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Abstract

This notedescribesthe ��� analysisof thedatatakenduringthe1999run,mainly focusingon the
resultsof thefit with a 17-parameterfunction. Thedataselectionprocess,correctionfor energy
scalechanges,fitting andotherrelevantproceduresaresummarized.Theresultsarecomparedfor
differentenergy cuts, forms of fitting function, with andwithout pile-up subtraction.The final
valueof R is givenas143.25� 1.24 � 0.22ppm.

1 Introduction

This noteis anoverview of my work on theanalysisof the1999data(g2off version).
Most resultsgivenherewerepresentedat thecollaborationmeetingsat BNL in Septem-
berandNovember,2000.

Theprincipaldifferencebetweenthis andotheranalysesis that,for themoststudiespre-
sentedherenopile-upsubtractionhadbeenapplied,whichrequiredincreasingthenumber
of parametersin thefitting function. Also, mostsystematicstudiesandsomeof thedata
selectionprocedureswereperformedindependentlyfrom otheranalyses.

In section2, I describethedataselectionprocess.Section3 outlinesthefitting procedure.
Thefit resultsaregivenin section4, andthesystematicerrorsarediscussedin section5.
Thelastsectionsummarizestheresultsandconclusions.AppendicesA andB containan
overview of my pile-upandenergy scalechangestudieswith realandsimulateddata.

2 DataSelection

2.1RunandSpill Selection

The datarunsusedin this analysiswereselectedby ErnstSichtermann.All runswith
laser, LED, high “flashlet” contamination,early-to-latetime instabilitiesin positronen-
ergy anddecayspectraetc.wereeliminatedfrom theavailablerun list. In total,806runs
betweenrun number3813and5093mettheselectioncriteria. Detectors2 and20,noto-
riousfor theirhardwareproblems,werenotusedin thisanalysis.At Ernst’ssuggestion,a
numberof runsweredroppedfrom theselectionfor individualdetectors:18 (runs3903-
4139dropped)and14 (4790- 4796).Thedatausedwereproducedwith g2off at BNL
andstoredin theform of standardntuples[1].
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Within the selectedrangeof runs,cutswereappliedto every dataspill (corresponding
to a single-timebeaminjection into theg-2 storagering). A spill would bedroppedif a
quadrupoletracewasnot readout,or thetracewasshorterthan780 � s(apossiblespark),
or thedifferencebetweenmedium-andlate-timeor early-andmedium-timeamplitudes
wasgreaterthan15 counts(anotherindicationof a spark).An entire“event” (all 6 spills
from thesameAGScycle)wouldbedroppedif t0 countersignalwasnot readout,or had
an insufficient amplitude(misfiredinjection, causinghigher“flashlet” contaminationin
subsequentspills) in any spill, aka“T0STAT cut”.

Lossesdueto thesecutswere:1.6%of thetotal numberof spills for thet0 cut,and0.4%
for thequadcut. A largefractionof spill losseswasdueto t0 or quadread-outproblems
in asmallnumberof runs(Fig.1).Runsafflictedby read-outtroubleweredropped(5024,
5025hadno t0, runs3857,3908-3911and4810hadno QUAD information).In addition
to this, 4% of thespills containedno data. (Cenapincludedtheseinto his calculationof
lossesdueto thet0-cut[2]).

It wasalsofoundthatbeginningwith run4567,thelast(6�
	 ) spill wasoftenmissingfrom
the ntuplesfor detectors1 through8. This causeda 4.5% differencein the numberof
goodspillsbetweendetectors1-8 and9-24(thenumberswererespectively 2.57and2.69
million spills).

Fig.1. Numberof fills with t0 (top) andquadrupole(bottom)problems,by the run. About2% of
all fills with dataweredroppeddueto thesecuts.
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2.2Energy Calibration
The end-pointsof the energy distribution werefitted individually for every detectorin
eachof theselectedruns.A sectionof theenergy-distributionslopewasfittedto astraight
line. Thelinearfittedsectionwaschosenindividually for eachdetectordueto differences
in theform of theenergy spectrum.It wasusuallyasectioncorrespondingto thepositron
energiesbetween70%and93%of thepre-fittedspectrumenergy maximum(or between
2.2 and2.9 GeV).Thecrossingof thefit-line with x-axis, theend-pointwasassumedto
correspondto positronenergy of 3.1GeV. This techniquewasusedin the1998 � � analy-
sis[3], with its validity establishedin asimulation.An exampleis givenon Fig.2.

Fig.2. Anexampleof endpointfitting (detector23 in run 4669): x-axisis positron energy in WFD-
counts.

Theenergy spectrafor end-pointfitting weretakenat late time (at least100 � s after the
injection)in orderto minimizetheeffectsof pile-upandenergy-scalechanges(causedby
PMT and“off-line” reconstructioninstabilities)at earliertime. Theend-pointvaluesfor
eachdetectorwerethenaveragedovergroupsof runs,asillustratedin figures4 (“stable”
detector8) and5 (detector1, whichhadbeenrecalibratedduringtherun).

For this analysis,only the positronswith energiesgreaterthan1.8 GeV (58.1%of the
endpointenergy) wereused. Most detectorsrequiredsubdivision into only 2-3 groups,
exceptfor detector9, whichhad9 groupsdueto instability of theenergy scale(Fig.3).
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Fig.3. End-pointsfor detector9 drifted arounda lot.

Fig.4. Detector8 showsverylittle run-to-runinstability in energy scale:(top) End-pointval-
ues(in WFD-counts)for detector8 byrun number(givenwith errors: occasionallargeerror bars
comefromrunswith low statistics); (bottom)thedistribution of end-pointshasa gaussianform.
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Fig.5. Detector1 hada 2%stepin theenergyscaleafter run 4023: (top)End-pointvalues(in
WFD-counts)for detector1 by run number(givenwith errors: occasionallarge error bars come
fromrunswith low statistics); thedistribution of end-pointshasa gaussianform for bothgroups
of runs,before (bottomleft) andafter (bottomright) therecalibration occurred.
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2.3Corr ection for Energy ScaleChange(ESC)
Time-dependentESCwas investigatedby looking at the time-dependentchangein the
averageof theenergy distribution. Theprocedureis describedin AppendixA.

Only 6 detectorswerefoundto have E-scaleof theorderof 0.1%or higherat 30 � s (see
Fig.6a). In anothergroupconsistingof 8 detectors(thoseshown in Fig.6bandalsodets
18,21),thescalechangewaslessthan0.1%by 25 � s after the injection. Detectors3, 6,
7, 10, 13-15,and17 hadno visible effect. The evolution of energy scalechangewith
timecouldbedescribedasanexponentiallydecreasingfunction,exceptfor in thecaseof
detectors1 and4, which requiredanadditionalgaussian-like term:

��
������������������ "!$# �&% � ��'(�) �"*+�-,.0/ ( �21��
Theresultsof thesestudiesaresummarizedin Table1.

Table1. Resultsof ESCstudies.Columns2-6 containparametervaluesfrom fit with a function
(1). Thenumberin column7 is theamplitudeof ESCat 30 3 s. And 46587:9<; (column8) is thetime
after injection,whenESCbecomessmallerthan0.1%. A “Y” in the last columnsignifiesthat a
time-variableenergy cut wasusedin thepulseselectionprocessfor that detector, to compensate
for thechangesin theenergy scale.

Det
�

(%) = % ( � s)
�&%

(%)
� 5 ( � s) > ( � s) shift at 30 � s (%)

� 587:9<; , � s, “bad”?
1? -2.629 28.17 1.601 25.61 9.411 0.530 92.1 Y
3 N/A
4? -5.45 14.36 0.183 44.52 9.84 -0.613 42.7 Y
5 -1.133 15.21 -0.158 37.0 Y
6 N/A
7 N/A
8 1.540 15.49 0.222 42.4 Y
9 1.984 7.48 0.036 22.4
10 N/A
11 1.121 9.67 0.050 23.4
12 0.907 13.50 0.098 29.8 Y
13 N/A
14 N/A
15 N/A
16 0.729 7.81 0.015 15.6
17 N/A
18 1.047 10.12 0.054 23.8
19 0.714 9.00 0.025 17.7
21 1.702 5.64 0.008 16.0
22 1.403 8.52 0.041 22.5
23 1.271 7.92 0.028 20.2
24 1.959 9.93 0.095 29.6 Y@
Detectors1 and3 werefitted to a 5-parameterfunction(Eq.1).
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Fig.6a.Detectors1,4,5,8,12,24all showsignificantESCeffectat 30 3 s. Onthey-axis: relative
change in theenergy scale(0.01correspondsto 1%)

7



Fig.6b. Someotherdetectors are obviouslyaffectedby ESC,but theeffect is lessthan0.1%
after 25 3 s. On they-axis: relativechange in theenergy scale(0.01correspondsto 1%)
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Fig.7a.MoreESCstudiesfor detector1. In green,theenergyscalechange is plottedfor three
different groupsof pulses:thosethat produceda trigger only in theupperhalf quadrantsof the
calorimeter(top plot), only in the lower half quadrants(middleplot), andboth(bottomplot). In
red, the result is givenfor all pulsestogether. This studyconfirmsthat the observedESCcame
from a single “ Özben” calorimetertube, correspondingto the front upper-half quadrant. The
residual“ Özben-wiggle” is still presentin thedata from the lower half dueto the limitations in
thetrigger-cut efficiency.
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Aswasestablishedrecently, theESCin detector1wasmainlyduetoasinglecalorime-
tertube.A moredetailedESCstudyfor thisdetector(Fig.7a.)showsthattheupperhalf of
thecalorimeterwasseeingabouttwice theaverageenergy scalechange,while theeffect
wasverysmallin thelowerhalf. As will beshown in Sections4.2,5.3.TheaverageESC
still canbea goodapproximation,evenif theeffect is differentfor differentcalorimeter
quadrants.

In detector4, anotheroneshowing abig ESCeffect,thedifferencebetweentheupperand
lowerpartswasstatisticallyinsignificant.(Fig.7b.)

Fig.7b. In detector4, there is no significantdifferencein theenergy scalechange betweentheup-
per and lower halfs of thecalorimeter. Theresultsfor thehalfs separately are plottedin green,
andtheaverage over thedetectoris in red.
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2.4Histograms

Theg-2 timespectrumhistogramshad5000binseach,with abin width of 149.185ns.

The histogramswere filled in for two different energy thresholds:1.8 and 2 GeV (or
0.581

�-ACB �ED and0.645
�FAGB �2D ). Doubleprecisiondescriptionof pulsetimeswasusedto

minimizetheeffectsof roundingof histogrambin boundariesin PAW.

For detectors1, 4, 5, 8, 12,24 a time-variablethresholdwasused,to minimizetheeffect
of energy scalechange(Fig.8).

Fig.8. Applicationof a time-variablethresholdremovestheeffectof theenergyscalechange. Top:
ESCin detector1 (from ESCstudies).Middle: Spectrumof 5-parameterfit residualsbefore the
correctionwasapplied. Bottom: after theESCcorrectionwasapplied,the residualsare mostly
contributedto by thecoherentbetatron oscillation,muonlossesandpile-up.

Injectiontime for eachspill wasrandomizedwithin thebin width, to minimizetheeffect
of fastrotation[3,4]. 10 differentrandomseedswereused(10 timespectracreated).

