardized Fesidual
Auto- Stand.
Lag Corr. Err. -1 -.75 -.5 -.E5 u] .25 .5 .75 1 Eox-Lijung Prob.
Tt
1 -.010 228 . * . .00z 967
2 —.133 220 . wEE . 367 832
3 -.050 212 . * . LA23 L2936
4 -.150 204 . wEE . L2965 915
5 036 . 195 . * . .995 L9635
6 —-.222 . 186 Lo EEEE 2.424 .877
7 —.033 L1797 . * 2.459 .930
8 -.236 167 L EEEEE 4.469 L813
9 120 156 . ww 5.059 L8289
10 221 144 . wEEE 7.3594 . 655
11 -.104 132 . §.043 L7049
1z .0zs L1185 . * g.100 A
Plot Zymbols: butocorrelations * Two 3tandard Error Limits
Total cases: 16 Cowputabhle first lags: 15

Normal Q-Q Plot of Standardized Residual

Frequency

W
L
Expected Normal
o

\ean = -8 7777008E-16
Stl. Dev. = 0.85634664 -1.5 -1.0 -0.5 0o 05 1.0 15

=16 Observed Value

T T
-4 2 2 4

0
Standardized Residual

Tests of Normality

Note that in the table at right we have used —
the table editor to hide the results of the T Shap'drf'wnk 5
Kolmogorov-Smirnov test, information that Standardized Resdoal 504 6 092

W

we have never used in this course since the

Shapiro-Wilk test suffices.

A word is in order about the rather boxy shape and the relatively narrow range of variation
of the above histogram of residuals, as well as the near-significance of the Shapiro-Wilk statistic.

e The narrow range is partly an artifact. It arises because the formula for the standard
deviation of residuals entails division of the sum of squared residuals not by n or even by

n-1, but by n-k-1, where k is the number of independent variables in the regression, here
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k=3. Thus n-k-1 = 16-3-1 = 12. This "squeezes" down the range of the standardized
residuals.

e The boxy shape is more puzzling, but it is a common occurrence in residuals from
regressions with small sample sizes and a relatively high ratio between number of
independent variables and the sample size. We do not believe, however, that this is a
serious blemish on the diagnostic checks.” The more serious problem, which does not
arise here, is raised by outliers, which always suggest the possibility of special causes or
important omitted variables.

To gain perspective on what we have learned, it will be helpful to review the results in
tabular form, again using the SPSS procedure Analyze/Reports/OLAP cubes.... This time we
classify summaries of the data in tables for t vs. ¢, separately for each level of k. The values in the
individual cells are the mean values of the process yield, y.

Pilot Plant Factorial Design Pilot Plant Factorial Design
k-1 k1
Mean Mean
C G

t -1 1 Total t -1 1 Tatal
K] FO000 a4 000 a7.000 -1 i A2.000 45,000 48.400
1 73000 ES.000 70,000 1 Y g83.000 g0.000 81.500
Total BE.000 1000 34600 Total v A7.500 f2.500 65.000

The tables above enables us to see the mean y for each combination of the three factors.
We can then immediately identify the “winning combination” with the maximum mean y = 83 as t
=1, ¢ =-1, and k = 1; in other words, high temperature, low concentration, and Catalyst B.

A similar application of OLAP Cubes..., but this time with predicted value as the
dependent variable would show that the maximum fitted value is 83.814, again at high
temperature, low concentration, and Catalyst B.°

Summarizing our findings, the highest actual and highest fitted yields -- about 83 percent -
- are achieved for the cell for which t = 1, ¢ = -1, and k = 1: high temperature, low concentration,
and Catalyst B: that cell is the "winner". The regression analysis assures us that the winner's
success is statistically significant. Of the alternative input variables tried in this experiment, this
winning combination promises highest mean yield in the future. (Recall also, however, that there
was a significant uptrend of percentage yield during the course of the experiment; if that
continues, we should do somewhat better in the future than would be expected from the best
choice of input variables alone.)

>Notice also that the normality probability plot can hardly be called a straight line.

® You can either take our word for this or teach yourself how to use OLAP Cubes. It is fun to do, but rather time consuming.
8-15



The winning treatment combination thus identified is now a base from which we may
experiment further with temperature and concentration. This can be done in one of two ways:

Using Catalyst B, experiment in the same way with further two-level variations of
temperature and concentration about their new best levels. This is the basic idea of a
strategy of continuing improvement by a succession of two-level experiments, which is
known as evolutionary operation.

Using Catalyst B, experiment with a whole grid of quantitative levels (not just a high and a
low) about the new best levels of temperature and concentration with the aim of finding an
optimum level. This is the basic idea of a strategy known as response surface analysis.

Suppose that we had carried out a simpler, less informative tabular analysis in which we
used only the two quantitative variables t and ¢ as classifiers. You will see below that the cell
defined by t =1 and ¢ = -1 has the highest fitted yield, but the fitted yield is less, 77.903.

COLAP Cubes
hean
[
t -1 1 Total
-1 Linstandardized
Predicted Value 55597 49 503 52.7a0
1 Linstandardized

Predicted Valus 77.803 T3.597 Ta.740

Total Lnstandardized
FPredicted YWalue

66,740 61.740 64,240

In other words, if we leave the catalyst variable k out of the picture, we miss an important
piece of information: Even though k is not directly significant as a main effect, it contributes to
the overall fit because of its interaction with t. Moreover, the predicted yield is higher if k =1,
that is, if catalyst B is used. An experimental design in which each factor was varied one-at-a-
time, rather than using the present factorial approach, would never have uncovered this fact.

3. Two-level Factorial without Replication: Running Experiment

The experiment reported in Section 2 used 16 observations in two replications of the basic
2* design, and produced some useful findings. Is it possible to get useful results from a single
replication of the design, using 8 observations? We now look at a "lightning data set" in which
precisely this was attempted.

Optional Computer Preliminaries
We begin with computer preliminaries; it is necessary only to study the background shown

for the file RUNEXPB.sav, immediately below. These preliminaries show how you can set up
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SPSS to advantage in conducting such experiments, including the randomization to determine the
order in which trials are to be run and the analysis after you collect the data. We illustrate by the
set up of a 2° factorial experiment, with possible replication in a second block, which is used in the
specific running experiment described in the below. The procedure is easily generalized.

The data analysis and results will follow immediately after these computer preliminaries.