Detectorphaseswerealignedwithin H 2 ns(at50 � s) afterthesephasesweredetermined
from fit. In otherwords,eachdetectorhadadifferenttimeoffsetwith respectto theinjec-
tion time to compensatefor differencesin cablelengthsetc. Theoffsetswerecalculated
with respectto detector16,andvariedbetween-3.4ns(det.21)and17.7ns(det.5).
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1.394.5million e+ (1999 data)
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Fig.9. G-2 timespectrumfor positronswith E K 1.8GeV(1999data).

3 Fitting Procedure

To performthefits, I useda modificationof theFORTRAN/MINUIT programdeveloped
by Jörg Pretzfor his 1998analysis[4], which includedsuccessive fitting with packages
MIGRAD, HESSE, IMPROVE andMINOS. MIGRAD is a LNM minimizationalgorithm,us-
ing Davidon-Fletcher-Powell variable-metrictechnique.HESSE is calledby MIGRAD to
recalculatethe error matricesat the minimum. IMPROVE attemptsto find a new local
minimum in the vicinity of the onefound by MIGRAD. And MINOS performsa better
evaluationof fitting errors,taking into accountpossiblenon-linearitiesaroundthemini-
mum[5]. All fits wereperformedusingthesquareroot of thebin value(first step),and
thenthesquareroot of fitting function(all subsequentsteps)asanerrorestimate.

3.1Fitting Function

Thedatawerefitted to a 17parameterfunctionof theform:O �P���Q� O 5 �SR8� �UT � �S�21 #WV �YX[Z]\_^ � � � #a`cb � # � � M T � �E�edU�P���f�g��hji_�P���jkl�E��mcnpoQ�����f�E��qr�P��� �<s&�
where � � �ts_uN� 5 Rv1xwy�<zyw|{}�Q~�1+� �U� k , with

� 5 = 229.1kHz, andtheoffsetof
{

; the
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termdescribingthepile-upcontribution is:��dU������� �fd #�V d���XvZ&\+� � � � #�`�# { ` d_� �����
multiplied by a fastrotationcorrectionto pile-upof theform:

��hji������ � 1 # � d ����� '(v� � ��&� ( �P���
Coherentbetatronoscillation(CBO)correction:

��mcnpoQ�P���Q��1 #rV n��-XvZ&\+� � n�� #$` nN�e�F� � � �"*+� ,P� � � ( �6�]�
And acorrectionfor lostparticlesandotherbackground:

��qx�P��� � 1 # � q �y� ��'([� � ��G� ( �����
R8��� ��qr�P��� � 1 # � q ��� � � � k ��� � �

Four parametersoutof 17werefixedat all times:� thedifferencebetweentheg-2 andpile-up phases,
{ ` d = 0 (some

{ ` d estimates
from pile-upsubtractedspectrawereusedaswell);

� parametersof pile-upamplificationdueto fastrotation:
� d

= 0.72, = d =12.7 � s(from
simulationandfits to realdata:seeappendicesA andB).

� � 5 n����
, themeantimeof theCBO packet.

Letting
{ ` d vary increasesthe error on R two-fold [6]. And the parametersdescribing

thefastrotationcorrectionto pile-up,if let vary freely, causefit instabilitiesdueto small
sizeandshortlife timeof this correction.

For thepurposesof makingthemulti-parameterfit morestableat late starttimes,some
parameterswereallowed to vary at earlierstart timesonly. Theseinclude:

� q
and = n

fixedafter50 � s, = q after70 � s,and
�_n

(
� MY�  � ) fixedafter80 � s.

For thenew termin thefitting function,describingmuonandprotonlosses,andpossibly
otherbackground,bothformsshown in equation6 and6aweretested.Both functionsare
veryclosein theregionof interest(after30 � s),but thecorrectionof agaussianform (eq.
6) producesmorestableandconsistentresults(Fig.10). Otheradvantagesof the “gaus-
sian” correctionwill bediscussedin Section4.7.

Letting the start time of the CBO packet vary bringsan interestingresult (Fig.11): the
amplitude V n , width = n andstarttime

� 5 n of the CBO packet changelinearly with the
fit starttime, which meansthat theshapeof thepacket is not exactly gaussian.At early
times(30-40 � s), the packet is centeredat 0. Also, the time whenthe amplitudeof the
packet fallsby 2.7( ¡ �

) ,
� = n # � 5 nN� remainsstableataround140 � s,thesameastheone

obtainedfrom a fit with
� 5 n fixedat 0 � s (Fig.12). Thedifferencein R betweenthe two

formsof thefitting functionis relatively insignificant.

Parametercorrelationcoefficientsaregivenin table2 (generatedby MINUIT).

13



Fig.10.Comparisonbetweenfit parameters for differentformsof the“muon loss” correction.Top:¢ D and £ n as a functionof fit start time whena gaussianform is used(Eq. 4); parameters are
stablewith respectto thefit start time( ¢ D is fixedafter 50 3 s). Middle: similar plotsfor thecase
whenan exponentialcorrection(Eq. 4a) wasused.Bottom: relativephasepulling on R for two
formsof “muon correction”; phasepulling is minimalat thezero-crossingsof g-2precession.

Table2. Fit parametercorrelation table. Correlationcoefficientsare shownfor 13 freeparame-
ters. Somecoefficientsare shownfor thecasewhenpile-upphase, ¤¦¥ d waslet vary (last line).

NAME NO. GLOBAL 1 2 3 4 5 6 7 8 9 10 11 12 13
N 1 0.99663 1.000 -0.972 0.005 0.001 0.002 -0.945 -0.798 0.004 -0.005 0.546 0.004 -0.029 0.003§

2 0.98641 -0.972 1.000 -0.004 -0.001 -0.002 0.869 0.733 -0.003 0.004 -0.460 -0.004 0.055 -0.002
A 3 0.86655 0.005 -0.004 1.000 0.005 0.006 -0.009 -0.468 0.009 0.009 0.032 -0.008 0.048 0.005
R 4 0.87630 0.001 -0.001 0.005 1.000 0.876 -0.003 -0.006 0.012 -0.025 0.010 0.021 0.017 0.009¨

5 0.87645 0.002 -0.002 0.006 0.876 1.000 -0.004 -0.009 0.016 -0.034 0.014 0.029 0.023 0.013©Eª 6 0.99688 -0.945 0.869 -0.009 -0.003 -0.004 1.000 0.848 -0.006 0.009 -0.727 -0.007 -0.106 -0.004«�¬
7 0.96453 -0.798 0.733 -0.468 -0.006 -0.009 0.848 1.000 -0.013 -0.001 -0.640 0.001 -0.133 -0.008«_­
8 0.80905 0.004 -0.003 0.009 0.012 0.016 -0.006 -0.013 1.000 -0.108 0.017 0.116 0.024 0.809¨ ­
9 0.95827 -0.005 0.004 0.009 -0.025 -0.034 0.009 -0.001 -0.108 1.000 -0.026 0.958 0.039 0.137 ¯® 10 0.99211 0.546 -0.460 0.032 0.010 0.014 -0.727 -0.640 0.017 -0.026 1.000 0.022 0.718 0.012°�­
11 0.95834 0.004 -0.004 -0.008 0.021 0.029 -0.007 0.001 0.116 -0.958 0.022 1.000 0.033 0.147± ® 12 0.97569 -0.029 0.055 0.048 0.017 0.023 -0.106 -0.133 0.024 -0.039 0.718 0.033 1.000 0.018 ­ 13 0.81067 0.003 -0.002 0.005 0.009 0.013 -0.004 -0.008 0.809 -0.137 0.012 0.147 0.018 1.000² ¨ ª - 0.96758 -0.178 0.164 -0.090 -0.843 -0.933 0.188 -0.045 -0.015 -0.030 - 0.021 -0.181 -
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Fig.11. If thestart timeof theCBOpacket 4 5 n is treatedasa freeparameter, thevaluesof ³ n , £ n
and 4 5 n are changinglinearly fromearly to late time. Thetimewhentheamplitudeof thepacket
falls by thevalueof ´¶µ¸·]¹»º]¼ , ½¯£ n}¾ 4 5 nÀ¿ remainsstableat around140 3 s.

Fig.12. For this test,thestart timeof theCBOpacket 4 5 n wasfixedat 0 3 s. Both,theamplitude³ n (top)andthepacket width £ n (middle)are stable. TheCBOphase(not shown)is notaffected
by fixing 4 5 n . On the bottomplot: the differenceof the valuesof R betweenthe two fits (with4 5 n fixedand floating): the phasepulling is of the order of 40 ppb for the start timesup to 603 s (for the later start timesthediscrepancyis increaseddueto theerrors causedby fixing other
parameters).
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4 Fit Results

Fits wereperformedfor differentenergy cutsandfor eachindividualdetector.

4.1DetectorsCombined(With Pile-upPhaseFixedat0)

The resultsof fitting to the time-distribution of the positronsfor threedifferentenergy
cuts:E Á 1.8GeV, E Á 2 GeVand1.8GeV Â E Â 3.1GeVareshown in Figs.13-15(a,b,c).
Starttimeof thefit variedbetween27and100 � s,with theendtimefixedat599.7� s(bin
4020).

Fig.13a.Fit resultsfor cut1.8GeV(onerandomseedonly). Top: Ã M asa functionof fit start time,
acceptableat all start times.Middle: R vsfit start time(black dotsare thezero-crossingsof g-2
precession).Allowedvariation limits givenby Kawall formula [7] are shownwith respectto the
start timeof 32 3 s. Bottom:distribution of thestep-by-stepvariation in fittedR values: ÄfÅ � ÄfÅ *]'Æ �-Ç�È Ç � 9 � ,