The contents of RUNEXPB.sav are explained in the first person by the runner who designed the
experiment:

RUNEXPB.sav - 5PSS Data Editor

File  Edit

View Data Transform  Analyze  Graphs  Utilities  Window  Help

LR %@

i
[E=E]

rv_

1: stzeq

=|W|S| B || =|0| #lF
1

stseq laptime | shoes | handwt | weight | random |

o~ |m | =

[na RN R RS RS SRR SN
' ' '
RN Y S ) (PN I ) Y
' ' '
RPN P R R (PN P e Y
' ' '
e s ) e e

This is a blank data file for a 2**3 factorial design.
It will be filled in with data and random numbers.

stseq: = Standard sequence for experimental trials
laptime:= Time to run around a block that is about 3/8 mile
random:= Sample of random normal numbers generated by SPSS

The aim is to keep effort constant and moderate while varying
the following variables:
shoes: =-1 for my old Tiger running shoes
= +1 for my favorite Reebok running shoes
handwt: = -1 for no hand weights
= +1 for one pound gloves for each hand
weight: = -1 for no added weight
= +1 for backpack weighing approximately five pounds

Timing is done with a Casio Lap Memory watch, which records the
times for later retrieval.

At the end of each lap, I make necessary changes of shoes,
backpack, and weighted gloves.

We shall show in a moment how to generate the random numbers, random, that will

determine the sequence of the eight trials. The actual laptime values can be entered later by hand
when the data have been collected.



First we must use Transform/Compute... to set up the three two-factor and the one
three-factor interactions:

sxh = shoes*handwt
sxw = shoes*weight
hxw = handwt*weight
sxhxw = shoes*handwt*weight

After adjusting the width and number of decimal places, the data now look like this:

RUNEXPB.sav - SPSS Data Editor

File Edit ‘iew Data Transform  Analyze  Graphs  Utiities  Windomw  Help

=S| B| of | =[] @ Fre] BEE %9

1: stzeg 1

stseq laptime | shoes | handwt | weight | random | seh | sww | haw | sihoow |

1] 1 1 -1 1 1 1 1 1
2 2 1 -1 1 1 1 1 1
E 3 1 1 1 1 1 1 1
4 4 1 1 1 1 1 1 1
5 5 1 -1 1 1 1 1 1
5 B 1 -1 1 1 1 1 1
7 7 1 1 1 1 1 1 1
g g 1 1 1 1 1 1 1
gl

Before we proceed we must save our spreadsheet as the file RUNEXPB.sav so that it can
be easily retrieved and used again for future experiments.

Descriptive Statistics

] Minimum | Maximum Mean Std. Deviatian
shoes a -1 1 a0 1.0649
handwt a -1 1 ili] 1.0649
weight g -1 1 .00 1.064
gxh a -1 1 ili] 1.064
S a -1 1 Aan 1.0649
hizw a -1 1 an 1.064
Sxbiw a -1 1 ili] 1.0649
Walid M {listwise) a

The means of all variables are zero, and the standard deviations are 1.069. (The standard
deviations would be exactly 1 if the sum of squares were divided by n = 8, but the convention

8
is to divide by n-1 = 7: \/; =1.069 )



Correlations

shoes handwt weight sxh S hise sxhow
shoes Pearson Correlation 1 .0oo .ooo .ooo .0oo 000 .0on
handwt Pearsaon Correlation .0oo 1 .ooo .ooo .noo .0on .oon
weight  Pearson Correlation .aon .aon 1 .aan .000 .0oo .0oa
sxh Fearson Caorrelation oo oo .0on 1 000 .0oo .0on
S Pearson Correlation .0on .0on .ooao .0an 1 000 000
hiw Pearson Correlation .0oo .0oo .ooo .oan .0on 1 .oon
Sxhiow Fearson Correlation oo oo .0on .0on .0oo 000 1

variables are mutually uncorrelated. There is no problem of multicollinearity here!

As we have seen before, by the arrangement of the experimental design, the independent

Next, we prepare for randomization of the sequence by putting random numbers in the column
of the spreadsheet for random We simply use Transform/Compute... to create

The spreadsheet now looks like this:’

random = RV.UNIFORM(0,1)

RUNEXPB.sav - 5P5S Data Editor,

File Edit Yiew Data Transform Analyvze Graphs  Utlities  Window Help

=[d[e| =)

|| =[B]| o =] 2

LIE 32|

1: stzeq

stseg laptirme |

1

shoes

weight |

random

| suh

| suw

b

| sxhww |

oo~ ek —

0O~ ) e | B —

' ' ' '
RPN Y PR RPN R I PR

| handwt |

RN
= s = m | =m = =

139644
431302
B12173
290753
185732
699504
346299
445639

v v
RPN N (PRl RPN R Il P

R
= s = m | =m = =

o ' '
= s = m | =m = =

Next, to randomize the sequence of the trials, we apply Data/Sort Cases..., using random as the
sort key. The new arrangement of the spreadsheet is

"The SPSS function RV.UNIFORM(0,1) generates random numbers from the uniform distribution between 0 and 1. This
means roughly that each number in that range has the same chance of occurring. Of course, when you try this you will get
random numbers that are different from ours.
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RUNEXPB.sav - 5PSS5 Data Editor

File Edit View Data Transform  Analyze Graphs  Ukilities  Window  Help

Q|8 B || =k &l Fe BlEE %

11 : laptime

stseq | laptime | shoes | handwt | weight | random | seh | swew | hew | sxhuw |

1 1 . -1 -1 -1 139644 1 1 1 -1
2 5 -1 -1 1 85732 1 -1 1 1
3 4 1 1 -1 290753 1 -1 1 1
4 7 -1 1 1 346299 -1 -1 1 1
5 2 1 -1 -1 431302 -1 -1 1 1
B 8 1 1 1 445639 1 1 1 1
7 3 -1 1 -1 B12179 -1 1 1 1
8 53 1 -1 1 B99504 -1 1 1 1
3

The order shown immediately above is that in which the eight combinations of factors will
be applied.

We note this order by creating one more variable with Transform. It is blseq = $casenum. The
name blseq stands for “block sequence” and it will be useful in the analysis.

Save the present spreadsheet as RUNEXP1.sav.

Next, in preparation for setting up a second block of trials. We repeat the process
of generating random numbers with random = RV.UNIFORM(0,1) and we apply Data/Sort
Cases... to put the trials in random order. Finally we note the randomized order by resetting
blseq = $casenum.

Save this file as RUNEXP2.sav .

Now we are ready to record laptime for two blocks, each consisting of eight randomized
trials.

Actual Data Analysis
The runner recorded the following laptimes on December 5, 1993 while varying the
experimental settings according to the randomization scheme in RUNEXP1.sav. They were

entered into RUNEXP1.sav in the column for laptime:

187.06 188.65, 189.77, 191.82, 186.21, 188.41, 183.65, 193.16
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Just in case there might be a nonlinear trend, we use Transform to create
blseqsq = blseq*blseq .