with ÉN½�Ê2ËgÊ�ÌÍ¼ ¿ÀÎ|Ï É MÇ ÌÐÉ MÇ � 9 .
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Fig.13b. Fit resultsfor cut 1.8 GeV: fit parameters as a functionof start time. Top left to
bottomright: ³ , ¼�Ñ+Ò , ¥ , Ó 5 , Ô d , ³ d . After32 3 sall parameters varywithin thelimits allowedby
Kawall formula.
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Fig.13c. Fit resultsfor cut 1.8 GeV: fit parameters as a functionof start time. Top left to
bottomright: betatron oscillation parameters ³ n , ¥ n (in 3 s), Õ�Ö (in kHz), £ n ( 3 s), and “muon
loss” parameters, ¢ q and £ q ( 3 s). 4 latter parameters werefixedafter50,70or 80 3 s. ¥ n shows
a significantdecreaseof statisticalerror after Õ n wasfixed.After32 3 sall parametersvarywithin
thelimits allowedby Kawall formula(shownfor ¥ n , Õ n ).
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Fig.14a. Fit resultsfor cut 2 GeV(onerandomseedonly). Top: Ã M asa functionof fit start
time, acceptableat all start times.Middle: R vsfit start time(black dotsare thezero-crossingsof
g-2 precession).Allowedvariation limits givenby Kawall formulaare shownwith respectto the
start timeof 32 3 s. Bottom:distribution of thestep-by-stepvariation in fittedR values: ÄUÅ � ÄUÅ *�'Æ �»Ç�È Ç � 9 �
.
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Fig.14b. Fit resultsfor cut2 GeV: fit parameters asa functionof start time. Top left to bottom
right: ³ , ¼�Ñ+Ò , ¥ , Ó 5 , Ô d , ³ d . After32 3 sall parameters varywithin thelimits allowedbyKawall
formula.
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Fig.14c.Fit resultsfor cut2 GeV: fit parameters asa functionof start time. Top left to bottom
right: betatron oscillation parameters ³ n , ¥ n (in 3 s), Õ�Ö (in kHz), £ n ( 3 s), and “muon loss”
parameters, ¢ q and £ q ( 3 s). 4 latter parameters were fixedafter 50,70 or 80 3 s. After 32 3 sall
parameters varywithin thelimits allowedby Kawall formula(shownfor ¥ n , Õ n ).
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Fig.15a. Fit resultsfor cut 1.8-3.1GeV(onerandomseedonly). Top: Ã M as a functionof
fit start time, acceptableat all start times. Middle: R vs fit start time (black dotsare the zero-
crossingsof g-2 precession).Allowedvariation limits givenby Kawall formula are shownwith
respectto the start time of 32 3 s. Bottom: distribution of the step-by-stepvariation in fitted R
values: ÄUÅ � ÄUÅ *�'Æ �»Ç�È Ç � 9 � .
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Fig.15b. Fit resultsfor cut 1.8-3.1GeV: fit parameters asa functionof start time. Top left to
bottomright: ³ , ¼�Ñ+Ò , ¥ , Ó 5 , Ô d , ³ d . After32 3 sall parameters varywithin thelimits allowedby
Kawall formula.
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Fig.15c. Fit resultsfor cut 1.8-3.1GeV: fit parameters asa functionof start time. Top left to
bottomright: betatron oscillation parameters ³ n , ¥ n (in 3 s), Õ�Ö (in kHz), £ n ( 3 s), and “muon
loss” parameters, ¢ q and £ q ( 3 s). 4 latter parameters were fixedafter 50,70 or 80 3 s. After 323 sall parameters vary within thelimits allowedbyKawall formula(shownfor ¥ n , Õ n ).
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For thefit to thedatafrom all detectorscombined,normalizedL M wasfoundaccept-
ablefor all fit starttimesafter30 � s,with thevalueof R varyingwithin thelimits allowed
by Kawall formula(Figs.13a,14a,15a).

Otherfit parametersshowedreasonableearly-to-latetimestabilityandconsistency aswell
(Figs.13-15,partsb andc).

It wasencouragingto find that fitted valuesfor somenew parameterswere consistent
with their prediction.The frequency of coherentbetatronoscillationcouldbeestimated
usingFourier transformof the datafrom e.gdetectors8 and9, which showed the most
pronouncedeffect. Thefit errorson

��n
weregenerallymuchsmallerthanonewould ob-

tain from fastFourier transformstudies,but theresultsagreevery well within theerrors
(Fig.16a).Fittedvaluesof pile-upfractionfor differentcutswereconsistentfrom earlyto
latefit starttimesandagreedverywell with thesimulationresult(Fig.16b,andFig.B4in
appendixB).

On the otherhand,the resultsfor R differedbetweenthe 2-GeV and1.8-GeVcutsby
about0.6-1ppmfor all fit starttimes(Fig.17,Tables3-5). Thesourceof thisdiscrepancy
will bediscussedin Section4.5.BesidesR, only thevaluesof theasymmetryandpile-up
parameters

�×d
and V d differedsignificantlyfor differentcuts,asexpected(Table6).

Fig.16a.Theresultof fitting to CBOfrequencyusingFourier transformagreeswell with fit results.
Shownhere is a Fourier transformof 5-parameterfit residualsto thedatafromdetector8. Fit to
thedatabrings Õ n µ 470.4 � 0.2KHz (at 32 3 safter theinjection).

25



Fig.16b. Fittedpile-uplevelsfor differentcutsagreedwell with thesimulationresults.Top to bot-
tom: cutsE K 1.8GeV, E K 2 GeVand1.8Ø E Ø 3.1GeV. Horizontallinesrepresentlevelspredicted
by a simulation.Thesimulationis describedin appendixB.
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Fig.17.Comparisonof fittedvaluesof Rfor differentcutswith ¤¦¥ dÝÎ¸Þ fixed for eachof the
cuts. Theerrors are givenfor the resultsfrom thecut 2 GeVonly. There is a shift of 0.6-1ppm
betweenthevaluesof Rfromthe2-GeVand1.8GeVcuts.Theresultsfor the1.8-GeVand1.8-3.1
cutsare veryclose.
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Table 3. Summaryof fit resultsfor cut 1.8 GeV ( ¤�¥ d = 0). The numbers for the sumof
detectors are averaged for 10 randomseeds.Thenumbers for thedetectors fittedseparately are
averagedover 22 detectors for a singlerandomseed.Thevalueof Rcontainsanoffset.

StartTime, Neß , M Detssummed Detsseparate� s R LNM R LNM
32 1279.0 142.17H 1.22 1.001 142.14H 1.23 1.007
40 1125.3 141.59H 1.30 0.996 141.49H 1.30 1.001
50 960.7 142.03H 1.42 0.996 141.84H 1.42 1.000
60 819.6 142.12H 1.52 0.997 141.97H 1.53 1.000
70 701.6 142.83H 1.65 0.996 142.63H 1.66 0.999
80 604.4 142.88H 1.79 0.992 142.76H 1.80 0.998

Table 4. Summaryof fit resultsfor cut 1.8-3.1GeV( ¤¦¥ d = 0) . Thenumbers for the sumof
detectors are averagedfor 10 randomseeds.

StartTime, Neß , M Detssummed Detsseparate� s R L M R L M
32 1260.73 142.04H 1.25 0.999 141.94H 1.26 1.005
40 1109.5 141.56H 1.33 0.995 141.41H 1.34 1.001
50 947.5 142.10H 1.43 0.994 141.87H 1.45 1.000
60 808.5 142.16H 1.55 0.995 142.03H 1.56 1.000
70 692.2 142.99H 1.69 0.993 142.78H 1.70 0.999
80 596.4 143.08H 1.82 0.990 142.99H 1.83 0.998

Table5. Summaryof fit resultsfor cut 2.0GeV( ¤¦¥ d = 0) . Thenumbers for thesumof detectors
are averaged for 10 randomseeds.For thedetectors separate, averaging doneover 10 seeds,22
detectors.

StartTime, Neß , M Detssummed Detsseparate� s R L M R L M
32 948.9 143.00H 1.24 1.012 142.92H 1.25 1.012
40 834.6 142.59H 1.31 1.009 142.52H 1.32 1.008
50 712.5 142.67H 1.43 1.008 142.72H 1.43 1.007
60 607.3 142.94H 1.54 1.009 142.78H 1.55 1.006
70 520.0 143.36H 1.67 1.009 143.29H 1.68 1.006
80 448.2 143.43H 1.81 1.008 143.46H 1.83 1.005

As shown in Table 6, the valuesof muon lifetime obtainedfrom fitting to two selec-
tionswith differentthresholdcutsarein anexcellentagreementwith eachother, andwith
theresultof fitting individual detectors,bothseparatelyandcombined,to a 5-parameter
functionat late times(Fig.18). Thevalueof lifetime is about0.1%lower thanwould be
expectedfrom theory, dueto thepresenceof themuonlossfractionwith a life timeclose
to thatof themuon,notaccountedfor in thefitting function. (Thismuonlossfractionhas
beenseenin thestudiesof theFSD3-fold coincidences[8,9].) An attemptto correctfor
it will bedonein Section4.7.
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Table6. Thevaluesof fit parameters for differentcuts(fit from32 to 600 3 s,average over 10
randomseeds,¤¦¥ d = 0).

Fit parameter Cut 1.8-3.1GeV Cut 1.8-6.2GeV Cut 2.0-6.2GeV
1/à ( � s) 64.322H 0.006 64.324H 0.006 64.328H 0.007

A 0.34272H 0.00008 0.34711H 0.00008 0.39679H 0.00009
R, ppm 142.04H 1.25 142.17H 1.22 142.97H 1.24` (rad) 2.8630H 0.0002 2.8631H 0.0002 2.8641H 0.0002O 5 (4.7673H 0.0017)

�"1+� � (4.8264H 0.0017)
�"1+� � (3.5755H 0.0014)

��1�� ��×d
(0.02 H 1.19)

��1+� �Uá (6.45 H 1.19)
��1+� �Uá (9.05 H 1.42)

�"1+� �UáV d (-2.91 H 0.45)
��1+� �Uá (0.36 H 0.46)

��1+� �Uá (0.97 H 0.60)
�"1+� �UáV n (2.55 H 0.08)

��1+� �Uá (2.61 H 0.08)
��1+� �Uá (2.81 H 0.10)

�"1+� �Uá` n (rad) 4.022 H 0.058 3.975 H 0.056 3.872 H 0.061��n
(kHz) 470.20H 0.14 470.28H 0.13 470.40H 0.15= n ( � s) 133.47H 6.34 133.24H 6.17 132.00H 6.50� q

(1.10 H 0.06)
�"1+� � M (1.11 H 0.06)

�"1+� � M (1.12 H 0.07)
�"1+� � M= q ( � s, “gaussian”) 31.45 H 0.90 31.39 H 0.89 31.81 H 1.04

Fig.18. 5-parameterfit at late times(200-6003 s) bringsa valueof themuonlifetime, which is in
a goodagreementwith the13-parameterfit resultat early time. On thefigure: lifetime in ns vs
detectornumber(fit startsat 200 3 s); for thedetectors together, 1/Ò = ( 64,321.2� 13.5)ns.
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4.2DetectorsFittedSeparately

Thetimespectrafor eachdetectorseparatelywerefittedwith themuonlosscharacteristic
time, = q = 31.5 � s (gaussiannotation)fixed for all fit starttimes. An exampleof thefit
parameterevolutionwith starttime is shown in Figs.19a,b(detector9).

As shown in Fig.20,theenergy-scalecorrectionhadaverypositiveeffecton theparame-
ter stability: it eliminatedastrongphasepulling onR without introducingabias.

For mostdetectors,fit L M wasacceptablefor all starttimesafter30 � s andthevaluesof
R andotherparametersvariedwithin thelimits givenby Kawall formula(Figs.21-24).

A goodagreementwasfound betweenthe valuesof R obtainedby fitting the detectors
separatelyandthenaveragingtheresult,andfitting thesummeddatafrom all detectors,
with thedifferenceof lessthan0.2ppmfor eachof the3 cuts(Tables3-5). Sinceall de-
tectorshavedifferentlevelsof pile-up,to which factorthismethodis especiallysensitive,
theaverageover theresultsfor individual detectorsis not necessarilythesameasfor the
sum.

In Figs.25a,b,thevaluesof fit parametersvsdetectornumberareshown for thestarttime
of 32 � s. Thesevaluesarein a goodagreementwith theonesobtainedby fitting thedata
from all detectorsaddedtogether

As in thecaseof thedatafrom all detectorsaddedtogether, thefittedvalueof R wasfound
differentfor differentcutsin somedetectors(Fig.26).Theoffsetbetweenthevaluesof R
for cuts1.8and2 GeV differedin bothsignandsizeby thedetector, which implied that
factorsotherthantheenergy thresholdwerein play.