Now we are ready to launch Stepwise Regression with laptime as the dependent variable
and shoes, handwt, weight and blseq as candidates for inclusion in the model. (We do not want
to use “the sledgehammer approach” with so few data points.) After initiating the regression
routine, this is all that we get for output:

REQI’E‘SSID" This means that none of the potential independent

variables could enter the model with a p-value low

enough to meet the acceptance criteria.
Variables EnteredRemoved®

2. Dependent Yariable: laptime

Unwilling to abandon the analysis, we go back to
the regression setup, press the Options... button, and change the entry value of p just a hair,
from 0.05 to 0.07.

Linear, Regression: Options

Stepping Method Criteria
+ |lze probability of F
Cancel
Entry: .07 Femowval: |10 4

™ UseF valuek Help
[385 27

W Include constant in equation
Missing Values
* Exclude cazes listwize
" Exclude cases painwize
" Replace with mean

We run the stepwise routine again:

Variahles EnteredRemoved®

Yariahles Yariahles

hodel Entered Femoved Method

1 weight Stepwise (Criteria; Probahilib-of-F-to-enter == |
“ | 070, Probahility-of-F-to-remoyve == 100},

a. Dependent Yariahle: laptime
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Model Summany®

Adjusted Std. Errar of
Model R F Square F Square the Estimate

1 Ryz24 462 2361 243934
4. Predictars: (Constant), weight

b. Dependent variable: laptime

Coefficients®

Unstandardized Standardized
Coefiicients Coefiicients
hodel B Std. Error Beta 1 2ig.
1 (Constant) 188.591 .BE2 218673 a0
weight 1.919 BE2 BT2 2235 063

3. Dependent Variable: laptime

The variable weight (5-pound backpack) is of borderline significance in slowing down
running time. The t-ratio is 2.225, but since the sample is very small, the p-value of 0.068 is
slightly above the standard cutoff point of 0.05. If, however, we take the regression coefficient at
face value, the following reasoning is interesting:

e The constant 188.6 is the estimated time to run one lap when weight = 0, which would,
in effect, mean a 2.5 pound backpack.

e 1.92 is the estimated slowing effect of a one-unit increase in weight. Since weight = -1
means no backpack and weight = 1 means the 5-pound backpack, the estimated slowing
effect of the backpack is 2x1.92 = 3.84, which is about 2 percent of 188.6. Hence the
backpack, which is so light as to be almost unnoticeable, may have a substantial effect.

e Another way to look at it is that 5 pounds, about 3 percent of the runner’s body weight
of 150 pounds seems to be associated with a 2 percent degradation of running
performance.

With so small a sample, diagnostics will not be very informative.

You may recall that back in Section 4 of Chapter 6 when we were discussing R Square
we said that with a given data set, if you put enough variables into the regression equation you
can attain a perfect fit-- i.e., the sum of squared residuals will be zero, and R Square = 1. We
emphasized the point, with the example of the temperature in Yakutsk, Siberia, that the variables
could be utterly nonsensical.

The same is true in our present experiment. When you count the factors, the two-way and

the three-way interactions, plus the constant term, there are eight potential elements for the right-
hand-side of the equation. With only eight trials, if we force them all in we would have a perfect

8-22



regression fit, but would be meaningless. We can, however, force in all but the three-way
interaction:

Model Summary®

Adjusted Std. Error of
Model F R Square R Square the Estimate
1 .7hg4 A75 -1.8977 526441
4. Predictors: (Constant), heay, sioe, sxh, weight, handwt,
shoes

b. Dependent Yariable: laptime

Coefficients®
Unstandardized Standardized
Coefficients Coefficients

Model B Std. Erraor Beta 1 Sig.

1 (Constant) 188.591 1.861 101.325 006
shoes J4H6 1.861 274 428 743
handud -178 1.861 -.063 -.096 B39
weight 1.9149 1.861 BT2 1.0 4490
sxh =118 1.861 -.042 -.064 Relare
S =821 1.861 =183 -.280 816
b =216 1.861 -076 =116 B26

4. Dependent Wariahle: laptime

It is useful to compare these results with those from the previous regression on weight.
First of all, we see that none of independent variables, weight included, has a significant t-ratio.
This is not because of the effects of multicollinearity (there is none), but rather because the
standard error of the residuals, which determines the standard errors of the coefficients, has
increased considerably-- from 2.44 to 5.26-- more than two-fold! As we know, R Square
cannot decrease, and it has increased from 0.452 to 0.575, but look at Adjusted R Square. It is
negative and almost -2! That is what it should be. It is telling you, in effect, “Don’t do this.”
There are not sufficient observations to be trying to fit a six-variable multiple regression,
including the constant term, with only eight data points.

This is what we mean when we use the term “sledgehammer approach.”
Overfitting can only lead to unreliable and nonsensical analyses.

Analysis of Both Blocks: All 16 Observations
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The first block of eight trials, reported above, was run on December 5 in the afternoon.
The next morning, December 6, the experimenter ran the second block. He could have analyzed
that one separately, but he chose to combine the two blocks in the analysis shown below.

We begin by clearing all of the columns in our present worksheet after blseqsq. These
columns, if there are any, contain predicted values and residuals from the various regressions that
we have performed. We then save our file under the name RUNEXP1,sav. Next it is necessary
to open RUNEXP2.sav where we stored the sorted random numbers for the second block of
data. Then follow these steps:

e With click-shift-click highlight all of the data cells, even those with missing indicators, but
not the variable names.

e Reopen RUNEXPI1.sav, and placing the mouse pointer in the cell directly under the
number 193.16, paste the cells just copied from RUNEXP2.sav.

The Data Editor now looks like this:

=S| B o | =|k| al Fl| DL %2
9: stzeq

stseq | laptime | shoes | handwt | weight | random | sxh | sww | hww | swhww | hlseqg |
1 1 187.06 -1 -1 -1 135644 1 1 1 -1 1.00
2 a 188.65 -1 -1 1 185732 1 -1 -1 1 2.00
3 4 189.77 1 1 -1 290753 1 -1 -1 -1 3.00
4 7 191.82 -1 1 1 346299 -1 -1 1 -1 4.00
5 2 186.21 1 -1 -1 431302 -1 -1 1 1 5.00
A g 188.41 1 1 1 445639 1 1 1 1 6.00
7 3 183.65 -1 1 -1 B12179 -1 1 -1 1 7.00
g & 193.16 1 -1 1 B95504 -1 1 -1 -1 §.00
9 4 1 1 -1 037092 1 -1 -1 -1 1.00
10 g 1 1 1 100566 1 1 1 1 2.00
11 & 1 -1 1 221421 -1 1 -1 -1 3.00
12 3 -1 1 -1 225411 -1 1 -1 1 4.00
13 1 -1 -1 -1 261857 1 1 1 -1 5.00
14 7 -1 1 1 A78133 -1 -1 1 -1 6.00
15 a -1 -1 1 724830 1 -1 -1 1 7.00
16 2 1 -1 -1 732645 -1 -1 1 1 §.00
17

The laptime figures for the new block are
196.66, 201.53,201.38, 197.91, 193.21, 201.04, 203.10, and 193.62.

We enter these into the spreadsheet and then we add the variable blseqsq by repeating
blseqsq=blseq*blseq with Transform/Compute...

One more step before running a new regression : We need to create an indicator variable
that shows which block the data are from. Calling the new variable block, we would like it to
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equal O for the first eight cases and 1 for the last eight. There are a couple of ways to do this
using $casenum and Transform/ Compute... or via Transform/Recode, but since we are
dealing with only sixteen cases, the easiest thing to do is to insert a new column with the name
block and then type in eight zeros followed by eight ones.

. Save the merged file as RUNEXP3.SX .
Finally,

We are now ready to run Stepwise Regression. We use all of the factors and
interactions, plus blseq, blseqsq, and the indicator variable, block, as candidates for the right-
hand side:

Maodel Summany®
Adjusted Std. Error of
Model F R Square R Square the Estimate
1 8404 06 B85 3.44081
2 a45kb .8a2 876 216060

4. Predictors: (Constant), hlock
b. Predictors: (Constant), block, weight
¢. Dependent Variable: laptime

Coefficients®
Unstandardized Standardized
Coefiicients Coefiicients
Model B Std. Error Beta 1 Sig.
1 (Constant) 188.591 1.217 155.026 .oon
hlock 9.965 1.720 840 A.742 .oon
2 (Constant) 188.591 64 246,884 .oon
hlock 5,965 1.080 240 09224 .0on
wiejght 2.562 A40 432 4744 .oon
a. Dependent®ariable: laptime

We see that the only two variables to enter the model are block and weight. Note that
the block coefficient, 9.965, is highly significant. The positive sign for the block coefficient
means that the next morning the runner was slower by 10 seconds on average than on the
previous afternoon. The value of blocking is this: the overall slowing down from one day to the
next does not impair our ability to find out about the effect of weight (and of possible other
variables whose effects might have become visible with the increase of sample size). If, in fact,
block had not been included, the effect of weight would not have been significant.
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A point to remember in experimental design: Blocking often brings out factor
effects that would otherwise be obscured by large standard errors. By removing the
block-to-block variability from the sum of squared residuals it makes the standard
error of the estimate smaller. Like chicken soup, it can’t hurt.

The effect of weight is now estimated at 2x2.56 = 5.12. Since 5.12/188.6 = 0.027 or
nearly 3 percent, it would appear that a weight handicap of about 3 percent relative to body
weight translates to a performance handicap of about 3 percent.®

Here are the diagnostic checks:

Control Chart: Standardized Residual

1 1 1 I I I I I I I
1 2 3 4 5 G 7 8 9 10 M 12 13 14 15 16

Sigma level: 3

Standardized
Residual

— — -UCL = 31366215
Average = 0000000
— — -LCL=-3.1366215

Funs Test
Lnstandardiz
ed Residual

Testvaluea .0o0oooo
Cases = TestValue ]
Cases == TestValue 10
Total Cases 16
Mumber of Runs a
il .oan
Asymp. Sig. (2-tailed) 1.000
a. Mean

Unstandardized Residual

10 O Coefficient
Upper Confidence
Limit

Lower Confidence
Limit

[
05
10
T T T T T T T T T T
1 2 3 4 5 6 7 8 9 10
Lag Number

ng the weight-handicap variable in the experiment was
dicap in endurance sports. In age-group running
for many years; then he lost a few pounds and began to
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Dependent Variable: laptime
2
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2+ \ Normal Q-Q Plot of Unstandardized Residual
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very difficult to make inferences about the shape of an underlying distribution from small
9
samples.

4. A Fractional Factorial Experiment: Top Spinning

We have seen two examples of 2* factorial experiments, in which three variables, each at
two levels, were simultaneously evaluated. The same idea can be applied to larger numbers of
variables. For example, 2* = 16, 2°= 32, etc. But as the number of variables increases, the
required minimum sample size goes up rapidly; with 10 variables, for example, we have 2'° =
1024.

There is, however, a design approach for dealing with larger numbers of variables,
learning a good deal about them, yet using samples of more modest size. We can illustrate the
basic approach on a small scale by showing how we can learn about the effects of 4 variables in
just 8 trials. The basic design is called a two-level fractional factorial design.

Our illustration will be a lightning data set based on the spinning of small toy tops, which
are spun by gripping a vertical shaft between two fingers and "snapping" the two fingers. The
objective is to find out how to get a long-duration spin. There are four variables:
x1: Two individual tops, one yellow (-1) and one green (1)
x2: Two ways of gripping the top by thumb and forefinger, "short" (-1) and "full" (1)
x3: Two surfaces on which the tops are spun, "counter" (-1) and "table" (1)

x4: Forearm position: "high elbow" (-1) and "horizontal" (1)

The layout of the experiment is shown in the data file TOPSPIN.sav:

°In a footnote in Section 1 of Chapter 4, we have already mentioned the reason for wanting the residuals to conform to
normality. It is that we need to make probability statements about unknown quantities-- e.g., regression coefficients, predicted
values, etc.-- and the normal distribution is especially easy to work with. We must remark, however, that if the sample is large
enough, the distribution of the residuals can be quite non-normal and yet it is safe to base our inferences about the quantities of
interest on the normal distribution. This is because many of our estimates are computed as weighted sums of the residuals and
it can be shown through a marvelous mathematical result called “the Central Limit Theorem” that weighted sums of non-
normal random variables can themselves be approximately normally distributed.
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TOPSPIN.sav - SPSS Data Editor

File Edit View Data Transform Analvee Graphs Utilities ‘Window Help

@@ B || =[] sl F= BEE %0

1: stzeq 1

stseq Y | 31 | W2 | %3 | randorm | x4 | negwd |

1] 1 -1 -1 -1 . -1 1
2 2 1 1 -1 1 1
3 3 1 1 -1 1 1
4 4 1 1 -1 1 1
5 a 1 1 1 1 1
5 5 1 1 1 1 1
7 7 1 1 1 1 1
8 g 1 1 1 1 1
2l

y is the spinning time of the top, left blank to be filled in during the experiment.

random is a random number used for sorting and determining the sequence of trials

x4 is the product of x1, x2, and x3. It is used to determine forearm position.

negx4 is x4 multiplied by -1. It can be used for a second 2“7 fractional factorial

experiment which, when separately randomized and pooled with the first, gives a full 2*=
16 experiment, blocked by the two fractional factorial experiments.