Thepile-upphase
{ ` d wasfixedat0 for all detectors,andthatmighthavebeenthesource

of thediscrepancy in theresultsfor R from differentcuts.
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4.3Fit by theEnergy Bin

Separatehistogramswerecreatedfor this study, which coveredall of theselectedrange
of the 1999data. The energy spectrumbetween0.46

�FAGB �2D and0.78
�FAGB �2D wasdivided

into 16 slicesof thewidth equalto
AGB �ED /50 (approximately60-MeV wide). For eachof

theseslices,timespectrawerecreatedandthenfitted. I usedthefunctiondescribedin the
Section3.1, with CBO characteristictime = n = 135 � s, andthe amplitudeof the muon
loss

� qâ�y�×ã»�×1&1
fixed. Fixing theseparameterswasnecessaryfor betterfit convergence,

sincetheamountof datain eachslicewasmuchsmallerthantheentiredataset.Thepile-
upphasewasfixedat0 aswell. Thefit regionwentfrom approximately40 to 525 � s. Fit
resultsfor selectionscoveringdifferentenergy binsareshown in Figs.27a,b.

Theseresultsarehardto interpret:thevalueof Rundergoesabig jumpataround0.6
�-ACB �ED

(Fig.27a),thepile-upasymmetryis changingwith theenergy in a ratherstrangeway, and
a numberof otherparameters(muonlifetime, pile-up fraction et al.) areunstable.It is
hardto judgehow reliablethesefit resultsare,andif they canbeusedfor evaluationof
the dataquality, sincethe amountof datawascomparablysmall andthe pile-up phase
wasfixedat thesamevaluefor all energy bins.Makingthepile-upphaseafreeparameter
madethefit veryunstable.

4.4Fit to SelectionsWith DifferentLowerCuts

Theresultsfor selectionswith differentlowercuts(nouppercut)areshown in Figs.28a,b.
Thisstudywasdonefor 16valuesof lowercut,varyingbetween0.46and0.76

�-ACB �2D with
a stepof

ACB �ED /50. For this study, the pile-up phasewaskept fixed aswell. Again, the
valueof R changedsignificantlyfor cutsbetween0.56

�FAGB �2D (1.74GeV) and0.64
�-ACB �ED

(1.98GeV).Fittedpile-uplevelsarein a goodagreementwith thesimulationresult(see
AppendixB, Fig.B4.).As in thecaseof fitting by theenergy bin, the“muon loss”param-
etersvariedlittle from cut to cut, whereas,theamplitudeandphaseof coherentbetatron
oscillationshowedastrongcut-dependence.

Letting the pile-up phasevary (Fig.29)bringsa resultconfirmingthat the swing in the
valueof R (in Fig.28a)occurswhenpile-upasymmetrycrosseszeroandtheuncertainty
in thepile-upphasebecomesvery big. The resultof thefit to realdatashows a pile-up
phasebehavior in thevicinity of theasymmetryzerocrossing,similar to thepatternpre-
dictedwith asimulation(seeAppendixB, Fig.B6).
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Fig.19a.Fit resultsfor detector9 (cut 2 GeV).Fit parameters are plottedasa functionof the
fit start time: Ã M , R,A, muonlife time1/Ò , ¥ and Ó 5 .
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Fig.19b. Fit resultsfor detector9 (cut 2 GeV).Fit parameters are plottedasa functionof the
fit start time: pile-upparameters Ô d and ³ d , coherentbetatronoscillationparameters ³ n , ¥ n , Õ n
and £ n , andmuonlossparameters ¢ q and £ q (thelatter wasfixedat 31.5 3 s for all start times).
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Fig.20. Theeffect of the energy-scalecorrectionon fit parameters (e.g. detector1). Some
fit parameters are shownas a functionof time before (red) and after (blue) the correctionwas
applied.EScorrectionremovedphasepulling onRandA at early times,withoutshiftingthevalue
of R at the zero crossings(more on that whenwe talk aboutthe systematicerrors); pile-up and
“muon loss” parameters are stablefrom early to late time. Also, the unphysical“muon gain”
(negative ¢ q after 40 3 s) is no longer there after thecorrectionis applied.(Oversizederror bars
at 58 3 sare producedbya failed fit.)
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Fig.21a.FittedRvalueasa functionof fit start timefor detectors 1-7,cut2 GeV.

35



Fig.21b. FittedR valueasa functionof fit start timefor detectors 8-13,cut 2 GeV.
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Fig.21c.FittedRvalueasa functionof fit start timefor detectors 14-19,cut 2 GeV.
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Fig.21d.FittedRvalueasa functionof fit start timefor detectors 21-24,cut 2 GeV.
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Fig.22a. Asymmetryas a functionof fit start time for detectors 1-12, cut 2 GeV. “Kawall
bounds”are shownwith respectto thestart timeof 32 3 s.
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Fig.22b. Asymmetryas a functionof fit start time for detectors 13-24,cut 2 GeV. “Kawall
bounds”are shownwith respectto thestart timeof 32 3 s.
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Fig.23a. Fitted muonlifetime (in 3 s) as a functionof fit start time for detectors 1-12, cut 2
GeV. “Kawall bounds”are not shown,sincetheerror on ¼�Ñ+Ò is reducedsignificantlyafter some
otherparameters are fixedat 50 3 s. Typos: theplot in thecenterof thetop row is for detector3;
y-axisshows¼�Ñ+Ò in 3 s (notA).

41



Fig.23b. Fitted muonlifetime(in 3 s) asa functionof fit start timefor detectors 13-24,cut 2
GeV. A typo: y-axisshows¼�Ñ+Ò in 3 s (not A).
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Fig.24a. Fitted g-2 phase(in rad) asa functionof fit start timefor detectors 1-12,cut 2 GeV.
“Kawall bounds” are shownwith respectto the start time of 32 3 s. A typo: y-axisshows¥ in
radians(notA).
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Fig.24b. Fittedg-2phase(in rad)asa functionof fit start timefor detectors 13-24,cut2 GeV.
“Kawall bounds” are shownwith respectto the start time of 32 3 s. A typo: y-axisshows¥ in
radians(notA).
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Fig.25a. Valuesof fit parameters (average over 10 randomseeds)by the detectorfor a fit
starting at 32 3 s (cut 2 GeV, ¤¦¥ d�Î�Þ

): (top left to bottomright): Ã M , R (ppm),A, ¼�Ñ+Ò ( 3 s), ¥
(rad) and Ó 5 vsdetectornumber. For comparison,thevaluesof someparameters for thecaseof
detectors addedtogetherare shownwith horizontallines.
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Fig.25b. Valuesof fit parameters by thedetectorfor a fit startingat 32 3 s (cut 2 GeV): (top
left to bottomright): Ô d , ³ d , ³ n , ¥ n (rad), Õ n (kHz), £ n ( 3 s), ¢ q and £ q ( 3 s,fixed)vsdetector
number. For comparison,thevaluesof someparameters for thecaseof detectors addedtogether
are shownwith horizontallines.
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Fig.26. A differencein R valuesbetweencuts1.8and2 GeVwasobservedin somedetectors
(aswell as for thedatafromall detectors addedtogether),thepile-upphase¤¦¥ d wasfixedat 0
for all detectors. On theplotsabove: R for thecut 1.8GeVis shownin blue, for 2 GeVin red.No
significantchange is seenin detector9 (top,alsodets.3, 5, 7, 9, 10,13,15,17,24). Middle: for
detector16,thevalueof Rfor thecut1.8GeVis lower thanfor thecut2 GeV(similar in detectors
1, 6, 8, 11, 22) Bottom: for detector18, thevalueof R for thecut 1.8GeVis higher thanfor the
cut 2 GeV(similar in detectors 4, 12,14,19,21,23)
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Fig.27a.Fit parameters for selectionscoveringdifferentenergybins: (topleft to bottomright):Ã M , ³ , ¼�Ñ+Ò ( 3 s), ä (ppm), ¥ (rad), Ó 5 vspositron energy (normalizedto 3.1GeV).
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Fig.27b. Fit parameters for selectionscoveringdifferentenergy bins(continued):(top left to
bottomright): Ô d , ³ d , ³ n , ¥ n (rad), Õ n (kHz)and £ q vspositronenergy(normalizedto 3.1GeV).
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Fig.28a.Fit parameters for selectionswith different lower cuts: (top left to bottomright): Ã M ,³ , ¼�Ñ+Ò ( 3 s), ä (ppm), ¥ (rad), Ó 5 vslower cut value(normalizedto 3.1GeV).
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Fig.28b. Fit parameters for selectionswith differentlowercuts(continued):(topleft to bottom
right): Ô d , ³ d , ³ n , å æ×ç�Ê n (rad), Õ n (kHz), £ n ( 3 s), ¢ q and £ q ( 3 s) vs lower cut value(normal-
izedto 3.1GeV).
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Fig.29. Fit resultsfor different lower cuts: pile-up phase¤¦¥ d is a freeparameter. Pile-up
asymmetryis crossingzero for a thresholdof around0.57èêé B �ED , slightly lower than1.8GeV. The
pile-upphaseis singular, andits uncertaintyis big for that region. Thingslooka bit betterfor the
cut 2 GeV( µ Þ ¹ìë[íCèvé B �2D ).
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4.5 “DetectorsCombined”Revisited(Trying to Find a CorrectPile-up
Phaseîðïòñ )
Theresultsof fitting to thedataselectionswith differentenergy thresholds,with andwith-
out fixing thepile-up phase,shows that thevalueof R is very sensitive to thechoiceof{ ` d . This phaseshift betweenthe (g-2) andpile-up wigglesmay differ from 0 signifi-
cantly, whenpile-up asymmetryis small. Unfortunately, this is exactly the casefor the
cutswe lookedat: 1.8 and2 GeV. As canbeseenin Figs. 13b,14b,thefitted valuesof
pile-upasymmetryfor bothof thesecutsdiffer from 0 by lessthanonestandarddeviation
for mostof thefit starttimes.Obviously, oneneedsa betterestimateof

{ ` d to getmore
reliableresults.

Obtainingan estimateof
{ ` d from the fit by makingit a free parameteris not a trivial

task. Sincepile-up asymmetryfor the 1.8 and2-GeV cuts is very small the fit results
areonly stablefor early fit start timesandthe fit errorson pile-up phasearevery large
(Figs.30b,c).Ontheotherhand,alargerasymmetryobservedfor thecut1.8-3.1GeV(see
Fig. 15b)allows for astablefit (Fig.30a).Theaveragefitted phasefor thatcutwasfound
to be

{ ` dó��ô�õ H �&ö
mrad,with thespreadof thephasedistribution muchsmallerthan

the fit errors( ¡ 150 mradfor the fit startingat 32 � s). (Jumpingaheada bit, this value
mayseemtoo large: compareto

{ ` d$�÷1+� H �
mradfor thecut 2-3.1GeV from pile-up

subtraction,but sincethereis no betterway to determine
{ ` d for cutslower than2 GeV

I will usethis estimate.)

For the cut 2 GeV andhigher, it is possibleto obtainestimatesof the pile-up phaseby
applyingpile-upsubtraction(PUS)andfitting to thepile-upspectrumdirectly. I usedthe
subtractionmethoddevelopedby YannisandCenap[10] (with adeadtimeof 2.9ns,and
theoffsettimeof 10 ns).Pile-upspectrawerefitted to thefunctiongivenby Eqn.7(OnlyO 5 d , à d , V d and

{ ` d werefreeparameters,therestwerefixedat thevaluesobtainedby
fitting to thepile-upsubtractedspectra).