Observe that x1, x2, and x3 are laid out as a 2° = 8 full factorial design in three variables.
We note that although x4 has the correct values to complete certain combinations of the four
factors, only 8 of the 16 different four-factor combinations are represented. For example, you
cannot find the quadruple pattern (- - - +). This is why the design is called a fractional factorial.
We notice also, however, that the values of x4 as they are placed in the layout correspond exactly
to the values of the product of x1, x2, and x3, which we would ordinarily call “x123", the three-
factor interaction of x1, x2, and x3.

There are often good reasons to believe on a priori grounds that such multi-factor
interactions will have little or no effect. So we let x4 determine the pattern of application for
the fourth variable, forearm position. If, in fact, the three-factor interaction has little or no
effect, we can attribute causation to forearm position if x4 turns out significant.

From the data themselves, we cannot distinguish x4 from the three-factor interaction of
x1, x2, and x3, and the two are said to be confounded. But often it will be reasonable to assume
that the variable x4 -- the orientation of the forearm in the spin -- and not the three-factor
interaction, will cause any effect that may be found.

(The variable x5 is the negative of x4. It could be used for a second fractional factorial
experiment that later could be pooled with the first, using a block indicator variable, in a 2* = 16

full factorial experiment.)

Now we show how the experiment is conducted and analyzed:
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These are the random numbers that were generated to fill in the column random. We
have typed them into the data file and saved the result as TOPSPIN1.sav.

0.529819 0.270049 0.343056 0.121551 0.837784 0.526422 0.408554 0.675279"

As before, we sort on random and obtain the time ordering that we will use in actually
performing the experiment. After some preliminary practicing with the grip and forearm
orientation, the experimenter followed the sequence of factor combinations in the layout above
and obtained the following spin times, which were entered into the worksheet for y:

18.12 13.99 31.50 4.61 10.52 11.83 36.03 30.06

We also add the variable time=$casenum. The complete file is then saved as
TOPSPIN2.sav.

Next we apply Stepwise Regression with y as the dependent variable, and x1, x2, x3, x4
and time as candidates. For a change, we set the entry probability of F at 0.98 so that all the
variables will be forced into the model.

Variables EnteredRemoved=

Yariahles Variables
model Entered Removed Method
1 wd - | Btepwise (Criteria: Probahility-of-F-to-enter == 980, Probabilit-of-F-to-remaove == 990).
2 W2 - | Btepwise (Criteria: Probahility-of-F-to-enter == 980, Probabilit-of-F-to-remove == 990).
3 tirme .| Stepwise (Criteria: Probahility-of-F-to-anter == 880, Prohability-of-F-to-remove == 990}
4 W3 .| Stepwise (Criteria; Probabhility-0fF-to-enter == 980, Probahilite-0fF-F-to-remove == 990},
A al - | Btepwise (Criteria: Probahility-of-F-to-enter == 980, Probabilit-of-F-to-remaove == 990).

a. Dependent Variable: v

1 you are following along on your PC and you want to obtain the same results as we do, you must copy these random
numbers into your spreadsheet. Otherwise if you use your own random numbers you may end up with a different time
sequence.
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Model Summany’

Adjusted Std. Error of
Madel R R Souare F Sguare | the Estimate
1 Jr4d Hug 533 24807
2 823k BTT 547 T.72271
3 arre JE4 Rajtly 729740
4 9024 814 BB 7.55977
] 830# 8R4 A4 791396

a. Predictors: (Constant), x4

b. Predictors: (Constant), x4, ¥2

. Predictors: (Constant), x4, %2, time

d. Predictors: (Constant), x4, x2, time, 13

e. Predictors: (Constant), x4, x2, time, ®3, x1

f. Dependent Wariable: y
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Coefficients=
Unstandardized Standardized
Coeflicients Coeflicients
Maodel B Std. Errar Beta 1 Sig.
1 (Constant) 19,583 2774 7.054 000
%4 8.312 2774 J74 29597 024
2 (Constant) 18,533 2730 7172 om
%4 8.312 2730 J74 3.044 029
®2 25983 2730 278 1.092 325
3 (Constant) 12613 6.036 2072 A07
%4 7.538 2652 J0z2 2.843 047
®2 4144 2739 386 1.513 205
tirme 1.649 1.225 REXCH 1.264 2TA
4 (Constant) TET3 2.560 8496 436
#d 6.989 2.821 Ba1 2477 089
®2 4 967 29597 463 1.658 196
tirme 2.647 1.807 Ralstal 1.464 239
%3 -3.247 3.807 -.302 -.853 486
a (Constant) 3.374 10272 328 J73
%d 6.512 3.007 BOT 2164 63
¥2 5.683 3.248 A28 1.7449 222
titne 3.601 2186 JE8 1.6349 243
%3 -4 679 4323 - 436 -1.082 39z
1 2783 3.248 284 BaT 482
a. Dependent Wariable: y

It looks as if the position of the forearm does matter and that +1, the horizontal
orientation is best, with a positive effect of about 8 seconds on spinning time. None of the other
variables, when given the opportunity, entered the equation with t-ratios as great as 2 in absolute
value.!" We repeat the simple linear regression on x4 alone to obtain the residuals:

Model Summary®

Adjusted Std. Errar of
Maodel R R Sguare R Sguare the Estimate
1 Tr4a 599 433 7.84607

a. Predictors: (Constant), x4

b. Dependent variahbla: y

i Note, however, that the Std. Error of the Estimate (Residual Standard Error) continues to decrease until Step 3, where
the model contains the grip variable and time as well as forearm position. It can be proved that if a variable’s t-ratio is equal
to 1 or greater its inclusion in the model contributes to a reduction in Adjusted R Square. Sometimes, if we believe that a
variable is important, we will retain it even if its t-ratio is less than 2, but we choose not to do so in the present example.
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Coefficiemts®

.
-
@ -

Unstandardized Standardized
Coefficients Coefiicients
Model B Std. Error Beta t Sig.
1 (Constant) 18,5883 2774 7.05849 .oan
w4 8312 2774 J74 2.997 024
a. DependentVariable: vy
Control Chart: Standardized Residual Runs Test
. Unstandardiz
_________________________________ —— Standarcized ed Residual
— — -UCL = 33544242 TestWaluea Qoooooa
Average = 0000000
i R Cases = TestValue 3
Casges == TestValue A
Total Cases a
. \\ AN Murnber of Runs A
vv' z 000
Asyimp. Sig. (2-tailed) 1.000

a. Mean

0o

/|

N

Wean = 2 36E-16
Std. Dev. = 0.926 05

1 2 3 8
Sigma level: 3
Dependent Variable: y Tests of Normality
Shapiro-Wilk
304 Statictic of Sig.
Unstandardized Residual 523 a AA3
254
;,:’,‘2.0—
s Normal Q-Q Plot of Unstandardized Residual
e
15
1.0
o

A

0 1

Regression Standardized Residual

=8

ili]

Expected Normal

10 -5
Observed Val

o 5
ue
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S. A Pool Experiment: 2° Factorial with Blocking
A student had been using an unconventional technique for playing pool: an unorthodox
upside-down V bridge and the eye focused on object ball. The standard technique called for a
closed bridge and the eye focused on cue ball. Thus there are four variations of technique:
1. Upside-down bridge, object ball (student's technique)
2. Upside-down bridge, cue ball
3. Closed bridge, object ball
4. Closed bridge, cue ball (standard technique)

The design used is built around a 2* factorial arrangement of bridge and eye. The data are
contained in the file POOL.sav, for which we show a portion below:

=|d|8| B o|| (k| &l Tl OEFE %2
40 : block. 10

sess | numshots | bridge | eye | block | order |
1 1 50 1 -1 1 1
2 1 39 1 1 1 2
3 1 43 -1 -1 1 3
4 1 73 -1 1 1 4
5 1 B2 1 -1 2 5
B 1 40 -1 -1 2 B
7 1 B2 -1 1 2 7
g 1 B2 1 1 2 g
9 2 32 1 1 3 1
10 2 36 -1 1 3 2
11 2 43 -1 -1 3 3
12 2 45 1 -1 3 4
13 2 54 -1 1 4 5
14 2 45 1 -1 4 B
15 2 55 1 1 4 7
16 2 50 -1 -1 4 g
17 3 39 1 1 5 1
18 3 53 1 -1 5 2
10 e A 1 1 £ e

If you look at the complete data file you will see that the 40 cases cover five sessions and
that each session is blocked into two sets of four games each. The possible combinations of the
two factors are randomized within each block. Hence the listing is in the sequence in which the
games were played.

8-34



Note that the variable numshots is the score of each game (the lower the better), block
numbers the blocks from 1 to 10, and order incdicates the sequence of play within each session.

To facilitate the interpretation of later results we shall change the codes of the variables
bridge and eye from (-1,+1) to (0,1). The easiest way to do that is through Transform:
bridge = (bridge + 1)/2
eye= (eye + 1)/2
Next, we must perform two other transformations to prepare for the regression analysis:

e trend=$casenum to detect any time trend running through the whole data set.

e Using block as the source variable, we must create the separate 0-1 block indicators b1
b2 b3 b4 bS b6 b7 b8 b9 b10.

Since setting up the separate block indicator variables is a rather tedious operation, we
have prepared a modified data file, POOLl.sav, in which all of the above have been
accomplished. Here is a peek at that file:

-

=8| B| || =[] ol Fle| 2L 32

1: sess 1

sess | numshots | bridge | eye | block | order | trend [ b1 | 62| b3 | b4 | b5 | b5 | b7 | bS | b9 |b10]
50
39
43
75
B2
40
B2
B2
32
36
43
45
54
45

EE.

O~ ) b=
W~ m M e Wk =

fia}

10
11
12
13
14

1L

ha

(%)

=

L sl oo = =oo—= ool = =
Liol=oodo===laoco=o=o

[}
ko o ko b o R = = = = o | =
o S o N R S T TN S N N T A B O e e
MO M e W R =0 5 M e =
[{x]

o R s s e s e e e e PP R
oo oo o000 == ==0 000
[ R e e o e s s O s s s
ol el s s e s e s s s s s
oo o oo o0ooo0ooooooo
oooo o o000 oo ooooo
oo oo oo oo oo o oo oo
oo oo oo oo oo o oo oo
oo oo o oo o oo o oo

oo oo o oo o oo o oo

I

At this point it will be useful to take a look at the mean values of numshots for each of
the four bridge-eye combinations. We use Analyze/Reports/OLAP Cubes...:

OLAP Cubes
Mean
Eve
bridge I 1 Total
1] numshots 46.00 a1.80 4875
1 numshots 48 80 359.30 44 05
Total numshaots 47 .40 4540 46.40
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The winning combination, in the lower right of the interior of the table, appears to be
bridge = 1 and eye = 1-- that is, the standard method, not the unorthodox method used by the
student. Assuming that this is significant, we are seeing a particular kind of interaction effect that
cannot be modeled by (-1,+1) indicator variables. That is, the table suggests that only when
both bridge and eye are orthodox are good results obtained. Otherwise it doesn't seem to
matter.

bridge and eye , defined as (0,1) indicator variables, will be multiplied together to obtain
bxe. Note that bxe is a (0,1) interaction variable that equals 1 when both bridge and eye
are orthodox and equals 0 otherwise. We will therefore work with bxe in our development of
the regression model.

The next step is to display numshots as a time series:

ao

0 —

60 — 6

S0 =—

numsheots
[T
(2]

30—

— T
oy

TTTTT
1213 1415 16 17 15 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 30 40
trend

For more flexibility in the plotting, instead of using Control Chart, we have used an
Interactive Scatter Plot, and after considerable editing we have been able to show the order
within each daily session for each point in the graph.
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There is a clear downward trend overall as well as an indication of nonconstant variance.

Within each session, however, there appears to be an uptrend. (Could this be the effect of
fatigue?)

To deal with the problem of nonconstant variance, we will try a square root transformation of
numshots:

sqrtshots = SQRT(numshots)

Descriptive Statistics

[+ Minirmum Maximum Mean Std. Deviation

sytshots 40 5.00 8.83 B.7650 A06EE
Valid M (listwise) 40

The standard deviation, 0.8069, is high compared to the 0.5000 that we expect from an in-control

process that follows a Poisson distribution, but let’s see if the variance is now more nearly
constant:

.00 =—

7.00 —

sgrtshots

6.00 =

5.00 —

I ITTTTTTTTTTTTTITTITITTITTITI
1

TTTTTTT
1212141516 1718 192021 22 23 242526 27 20 2030 31 2223 34 25 26 27 38 30 40
trend

TTTTTTTTI
T3 45678 8101

The square root transformation has been quite successful in stabilizing the variance.
Remember, however, that these variance-stabilizing transformations cannot turn nonrandom data
into random data. We must remove the trends and autocorrelation by other means. We are now
ready to apply our regression techniques. We begin with Stepwise Regression, using sqrtshots
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for the dependent variable and bridge, eye, bxe, order, trend, and all of the block indicators as
potential independent variables.