O �P���ø� O 5 d���� �UT � � �E1 #�V d¦��X[Z]\�� � � � #�`W# { ` d_���¶�U��hji_�P���¶�U�_mcnpoQ�P���ù�U��qx�P��� �<õ&�
The resultsof fit to the pile-up parametersfor differentenergy thresholdsareshown in
Figs.31a,b(with andwithoutanuppercutof 3.1GeV).For thecut2 GeV, I found

{ ` dx�wú�&ö H �×1
(Using the samemethodon a slightly differentdataset,Cenapfinds

{ ` dÐ�wû�]ô H ��� [2]). Thepile-upasymmetryfor thiscutwasV d ¡ �fã-�&�f1 H �×ã»�&��s (in thenotation
of Eqn.7,with thepile-upfraction

�×d
takenoutof thebrackets).A correspondingnumber

from thefit with Eqn.2wouldbe V dU�����_�_üÐ�Q� V d_ý_�×d ¡ �fã-���]õ H ã»�&ö&ô (at40 � s),therefore
theestimatefrom pile-upsubtractionmaybeappliedto theoriginal (without PUS)data
setasa testvalueof

{ ` d . Thereis no goodestimatefor thecut 1.8GeV, but judgingby
Figs.29,30b,

{ ` d maybesignificantlylargerthanfor thecut2 GeV.

If the pile-up phase
{ ` d is fixed at valuesother than0 for differentcuts, it is possible

to reconcilethe results. On Fig.33, the resultsfor R are comparedbetweenthe three
discussedcuts,with

{ ` d (2 GeV)
�þwú�&ö H �×1

mrad(PUS),
{ ` d (1.8GeV)

�ÿwx���&�
mrad

(aguess)and
{ ` d (1.8-3.1GeV)

��1��&�
mrad(anotherguessbasedonFig.30a).Compared

to Fig.17,whereall threephaseswerefixedat0, theagreementis muchbetter, especially
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betweenthecuts2 and1.8-3.1GeV. It seems,for thecut 1.8GeV
{ ` d maynot befixed

effectively, dueto a large uncertainty, but even for a very roughguessof the phase,the
resultsfrom this cutdiffer from theotherby lessthan

9M > .

To illustrate just how sensitive the fit result for R may be to the choiceof the pile-up
phase,

{ ` d wasfixedat botha “close” valueof 100mrad(a guessfrom thefit with
{ ` d

asa freeparameter, Fig.30a)anda “wrong” valueof -100mrad. This resultedin a shift
in R of asmuchas2> for earlystarttimes(Fig.32).

Comparingfigures17and33,onecannoticeabetteragreementbetweenthe1.8and1.8-
3.1 GeV cuts,when

{ ` d is fixed at 0, despitea big differencein the valuesof pile-up
asymmetry. Fitting with V d fixedat0 (Fig.34)shows,thatif

{ ` d is fixedat0 aswell, the
presenceof the pile-up asymmetryterm in the fitting function mostly servesimproving
the L M , andthechangein R causedby droppingthattermaltogetheris muchsmallerthan
the effect causedby a wrong choiceof

{ ` d (asin Fig.32). If the pile-up phaseis held
thesameasthe(g-2)phase,thetermincluding V d is takingcareof theextrapulsesat the
peaksandin thevalleysof theg-2wiggle,but apparentlydoesnotdistortthewiggleitself.
If thepile-upphaseassumedto bedifferent,thewiggle becomesdistorted(or shouldwe
saycorrected?),whichcausesashift in thefit valuesof R.

4.6SomeStudiesWith Pile-UpSubtractedSpectra

Pile-upsubtractedspectrafor differentcutswerefitted to a full 17- parameterfunction
(with thepile-uppartpresent).Theresultsconfirmedtheexpectation:afterthesubtraction
wasapplied,pile-upparameterswereconsistentwith 0 (Figs.35a,b)for fit starttimesafter
30-35 � s. On theaverage(for differentfit starttimes),thevalueof non-wigglingpile-up
fraction droppedby 94 %, after the procedurewasapplied. For the pile-up subtracted
spectra,whetheror not thepile-upparameterswerekept in thefitting function,it did not
haveasignificanteffecton R (Fig.36).

The agreementwas very good betweenthe valuesof pile-up fraction and asymmetry
obtainedby fitting to thedataandthepile-upspectrumfrom PUS(Table7).

Table 7. Comparisonof pile-up parametervaluesfor the fit to the pile-up spectrumfrom PUS
andtheoriginal dataset. Eqns.7 and3 were usedcorrespondingly, therefore ³ d for thepile-up
subtracteddatasetshouldbecomparedto ³ d ÑvÔ d for theno-PUScase.

Cut, Pile-upSpectrumfrom PUS No Pile-upSubtraction
GeV

�fd
, � 1+� � M V d , � 1+� � M �×d

, � 1+� � M V d / �fd , � 1+� � M
2 0.78 H 0.002 6.1 H 0.2 0.81 H 0.16 5.7 H 8.9

2.1 1.03 12.6 H 0.2 1.01 H 0.18 10.8 H 8.3
2.2 1.37 18.5 H 0.2 1.30 H 0.20 14.6 H 7.8
2.3 1.81 23.0 H 0.1 1.73 H 0.22 17.5 H 7.5
2.4 2.40 27.3 H 0.1 2.05 H 0.26 19.0 H 7.2

The resultsfor R from fitting to differentcutsbetween2 and2.4 GeV seedaregivenin
Fig.37 (pile-up subtractedspectra)andFig.38 (no PUS,but the pile-up phaseis taken
from thesubtractionstudies).Theresultsaveragedover10randomseedsfor bothregular
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andpile-upsubtracteddatasetsaregivenin Tables8,9.

Table8. Theresultsfor Rarecomparedfor differentenergy cutsat differentstart times.Averaged
over 10 randomseeds,no pile-up subtraction, ¤¦¥ d Î÷Þ

. Theacceptabledeviation of the Ã M
from1 is 0.02295at 32 3 s,0.024at 80 3 s.

cut, 32 � s 40 � s 50 � s
GeV R LÀM R LNM R LNM
2.0 143.00H 1.24 1.012 142.59H 1.31 1.009 142.67H 1.43 1.008
2.1 142.74H 1.26 1.018 142.14H 1.34 1.014 142.27H 1.46 1.014
2.2 142.87H 1.30 1.028 141.89H 1.38 1.025 142.26H 1.50 1.025
2.3 142.31H 1.36 1.022 141.91H 1.45 1.018 142.44H 1.57 1.020
2.4 142.18H 1.45 1.030 141.74H 1.54 1.030 142.30H 1.67 1.031

cut, 60 � s 70 � s 80 � s
GeV R LÀM R LNM R LNM
2.0 142.86H 1.54 1.009 143.30H 1.67 1.009 143.42H 1.81 1.008
2.1 141.85H 1.57 1.015 142.06H 1.70 1.015 142.15H 1.84 1.014
2.2 141.96H 1.62 1.025 142.40H 1.76 1.024 142.93H 1.90 1.024
2.3 142.19H 1.69 1.020 142.75H 1.84 1.017 143.64H 1.99 1.016
2.4 141.78H 1.79 1.027 142.76H 1.95 1.026 143.85H 2.11 1.025

Table9. Theresultsfor Rarecomparedfor differentenergy cutsat differentstart times.Averaged
over 10 randomseeds,for pile-up subtracteddata sets.

cut, 32 � s 40 � s 50 � s
GeV R LÀM R LNM R LNM
2.0 143.23H 1.24 1.014 142.68H 1.31 1.011 142.78H 1.43 1.010
2.1 142.92H 1.26 1.020 142.24H 1.34 1.016 142.43H 1.46 1.015
2.2 143.04H 1.30 1.028 142.04H 1.38 1.025 142.34H 1.50 1.027
2.3 142.45H 1.36 1.025 142.21H 1.44 1.024 142.54H 1.57 1.024
2.4 142.25H 1.45 1.036 141.87H 1.54 1.036 142.39H 1.67 1.037

cut, 60 � s 70 � s 80 � s
GeV R LÀM R LNM R LNM
2.0 143.01H 1.54 1.012 143.34H 1.67 1.011 143.44H 1.81 1.010
2.1 141.95H 1.57 1.019 142.12H 1.70 1.016 142.16H 1.84 1.016
2.2 142.03H 1.61 1.029 142.48H 1.76 1.027 142.95H 1.90 1.029
2.3 142.26H 1.69 1.026 142.79H 1.84 1.021 143.61H 1.99 1.021
2.4 141.83H 1.80 1.035 142.87H 1.95 1.031 143.82H 2.11 1.032

Froma simulation,I estimatedanacceptabledifferencebetweenthecuts2 and2.1GeV
to beof theorderof 0.4

� > (this canbeagoodapproximationfor any two “adjacent”cuts,
with a thresholddifferenceof 100MeV), 0.54

� > betweenthecuts2 and2.2GeV, 0.67
� >

between2 and2.3,and0.8
� > between2 and2.4 GeV. Similar resultcanbeobtainedby

usingSergei’s formulafor thevariationof R betweentwo setsof data,oneof which is a
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completesubsetof theother[11]:

> M � > MÄ '
�NRv1 # > MÄ (> MÄ '

w s V 9V M
X[Z]\�� ` 9 w ` M �jk ��ö��

where“2” is asubsetof “1”, > Ä ' , V 9 , ` 9 aretheerroronR, asymmetryandphasefor the
set-1etc.Kawall’s formulais aspecialcaseof (8), with V 9 � V M , and ` 9 � ` M . Basedon
theseestimates,Yannishasdemonstratedthatthevariationin R betweendifferentcutsis
astatisticaleffect [12].

Fig.30a.Fit with thepile-upphase¤�¥ d asa freeparametergivesstableresultsfor thecut1.8-3.1
GeV. Top: R vsfit start time. Middle: pile-upphasevsfit start time. Bottom: thedistribution of
thepile-upphasefittedvaluefor thecut 1.8-3.1GeV.
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Fig.30b. Fit with thepile-upphase¤¦¥ d asa freeparameterfor thecut1.8GeV. Top: Rvsfit start
time. Middle: pile-upasymmetryvsfit start time. Bottom: pile-upphasevsfit start time: mostly
consistentwith 0, but theerrors areverylarge.

Fig.30c. Fit with thepile-upphase¤¦¥ d asa freeparameterfor thecut 2 GeV. Top: R vsfit start
time. Middle: pile-upasymmetryvsfit start time. Bottom: pile-upphasevsfit start time: mostly
consistentwith 0 within errors.
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Fig.31a. Fitted pile-upparameters (frompile-upsubtraction)vs lower energy threshold,without
anupperenergythreshold.Thevaluesof asymmetryaregivenin thenotationof Eqn.7,andshould
bemultiplied by correspondingpile-up fractionsto be compared to ³ d from themultiparameter
function(Eqn.2)usedfor thefull dataset.

Fig.31b. Fitted pile-upparameters (frompile-upsubtraction)vs lower energy threshold,with an
upperenergy thresholdat 3.1GeV. Thevaluesof pile-upasymmetryare large andnegative, since
pile-upin this caseis dominatedby thenegativefraction(“hidden” pulses)andthenon-wiggling
part of pile-upis small(approximatelyasmanypulseslost asgained)
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Fig.32. For thesamedataselection(cut 1.8-3.1GeV),a change in thefixedvalueof ¤¦¥ d of
as little as 200 mrad (from 100 to -100 mrad) resultsin a differenceof 2É in the valuesof R at
early times.Thisdifferencedueto a wrongchoiceof pile-upphaseis decreasingwith time. Also,
theresultwith ¤¦¥ dÝÎ ¼ Þ+Þ mrad(blue),which webelieveis closerto thetruth is much morestable
early to late time.
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✭
Ù

 E >Ú  2 Gev ∆φ
�

p=-69 mrad

▼
Û

 E > 1.8 Gev ∆φp=-500 mrad

●
Ü

 1.8 < E < 3.1 Gev ∆φp=100 mrad

Fig.33. Comparisonof fittedvaluesof R for differentcutswith ¤¦¥ d fixed at different values
for eachcut. Theerrors are givenfor theresultsfromthecut 2 GeVonly.
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Fig.34. Differencein thefittedvaluesof R for different cutswith ³ d fixed at 0, i.e. pile-up
wiggle is not fitted to andwith ³ d asa freeparameter. Thepile-upphasewasfixedat 0 aswell.
For thecuts1.8and2 GeV, ³ d is within onestandard deviationfromzero, anddroppingit fromthe
fit functiondoesnot resultin a significantchange in R (unlike changing ¤�¥ d ), andthe Ã M is only
about0.1%worse. For the cut 1.8-3.1GeV, dropping ³ d resultsin a significantphasepulling,
which is still much smallerthantheeffectfromchanging ¤¦¥ d ), in this casethe Ã M is 0.3%worse,
but still acceptable.
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Fig.35a. Theeffect of pile-up subtraction on the cut 2 GeV. Both the “subtracted” and the
original datasetswere fitted to a 16-par function,including thepile-upparameters. Theresults
fromthedatasetto which no subtractionwasappliedare plottedin red,theresultsfromthepile-
up subtractedsetare in blue. Top: the fraction of pile-up pulsesis significantlylower for the
“subtracted” dataset.Middle: thepile-upasymmetryis small (mostlyconsistentwith 0) in both
cases.Bottom:ratio of pile-upfractionsfor the“subtracted” andtheoriginal dataset;about6%
of pile-uppulsesare still presentafter thesubtractionwasapplied(agreeswith Cenap’s estimate
of PUSefficiency).
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Fig.35b. Theeffectof pile-upsubtractiononthecut2-3.1GeV. Theresultsfromthedatasetto
which nosubtractionwasappliedareplottedin red,theresultsfromthepile-upsubtractedsetare
in blue. Top: Thevalueof Ris about0.3ppmhigherfor thepile-upsubtracteddataat early times.
Middle: thenon-wiggling fractionof pile-upis small in bothcases.Bottom:thepile-upwiggle is
removedafter thesubtractionwasapplied.
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●
�

 no PUS ∆φ
�

 = 0

●
�

 no PUS ∆φ = -68 mrad (from PUS)

●
�

 PUS, pile-up fitted to

●
�

 PUS, pile-up not fitted to

Fig.36. Theresultsare comparedfor thecut 2 GeV, with andwithoutPUS.Red: theoriginal
data set, ¤¦¥ Î Þ

. Green: samewith the ¤¦¥ from PUSstudies.Blue: pile-up subtracteddata
set fitted to a full function (with pile-up parameters included). Black: same, but with pile-up
parameters dropped.Thedifferencebetweenthelatter two (black andblue) is negligible. Taking
thepile-upphasefromPUSstudiesbringstheresultsfromthetwodatasetsclosetogetherat early
times(30-40 3 s),but hasa rathersmalleffectat later times.
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●
�

 E >�  2 Gev

●
�

 E > 2.1 Gev

●
�

 E > 2.2 Gev

●
�

 E > 2.3 Gev

●
�

 E >�  2.4 Gev

●
�

 E >�  1.8 Gev, no PUS, ∆φ
�

=0

Fig.37. Resultsfor R at 32,40,50 etc. 3 s, frompile-upsubtracteddatawith differentenergy
thresholds.(averaged10 randomseed).Theresultfor thecut 1.8GeV(no PUS)is shownaswell
for comparison.
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●
�

 E >�  2 Gev ∆φ
�

 = -68 mrad

●
�

 E > 2.1 Gev ∆φ = -17 mrad

●
�

E > 2.2 Gev ∆φ = -10 mrad

●
�

  > 2.3 Gev ∆φ = -8 mrad

●
�

 >�  2.4 Gev ∆φ
�

 = -4 mrad

Fig.38. For different energy thresholds:no pile-up subtraction,but pile-up phaseis fixedat
thevaluesfromPUSstudies.(Onerandomseed).
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4.7More on theMuon-LossCorrection

As hasbeenmentionedin Section3, two forms of the muon-losscorrectionwereused
(Eqns.6and6a). Thegaussianform wasusedfor mostof thefits in this analysis,sinceit
gavemorestableandconsistentresults.As acomparisonof fits to pile-upsubtractedand
regulardatasetsshows (Fig.39a),thevaluesof themuonlossparameterschangewithin
onestandarddeviation afterPUSis applied.

On theotherhand,if anexponentialform is used,theresultsdiffer significantlyfor both
themuonandmuon-losslifetimes,asmuchas2-3 standarddeviationsin the latter case
(Fig.39b). Comparingthe resultswhenno PUS applied,it is easyto see,why the = q
changessomuch(Fig.39c):boththepile-upfractionandasymmetryareunderestimated
(asTable7 shows,thegaussiancorrectionin its turngetspile-upparametersright), mean-
ing thata significantnumberof pile-up pulses(with a lifetime closeto 32 � s) arefitted
as “muon losses”,which causesthe loss lifetime to increase.Therefore,the exponen-
tial form of muonlossescanonly beusedalongwith pile-upsubtraction,in which case= q$�������l�Q� s&sfã�1 H ã»ô � s (at32 � s).

Theestimatesof themuonlossesbasedon fit resultsfor thecuts1.8 and2 GeV (“gaus-
sian”,noPUS)demonstrateagoodagreementwith theresultsfrom fitting 2-GeVpile-up
subtracteddatawith anexponentialmuonlosscorrection(Table10).

Table 10. The sizeof the “muon loss” correction (in %) at different timesafter the injection
(estimatedusingfitted ¢ q and £ q values),with andwithoutpile-upsubtraction.

Fit Start MuonLossesfor theCut 1.8GeV(gaussianform), in %
Time, � s 32 � s 40 � s 50 � s 60 � s 70 � s

32 0.66 H 0.04 0.50 H 0.03 0.31 H 0.02 0.18 H 0.01 0.09 H 0.01
40 0.51 H 0.05 0.33 H 0.03 0.19 H 0.02 0.10 H 0.01
50 0.32 H 0.09 0.19 H 0.06 0.10 H 0.04
60 0.19 H 0.03 0.10 H 0.02
70 0.07 H 0.03

MuonLossesfor theCut 2 GeV(gaussianform), in %
32 0.68 H 0.05 0.51 H 0.04 0.33 H 0.03 0.19 H 0.02 0.10 H 0.01
40 0.54 H 0.06 0.36 H 0.05 0.22 H 0.03 0.12 H 0.02
50 0.36 H 0.11 0.21 H 0.08 0.11 H 0.05
60 0.21 H 0.04 0.12 H 0.02
70 0.08 H 0.04

Fit Start MuonLossesfor theCut 2.0GeV(PUS,gaussianform), in %
Time, � s 32 � s 40 � s 50 � s 60 � s 70 � s

32 0.72 H 0.04 0.54 H 0.04 0.34 H 0.03 0.19 H 0.02 0.10 H 0.01

Fit Start MuonLossesfor theCut 2.0GeV(PUS,exponentialform), in %
Time, � s 32 � s 40 � s 50 � s 60 � s 70 � s

32 0.79 H 0.09 0.55 H 0.07 0.35 H 0.05 0.22 H 0.04 0.14 H 0.03
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Fig.39a. For thecut 2 GeV, themuonlifetime, and themuon-lossamplitudeand lifetimeare
shownfor pile-up-subtracted(in blue)andregular (in red)datasets,whena gaussiancorrection
wasused.Theresultsagreewithin onestandard deviation for thefit start timesafter30 3 s.
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Fig.39b. For the cut 2 GeV, the muonlifetime, and the muon-lossamplitudeand lifetime
are shownfor pile-up-subtracted(in blue) and regular (in red) data sets,whenan exponential
correctionwasused. In this case, both the muonand muon-losslifetimesdiffer by more than a
standard deviation. Much larger errors on redcurvesshowthat there is a significantcorrelation
betweenthemuon-lossandpile-upparameters in thiscase.
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Fig.39c. If no PUSused,the exponentialform of muonlossescuts into the pile-up fraction
andasymmetry, causingtheincreasein thefittedlifetime. Topandmiddle:pile-upparameters are
shownin red for theexponentialform of themuon-losscorrection,and in blue for thegaussian
form (the “gaussian” numberagreewell with the resultof directly fitting to subtractedpile-up
spectrum).On thebottomplot, thedifferencein thefittedvaluesof R is plottedfor pile-up sub-
tracted data sets, betweenfits with a gaussianandexponentialmuon-losscorrections.
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An approximatemuon-lossspectrumcanbeobtainede.g. from thestudiesof 3-fold
FSDcoincidences.For the1999data,Robfinds��qx�P���0� 1 # � q ����� � � ' # �×ã»�&ö&�]�&�Ð�l� � � ( � ��ô��
with = 9 � �21+õfã-ô H �fã"1�� � s and = M � �<�&�fã»� H �×ã"1+� � s (only the fit errosaregiven for the
lifetimes) [9]. If this shapeis fixedin thefit, thevalueof muonlifetime becomescloser
to the oneexpectedfrom specialrelativity, while the fit resultsfor R do not changeat
zero-crossings(Fig. 40).

Fig.40.For thisstudytheshapeof themuon-lossfunctionwastakenfromRob’sstudieswith 3-fold
FSDcoincidences.Theresultsarecomparedfor thepile-upsubtracteddatasetwith thecut2 GeV,
with 3 -lossesfixed(red)anddescribedby an exponentialfunctionwith freeparameters ¢ q and£ q (blue). Fixing parameters leadsto a phasepulling, which is minimalat zero-crossings(black
dots).Themuonlifetime(middleplot) is closeto 64.38 3 s if thefixed 3 -lossshapeis used.
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4.8DifferentRunPeriodsCompared

For thisstudy, thedatafrom 12differentrunperiodswerefittedseparately. Thevaluesof
thefit parametersaveragedfor 12 datasetsturnedout thesameasfor thedatatogether.
Thevariationin theg-2 phasewasgreaterthan5

� > dueto differencesin thebeamtuning
throughouttherun (Fig.41a).Thisshift in thephasewasseenby all detectors(Fig.41b).

Fig.41a. Somefit parameters shownfor 12 run periods(cut 2 GeV).Thedatawere dividedinto
12groupsandfittedseparately. X-axis: runs3813-3903(1), 3904-3990(2), 3993-4089(3), 4090-
4193(4),4194-4285(5),4286-4389(6),4390-4532(7),4533-4639(8),4640-4756(9),4757-4855
(10),4857-4980(11),4981-5093(12). Onerandomseedonly, ¤�¥ Î Þ

.
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Fig.41b. Phaseby thedetectorfor somerun periods.Theshift in phaseis seenby all detec-
tors.
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5 SystematicErrors

5.1Errorsfrom Fixing Fit Parameters.

As maybeobviousfrom theprevioussection,themainsystematicuncertaintyin R came
from fixing thedifferencebetweeng-2 precessionphaseandthephaseof pile-up. There
is astrongcorrelationbetween

{ ` d andR, andlettingtheformervaryasafreeparameter
leadsto a two-fold increasein thestatisticalerroron R [6].