Model Summary

Adjusted Std. Errar of
Model R R Square R Sguare the Estimate
1 4434 196 74 3284
2 ook 360 325 BE292
3 RG9S 448 402 52397
4 J24d 523 4649 HBTO6
] JE2e 580 514 55084

a. Predictors: (Constant), h9

b. Predictors: (Constant), b9, bxe

¢. Predictors: (Constant), b9, bxe, bY

d. Predictars: (Canstant), b3, bxe, b7, b3

2. Predictors: (Constant), b9, bxe, b7, b3, trend

Coefficients®
Unstandardized Standardized
Coeflicients Coefficients
maodel B Std. Error Beta t Sig.
1 (Constant) 6.883 122 ak.381 0o
hg -1.176 386 - 443 -3.046 004
2 (Constant) ¥.069 126 a6.112 0o
hg -1.176 3489 - 443 -3.367 ooz
hixe - 744 242 - 404 -3.072 on4
3 (Constant) r1a7 124 A7.6450 .00o
ha -1.265 331 - 476 -3.822 001
hixe - 744 228 - 404 -3.264 .00z
h7 -.794 331 -.2599 -2.4M 022
4 ICanstant) T.249 123 a8.748 0o
hg -1.3587 314 =511 -4.318 .oao
hie - 744 215 - 404 -3.464 o0
h7 - 887 314 -334 -2.822 ona
h3 -740 314 -279 -2.355 024
] (Constant) T.E13 206 36,925 .00o
hg -1.062 329 - 400 -3.225 003
hixe -.739 204 -401 -3.613 001
h7 - 745 306 -.280 -2.430 021
h3 =904 309 -.340 -2.927 006
trend -0149 009 - 277 -2.144 039
a. Dependent Wariahle: sgrishots

We see that the choice of independent variables by the stepwise procedure is b9, bxe, b7,
b3, and trend with an R Square of 0.580 and Adjusted R Square equal to 0.519.
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There is another way to run Stepwise Regression that should be explored. It begins by
attempting to enter all of the potential independent variables and then, one-by-one, eliminating a
variable at each step until the model can find no more to reject because of too high a significance
level. The method is called backward elimination. Here is the dialog window setup:

M Linear, Regression

Selection Yariable:

R |

& sess Dependent:
> numshots I:I  sqrtshots
Block 1 of 1
Mest Reset
Independent(s]: Cancel |
& bridge ~ He
p
] [# ]
& bue v
Method: Backward -

We have highlighted all of the variables
except block, sess and numshots and
entered them in the Independent(s): list.
Note also that box for Method: is now set
to Backward.

Because the output table showing
the successive sets of coefficients is very
long, we show only the last part of it
below:

]
I:I Caze Labels:
,—
I:I WiLS Wwieight:
,—
Statistics... | Plots... | Save... | Options...
Variables Entered/Removedt
Wariahles Variables
Model Entarad Removed Method
1 trend, eye,
hridge, b6,
ha, by, hd,
b3, b3, b, Enter
hZ, h}ge,
arder
2 b7 Backward {criterion; Probahility of F-to-remove == 1003,
3 ha Backward (criterion: Probahility of F-to-remove == 100).
4 ha Backward (criterion: Probability of F-to-remove == 100,
a h& Backward (criterion: Probahility of F-to-remove == 100).
4] h2 Backward (criterion: Probahility of F-to-remove == 100).
T ha Backward (criterion: Probahility of F-to-remove == 100).
g hi Backward {criterion; Probahility of F-to-remove == 1003,
q hridoge Backward (criterion: Probahility of F-to-remove == 100).
10 .| eye Backward {criterion; Probahility of F-to-remove == 1003,
a. Tolerance = .000 limits reached.
b. Dependent Yariable: sorshots
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Maodel Summary

Adjusted Std. Error of
hodel R Sguare R Square the Estimate
1 8348 695 543 54532
2 .834b 695 860 53837
3 B33= 693 A73 A2TA6
4 a31d 691 Ritsla 42003
] .82ge 687 543 A1a00
5] a1yt BT Ratsla 51943
7 8149 BE3 .59 A1T12
a .anzh 643 A7 52378
g 7asi B17 61 43480
10 73 97 Aa1 54064

4. Predictors: (Constant), trend, eve, bridde, b6, ha, b7,

b4, kb3, b3 b4 b2 bee, order

b. Predictors: (Constant, trend, eve, bridoge, b&, ba, be,
ha, b3, b9, b2, bxe, order

L. Predictors: {Constanf), trend, eve, bridae, be, ha, b4,
h3, b9, b2, bxe, arder

d. Predictors: (Constant, trend, eve, bridge, b&, ba, be,

b3, b2, bxe, order

2. Predictors: (Constant), trend, eve, bridae, ba, hd, b3,
hZ, bxe, order

f. Predictors: (Constant), trend, eye, bridoe, ba, b4, b3,

hxe, order

3. Predictors: (Constant), trend, eve, bridge, ba, b3, hxe,

arder

h. Predictors: (Constant), trend, eve, bridge, ba, bxe, order

i. Predictors: (Constant), trend, eye, b9, bxe, arder

I- Predictors: (Constant), trend, b4, bxe, order
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Coefficients®

order 199 043 AT73 4,684 .ooo
trend -.038 Rt -.544 -4.8713 .ooo
7 (Constant) B.A71 316 20,824 000
bridge BELY 236 220 1.488 146
eye 4450 233 283 1.936 0632
bie -1.318 332 =717 -3.871 .ooo
b3 - 411 302 -.1488 -1.362 183
hs 549 2493 207 1.875 070
arder 1ag 041 44 4.654 .ooo
trend -.036 007 =624 -4.842 .ooo
8 (Constant) 6,381 28T 22,254 000
hridge 372 238 234 1.564 27
eye 462 235 2490 1.963 058
hixe -1.346 336 -732 -4.011 .ooo
h& 638 289 240 2.208 034
arder 206 039 8493 5.270 .ooo
trend -034 007 -.487 -4.540 .ooo
g (Constant) B.B1T 2449 26.682 000
eye 275 207 AT3 1.330 g8z
bie =970 239 =827 -4.043 .ooo
ha B15 295 23 2.086 045
order 196 039 AE2 4.970 .ooo
trend -034 007 -.487 -4.4495 .ooo
10 (Constant) B.711 24 27.814 000
hxe -787 98 -.428 -3.980 .ooo
h& 14 298 23 2.060 047
arder 195 040 61 4.905 .ooo
trend -034 008 -.487 -4.447 .ooo
. DependentYariable: sgrshots