Thesensitivity of R to thepile-upphasewasestimatedby fixing
{ ` d at differentvalues

between-3 and3 rad(with respectto theg-2 precessionphase).This wasdonefor 1.8,
1.8-3.1and2-GeV cutsat differentfit start times(Figs.42a,b).The resultsaregiven in
Table11. The1.8-3.1GeVselectionhasagreaterpile-upasymmetry, thereforethevalue
of R is muchmoresensitiveto thechoiceof pile-upphase.

Table11. Error in R fromfixing thepile-upphase(noPUS).

Fit start
{}z

, (ppm/ 100mrad)
time, � s cut1.8GeV cut 2.0GeV cut1.8-3.1GeV

32 Â 0.25 Â 0.4 Â 1.4
40 Â 0.2 Â 0.12 Â 1.4
50 Â 0.17 Â 0.1 Â 1.3
60 Â 0.33 Â 0.18 Â 1.3
70 Â 0.1 Â 0.1 Â 1.2
80 Â 0.22 Â 0.14 Â 1.0

error ??? H 31 mrad ??( H 40 mrad)	
	 An “optimistic” estimatefrom Fig.30a.

Thesensitivity of R to thechoiceof thepile-upphasewasfoundto mostlydependon the
sizeof pile-upwiggle asymmetry. It did not dependsignificantlyon whetheror not the
starttimewaschosenat a “zero-crossing”.

The 2-GeV cut, for which the phaseis known quite well, givesthe smallestsystematic
errordueto thechoiceof

{ ` d (if thePUSestimateis used):approximately0.12ppm at
32 � s. For the1.8-GeVcut, theuncertaintyis too big; andfor the1.8-3.1GeV cut, the
sensitivity is toobig (no reliableestimateof

{ ` d either).

For the“pile-up subtracted”spectra,asestablishedby Yannisin a simulation,theuncer-
tainty in

{ ` d of 50mradleadsto a0.1ppmerroron R.

To investigatethe resultof fixing = n , � n (
�_n

),
� q

and = q , I comparedthe fitted values
of R obtainedby two differentmethods:regular fit describedin section3 in which the
mentionedparameterswerefixedfor latestarttimes;anda fit, in which all 4 parameters
werefixedfor all fit starttimes.Thesensitivity of R to theseparameterswasfoundto be
of theorderof 40 ppb on theaverage,regardlessof fit starttime andwhetheror not the
fit startedata “zero-crossing”(Fig.43).

Changingthevaluesof theparametersdescribingpile-upinflationdueto fast-rotationre-
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sultedin aweakphasepulling with anamplitudeof about10ppb(at30 � s) for thevalues
of
� d

and = d increasedor decreasedby two standarddeviations(with respectto thecen-
tral valuesfoundin pile-upstudiesdescribedin AppendixA). Thevalueof R wasalmost
unaffectedfor fits startedat “zero-crossings”of g-2 precession(Fig.44).

5.2Binning andRandomizationErrors

Theerrordueto binningwasinvestigatedby fitting histogramscontainingthesamedata,
but having differentbin widths. For this study, 10 histogramswith bin widths between
148.8and149.7ns(0.1-nsstep)werefitted with thefunction(2). Only onerandomseed
wasusedin randomizingtheinjectiontime. Theresultsof thisstudyareshown onFig.46.
Theerrordueto binningwasfoundto increasesignificantlyfor laterfit starttimes: from
0.08ppmat 32 � s to 0.16ppbat 60 � s.

Yuri Orlov has shown in [14] that binning may createundesirableresonancesin the
data,someof which may be dangerouslycloseto � � . He recommendeda bin width
of
{ø�ø��
�hjiÝ�l� M
�»ß 9� �

, where

�hji

is the cyclotron period,and � is an integer. For � � s
(
{ø�Q��1&ã-s&��
�hji

), thedifferencein thevaluesof R with respectto the“traditional” binning
(
{ø�Q��1��&ô×ã"1�ö��

ns,usedfor all otherhistogramsin thisanalysis)wasfoundto belessthan
0.1 ppm for all start times (Fig.47), consistentwith the result of the above-mentioned
studyfor 10 differentbin width closeto


�hSi
. Giventhis I will put anuncertaintydueto

binningat 0.08ppm (at 32 � s).

If thefill starttime randomizationis done,thedependenceof R on thestarttime of bin-
ningbecomessmallerthan0.1ppm(Fig.48).Ontheaverage,theresultswith andwithout
fill start time randomizationin this studydifferedby lessthan50 ppb (for onerandom
seedonly).

Anotherestimateof theerrordueto randomizationof thestarttimeof spills,canbemade
from thespreadof R valuesfor selectionswith differentrandomseeds:lessthan 40ppb.

5.3ErrorsDueto Changesin theEnergy Scale.

An estimateof theeffectof theenergy-scalechangewasdoneby comparingthevaluesof
fit parametersfrom fits to ESC-correctedanduncorrecteddata. It wasfoundthatevena
significantchangein ESC(0.3-0.7%in detectors1,4)haslittle effectonthefittedvalueof
R at the“zero-crossings”(Fig.49).For ESCunder0.1%(estimatefor the1999dataset),
the systematicerror on R is lessthan0.1

� > (lessthan 10 ppb at the “zero crossings”
for the full 1999dataset),whereasthe effect is muchgreaterfor the lifetime, pile-up
andmuonlossparameters.A similar resulthasbeenobtainedby artificially changingthe
energy scalefor a “good” detector.

The averageESC correctioncan be useful, even if the effect is different for different
calorimeterquadrantsasshown for detector1 (Figs.20,50).

5.4Flashlets.

TheAGSFlashletscanbeseenin theFouriertransformspectrumof thefit residuals(Fig.
51): the peaksare presentboth at the AGS frequency, 371 kHz (correspondingto the
AGSperiodof 2.694 � s) and2.228MHz (6 timesAGSfrequency, flashletsfrom 6 AGS
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bunches).Thepeakat 371kHz appearsbecausetheflashletsarenot distributedover the
AGSbunchesevenly: mostof themcomein thefirst bunch[15,16] (theeffect aka“The
headof the snake spits the venom” [17]). The flashletcontaminationcan thereforebe
approximatedasasumof two spectra:

�������P���Q� O 9 �P��� ���Ç�� 5 � �P�lw ���õf1������ � # O M ����� � �Ç�� 5 � �P�lw �sfã-s&s]ö"!#�$� � �21����

where� is apositiveinteger, and
O 9 �P��� , O M �P��� arefunctionsdescribingflashletdistribution

time-dependence(I usedtheparabolicenvelopeform similar to theoneproposedby Long
in hisnote[18] to describethesefunctions)

O 9 ������� �×� O M �P���Q� O h � �&% 	 � 
 � % �
1&1]ã»���]ôxwð1&ã-�]ô]��õû�&1+� �Uá ��� w0�fã»���f1+�x��1�� � � ��� M�&ô&öfã-ô&ö&s&s]ô]� �E1&1��

To estimatethe effect of flashletpresencein the dataon the fitted valueof R, flashlet
spectraweregeneratedfor “best” (flashletsaredistributedevenly overAGSbunches,f =
2.228MHz,

O 9 �P���('��
) and“worst” (all flashletscomefrom the samebunch,f = 371

kHz,
O M �P���('��

) casesof contamination(100 and126-ppmlevel in both simulations).
Thesimulationresultsareshown in Figs.53,54(for 100-ppmcontamination).Theuncer-
tainty in R dueto thepresenceof flashletsat the level of 126ppmwasfound to be less
than120ppb (for the“worst” case).

5.5Fit FunctionInefficiencies.

As shown in Fig.55,not accountingfor theCBO andmuonlosstermsin thefitting func-
tion resultsin astrongphasepulling onR.Only afterthesetermswereincluded,thefit L M
becamereasonableandthefit parametersmorestable.Onecanconcludethatthefunction
usedin this analysisdescribesthedataprettywell, but it wouldbenaiveto think thatit is
ideal.

As wasshown in section3.1 (Fig.10,39c),differentforms of fit functioncanbeusedto
describethemuon losses. Both forms help reducethe LNM , but do not remove the phase
pulling on R completely. Thedifferencebetweenthetwo resultscanserve asa measure
of the efficiency of fitting to the muon losses. As illustratedin Fig.10, this difference
is oscillatingwith the (g-2) frequency andis lessthan0.1 ppm on the average(for the
zero-crossingsthis numberis smallerby at leasta factorof 10).

A similar comparisonbetweentheresultsobtainedby usingdifferentformsof theCBO
function (i.e. Figs.11,12)givesan estimateof the error dueto the inefficiency of CBO
fitting of theorderof 40 ppb (for theentiredataset,Fig.56). A similar studyfor thede-
tector8 alonegivesanuncertaintyof about0.1ppm(Fig.57)(Theamplitudeof theCBO
in detector8 is approximately8.5timeshigherthanfor thesumof all detectors).

An attemptto studyhow thebackground(residualsof themulti-parameterfit) affectsfit-
ting CBOshowedthatthiseffect is apparentlynegligibly small: lessthan10ppb(Fig.58).

5.6SomeOtherErrors.

Start time of fit estimatedfrom thefluctuationof thefitted R valuefor differentfit start
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timeswithin oneprecessionperiod:0.18ppm (Fig.59).Thiserrorsummarizestheeffect
of all “phase-pulling”effects(flashlet,fit functioninefficiencies,energy scalechangeetc.)

End time of fit : settingthe endtime of fit to differentvaluesbetween600 and730 � s
resultedin afluctuationin thefittedvalueof R of lessthan5 ppbfor the1.8-GeVcut,and
lessthan 10 ppb for the2-GeVcut.

Err ors due to rounding of the histogram bin boundaries in PAW: lessthan10 ppb.
(This error is no longer relevant for this analysis,sincefor the latestresults,a double
precisionwasusedto describepulsetimesandbinning).

“Err ors fr om fit errors” : usingan integratedvalueof the fit function ratherthan the
functionvalueat abin center, whencalculatinguncertaintiesin thehistogrambin values,
producesa differenceof theorderof 15 ppbin R (Fig.60). At thesametime, thechange
in the valueof the asymmetryis quite significant: 4-5

� > due to the differencein error
evaluationat the peaksandin the valleys of the g-2 wiggle. (This error is a part of the
uncertaintydueto fitting procedure.)

Table12. A summaryof thesystematicerrors on R.Aswasdecidedby theanalyzers, for thesum,
the errors from CBO, doubleCBO, vertical waist were addedlinearly, as were the errors from
energy scale, muonloss,pile-up; theresultingerrors were thenaddedto therestin quadratures.

Source Error (ppm)
Pile-Up 0.12) (0.11)*
Flashlets + 0.12

Energy Scale + 0.1( + 0.01),
FastRotation,Binning 0.08

Lost Muons + 0.1( + 0.01),
CBO 0.04

Randomization 0.04
Fixing Parameters + 0.04-
DoubleCBO[2] 0.03
VerticalWaist[2] 0.02

Sum + 0.36( + 0.22),
	 For thecut 2 GeV, fit starttime32 3 s,usingtheestimateof ¤¦¥ d from pile-upsubtraction? For pile-up subtracteddata(quotedfrom [2]); includeserrorsdueto theuncertaintyin pile-up
phaseandsubtractioninefficiencies..