We have an interesting result that shows that the various methods of stepwise regression
do not always produce the same model. The regular stepwise method ended with the model
containing b9, bxe, b7, b3, and trend with an R Square of 0.580 and Adjusted R Square equal
to 0.519. The present approach (backward elimination) results in a more parsimonious model
with four independent variables—bxe, bS5, order, and trend. Furthermore, R Square and
Adjusted R Square are higher with values 0.597 and 0.551, respectively. Another reason that
we might consider this new model to be better is that it contains order, which, in the time series
plot, appeared to have some importance. If you look back at the Model Summary table on the
previous page you see that the maximum Adjusted R Square (and therefore the minimum
residual standard error) is attained at Step 5, at which the model contains trend, eye, bridge, b5,
b4, b3, b2, bxe and order. Although the fit is optimal, all of the included block effects have t-
ratios less than 2 and it is difficult to make much sense of them.
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As you gain experience in working with linear regression modeling you will see that the
choice of the best model is based on a combination of best fit criteria, significance levels, the
behavior of residuals, the principle of parsimony, and, perhaps most important of all, what makes
sense in the context of what we know about the process under investigation. Accordingly, we,
the authors, go one step further by questioning the necessity of the block variable b5 in our most
parsimonious model. There seems to be no rhyme nor reason in its having an effect on the
dependent variable. We therefore will drop it also from the model and proceed to analyze the
regression based only on bxe, order, and trend:

Maodel Summary®t

Adjusted Std. Errar of
Maodel R F Square F Square the Estimate

1 7404 A48 A1 6447
4. Predictors: (Constant), trend, hxe, order
b. Dependent Variable: sgrshats

Coefficients®

Unstandardized Standardized
Coefficients Coefficients
Maodel B Std. Error Beta t Sig.
1 (Constant) B.877 238 28.943 .0oo
ke -.780 206 -424 -3.782 oo
order ATz .040 494 4,313 .0oo
trend -.034 .oos -487 -4.259 .0oo

4. Dependent Wariable: sgrishots

We see that by dropping bS5 there is a decrease in Adjusted R Square from 0.551 to
0.511, but we believe that it is a price worth paying for the additional simplicity and
interpretability of the model. You may well disagree, but we shall proceed with the diagnostics:

Control Chart: Standardized Residual Although we said the transforming

s to sqrtshots alleviated the problem
__ Standardized

Residual of nonconstant variance there is a

--------------------------------- = — -UCL=3.0097529

average - oocoooo | Wider swing at the beginning of the
= = -LCL =-3.0097628

2 series. It may be just a start-up
effect. Here are the runs test and
j\ A e 73R autocorrelation results:
i

Runs Test

2 Unstandardiz
ed Residual
TestWaluea .0onoooa
Cases = Testvalue 20
4 E— Cases == TestValue 20
§ LRRURES Total Cases 40
3 MNutmber of Runs 24
z 801
Asymp. Sig. (2-tailed) 423

Sigma level:

2. Mean
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butocorrelations: REZ 1 Unstandardized Residual
Auto- Stand.
Lag Corr. Err. -1 -.75 -.5 -.Z5 a .25 .5 .75 1 Box-Ljung FProb.
I e —t—+—

1 -.073 152 . * . 231 631
2 —-.239 . 150 SEEEEE . Z.756 252
3 280 . 145 . FEREEEE 6.305 098
4 196 . 146 . FEREE §.102 058
5 -.096 144 . w* §.541 129
& -.117 .14z . w* 9.2z21 162
7 -.0z27 .140 . * 9.258 235
g8 -.088 . 138 . w* 9.662 290
9 -.152 136 . FEE . 10.916 282
i0 .01z 134 . * . 10.923 364

Dependent Variable: sqrtshots
Dependent Variable: sqrishots

3
E °
k-] 10+ —
g’ °
14 [} —
o oo o °
= ° 5 //'“\\
H ° o o e
8, °© 1° o 1 9 ] o =
£ o ° o & o o 2
] o o o 6
2_1 o ole o E
2 o|° ° 2
] o ]
2.
& o
14

-3 2

-2 El 0 1 2 lean = -9.8E-17
Regression Standardized Predicted Value 0 Std. Dev. = 0 961
1 T T T T T =40
3 2 El [ 1 2 3
Regression Standardized Residual
Tests of Normality
Shapiro-Wilk
Statistic df Sig.
Unstandardized Residual 987 40 421

Normal Q-Q Plot of Unstandardized Residual

A/
1 (o]
o

o2

Expected Normal

/d/ggg
45 4.0 05 00 05 1.0 15
Observed Value

All of these diagnostics look very good. In summary, the regression model suggests three
important effects:

e Trend— An overall downward time trend suggesting improvement with practice.

e Order-- An upward trend within each daily session, perhaps a fatigue effect.
e Bridge-eye interaction-- Implies better results with the orthodox method of shooting.
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We display below a series plot for both actual and predicted values of sqrtshots:

sortshots
9.00000
- . Unstandardized
Predicted YValue
5.00000 | i

7.00000 +—+—+ 'i' - .]'Il" Iﬁ "
['I‘ I|{ k 'y ',‘.i ’ ;

600000 V ': I‘T |||. ¥ \1:’

5.00000

The predicted values track the actual values very well. Next, here is a breakdown table
for the predicted value, classified by bridge and eye:

OLAP Cubes
Mean
2ye
bridge ] 1 Total
Lnstandardized ] 7.03 G.945 B.949
Predicted Value 4 B.68 [HHINIERE 6.54
Tatal G.95 G.58 [\ 6.7

The model predicts that using the orthodox method at the present time is the optimal
combination of factor settings for the student experimenter. She can expect to have a score of
6.21*%6.21= 38.56, well below the average for the data set, which was 46.40. In fact we can go a
step further with prediction into the future.

Our model equation is

predicted sqrtshots = 6.877 — 0.780 bxe + 0.172 order — 0.034 trend
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We might ask, “What if the player repeats the sequence of eight sessions of pool during
the next five days, assuming that the process does not change? What will her score be then?” All
that we have to do is to plug the values +1 for bxe, 8 for order, and 80 for trend into the
equation and we get a prediction equal to 4.753, implying a score of 22.59!

Do you believe that her improvement will be that great? We certainly do not. It is very
unlikely that her downtrend in score would continue in a linear fashion. Real life seldom works
that way. Our analysis, however, has pretty well established that the best method of pool
shooting for her now is the standard one, i.e., closed bridge, aim at cue ball—at least until she
gets more practice with the unconventional approaches. If, in the future, she believes that her
skill level with other techniques has changed, she can do further experimentation to determine a
new, and possibly different, optimal combination of factors. That is what evolutionary process
control is all about.

8-45