At azerocrossing(e.g.32 3 s)./
For fits startingafter50 3 s.
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Fig.42a. Change in the fitted valueof R causedby changingthe differencebetweenthe g-2
andpile-upphases(fixedparameter¤¦¥ d ) for fit start times30and60 3 s,andfor cuts1.8and2.0
GeV. The2.0-GeVcut is more sensitiveto thechange in pile-upphase, sincethepile-up fraction
for that cut is higherthanfor 1.8GeV.
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Fig.42b. Change in the fitted valueof R causedby changingthe differencebetweenthe g-2
and pile-upphases(fixedparameter ¤¦¥ d ) for fit start times32 and60 3 s (cut 1.8-2GeV).This
cut is moresensitiveto thechoiceof ¤�¥ d , sincethepile-upasymmetryis much larger.
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Fig.43. Differencein Rvaluesbetweena fit with £ n , � n ( Õ n ), ¢ q and £ q varyingasfreeparam-
eters anda fit with theseparameters fixed. Top: asa functionof start time(with asterisksat g-2
zero-crossings).Bottom:projectionof thetopplot to they-axis.

Fig.44. Phasepulling on R from fixing the fast rotation correctionparameters at wrongvalues.
Asterisksshowg-2 zero-crossings.Theeffect is generally verysmalland is minimalat thezero-
crossings.
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Fig.46.Fittedvaluesof Rfor 10differentbin sizesbetween148.8and149.7ns,for fitsstarting
(top to bottom)at 30, 40, 50 and 60 3 s. Thesamedata wasusedto fill all 10 histograms. The
resultsaregivenfor a singlerandomseedonly.
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Fig.47. Comparisonof thefittedvaluesof R for bin width of 149.185ns(fastrotationperiod)
and186.48125(1.25timeswider, asrecommendedby Yuri [14]).
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-----  fill start time randomized
(three curves for binning starting at
0
t0, t0+149.2/3. ns and t0-149.2/3. ns
1
-----  fill start time not randomized
(three curves for binning starting at
0
t0, t0+149.2/3. ns and t0-149.2/3. ns
1

Fig.48. Comparisonof fit resultsfor R (cut 2 GeV) for 3 different start timesof binning
(“natural” at t0, shiftedback andforth by 1/3 of thebin width),with (red)andwithout(blue)fill
start timerandomization.If thestart timesof spills are not randomized,there is a systematicshift
in R at early timeswith respectto the resultsfrom randomizeddata. Thesign and sizeof this
shift varieswith thechoiceof thebinningstart time. On theaverage, theresultswith andwithout
randomizationdiffer by lessthan0.1 ppm. If thedata is randomized,theerror dueto thechoice
of binningstart timeis again lessthan0.1ppm
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Fig.49.Phasepulling onRdueto energy-scalechange(e.g. detector4). Top: shift in thefitted
R value(normalizedby onestandard deviation) betweenthedatauncorrectedandcorrectedfor
energy scalechange vsfit start time; black dotsare zero-crossingsof g-2 precession:theeffect is
minimal there. Bottom: Top plot normalizedby thesizeof theESCeffect (approximationof the
phasepulling for 0.1%ESC);black dotsare zero-crossingsof g-2 precession;ESCfunctionfor
detector4 crosseszero at 50 3 s: ¤räÝÑ[ÉlÑ[é3254 is singularthere andis not shownon theplot.
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Fig.50.Theeffectof ESCcorrectionis shownfor theupperandlowerpartsof detector1, sep-
aratelyandtogether. Red:no correctionwasapplied,green: “average” correctionwasapplied,
blue: both halveswere correctedindividually. As shownin Fig.7a, the ESCis different for the
upperandlower partsof thecalorimeter, andwhile theaverage correctionis not enoughfor the
upperpart, theeffect is overcompensatedfor in the lower half. For theentire datafromdetector
1 (bottomplot), the differencein R wassmall (lessthan 0.1èêÉ ) whetheran average or a more
accuratecorrectionwasapplied.
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Fig.51. Flashletscanbeseenin theFastFourier Transformspectrumof thefit residuals(e.g det
4). Two peakswith f = 371 kHz (AGSfrequency, bottomplot) and f = 2228kHz (6 timesAGS
frequency, topplot) are present.

Fig.52. Not a very scientific,but a curious result: an inverse Fourier transformof the flashlet
peaksbringsan estimateof theflashletcontaminationof 90 ppmfor theentire dataset,andmore
than6 timesasmuch in detector4 (Vladimir andGennasawthesameratio in the2000data[15]).
If thesespectra are usedin a simulation,theresultsare similar to thoseshownin Figs.52,53with¤räðØ 50 ppb.
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Fig.53. Resultsof a flashletsimulation(“wor st” case, f = 371kHz(AGSperiod)). Top: flashlet
spectrumgeneratedwith theAGSfrequency(100 ppmlevel). Middle: Shift in thefitted R value
dueto flashletcontaminationasa functionof fit start time. Bottom: distribution of thebias in R
dueto 100ppmflashletcontamination.

Fig.54.Resultsof a flashletsimulation(“best” case:flashletsaredistributedevenlyoverbunches.
Top: flashletspectrumgeneratedwith 6 timestheAGSfrequency(100ppmlevel). Middle: Shiftin
thefittedR valuedueto flashletcontaminationasa functionof fit start time. Bottom:distribution
of thebiasin Rdueto 100ppmflashletcontamination.
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Fig.55. If theCBOandmuonlosstermsarenot includedin thefitting functionat all, oneobserves
a strong phasepulling. In the caseof muonlosses,this phasepulling hasa period of the (g-2)
precessionandis negligible at thezero-crossings(bluedots). Thephasepulling dueto CBOhas
a morecomplicatedcharacterandis affectedby both ¢87 andtheCBOfrequency.

Fig.56.Lettingthecenterof theCBOpacket £ 5 n varyasa freeparameterin thefit (seeFigs.11,12)
changesthevalueof R.Top: thedifferencebetweentheR valuesasa functionof thefit start time,
betweenthe fits with £ 5 n fixedand free (cut 2 GeV, all data). Bottom: the distribution of this
differencecanserveasan estimateof thesystematicerror dueto inefficienciesin fitting to CBO.
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Fig.57. Similar to Fig.49. Thisstudywasdoneseparately for detector8, in which theamplitude
of CBOis about8.5 timeshigherthanwhenall detectors are addedtogether. Top: thedifference
betweenthe R valuesas a functionof the fit start time, betweenthe fits with £ 5 n fixedand free.
Bottom:thedistribution of thisdifference.

Fig.58. An attemptto seehow the background (residualsof the fit with a full multi-parameter
function)affectsR. On thetop plot: thedifferencein R betweenfits to two modifieddatasets;in
one, thefit residualsof a full fit functionwere addedto thedatasetonce(effectivelydoublingthe
background); in theother, boththeresidualsandtheCBOdistribution were added(doubleCBO
amplitudeandthebackground). Bottom: thedistribution of this differenceis verysmall, leading
to a conclusionthat theresidualsdo notaffectfitting to CBOsignificantly.
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Fig.59. “Phase-pulling” on R (with respectto the average over a g-2 precessionperiod) vs fit
start time. Thetop plot showsthedifferencebetweenthefittedR andtheaverage R valuefor 29
adjacentbins (approximatelyoneprecessionperiod). Bottomplot showsthe distribution of this
shift.

Fig.60.Theresultsfor AandRcomparedwith theerrorscalculatedasa squarerootof thefunction
at thecenterof a bin (red),anda square root of theintegral over thebin (average over 5 points,
in blue).Betterevaluationof theerror givesa significantincreasein theasymmetry, theeffecton
R is minimal. (Cut2 GeVwasused.)
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6 SummaryandConclusions

As wasdiscussedin Sections3 and4, the1999data,for eachdetectorseparatelyandfor
thesumof all detectors,couldbefittedto afunctionwith 13freeparameters(with 5 more
parametersfixed in the fit after their valuesweredeterminedfrom simulation,trial fits
etc.).

If thepile-upphaseis fixedat0 for eachof thecuts1.8,1.8-3.1and2 GeV, theresultsare
self-consistent,andthereis agoodagreementbetweenthevaluesof R obtainedby fitting
thedetectorsseparatelyandthenaveragingtheresult,andfitting thesummeddatafrom
all detectors.But thedifferencein R valuesbetweenthecutsturnsout to be0.6 - 1 ppm
for differentfit starttimes(Fig.17),greaterthantheacceptablevariationof 0.5

� > . A more
carefulchoiceof thevalueof pile-upphasehelpsreconcilethe resultsfor differentcuts
(Fig.33).

For thecut 2 GeV andhigher, goodestimatesof
{ ` d canbeobtainedusingthepile-up

subtraction.As shown in Table13, the discrepancy in the resultsfor R from a full data
setanda “pile-up subtracted”datasetis well within thesystematicerror. Averagingthe
valuesof R from 22 detectorsbringsa closeresultaswell (Table14). Otherparameters
show a goodearly-to-latetime stability andarenot affectedsignificantlyby pile-upsub-
traction.

The resultsfor cuts2 GeV andhigheragreewithin the acceptablestatisticalvariation,
bothfor thepile-upsubtracteddatasetsandtheregulardatasets(with thepile-upphase
takenfrom PUSstudies)(Figs.37,38).

Basedon this, onecansaythat the1999datacanbewell describedby the17-parameter
functiongivenby Eqn.2or a 12-parameterfunction,if PUSis used(with 13 and11 free
parameterscorrespondingly).The main result of this study comesfrom the fit to the
2-GeVselectionwith

{ ` d = - 68 mrad(fixed):

R = 143.25H 1.24 H 0.22ppm

Table13. Summaryof fit resultsfor thecut 2.0GeV. Thevaluesof R includean offset. In the
caseof pile-upsubtraction,systematicerrors includethePUSrelateduncertaintiesas tabulated
in [2] (0.13ppmoverall).

Start Cut 2 GeV Cut 2 GeV
Time, with pile-upsubtraction no PUS, 9;:=<?>A@CB"DFEHG�I mradJ s R KML R KML

32 143.23E 1.24 E 0.21 1.014 143.25E 1.24 E 0.22 1.012
40 142.68E 1.31 E 0.21 1.011 142.61E 1.32 E 0.23 1.009
50 142.78E 1.43 E 0.21 1.010 142.68E 1.43 E 0.23 1.008
60 143.01E 1.54 E 0.21 1.012 142.94E 1.54 E 0.24 1.009
70 143.34E 1.67 E 0.21 1.011 143.35E 1.67 E 0.24 1.008
80 143.44E 1.81 E 0.21 1.010 143.45E 1.81 E 0.24 1.008
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Table14. Fit resultsfor thecut2.0GeVaveragedover10randomseedsfor 22detectors (with
thepile-upphasefixedat thevaluefromPUS).Thevaluesof R includean offset.

Start Cut 2 GeV
Time, detectoraverage,9;:N<3>O@CB"D mradJ s R K L

32 143.12E 1.25 1.012
40 142.62E 1.32 1.009
50 142.69E 1.43 1.008
60 142.80E 1.55 1.006
70 143.28E 1.68 1.005
80 143.47E 1.82 1.005
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AppendixA: Studiesof Energy-ScaleChanges(ESC)andPile-upusing
g2off data

Time-dependentchangesin the averageof the energy distribution (AED) were investi-
gatedfor differentdetectorsat different times following the beaminjection. For each
sliceof time equalto theg-2 precessionperiod(approximately4365.4ns),energy distri-
bution histogramswerecreatedfor all 22 detectorsusedin theanalysis.Sincetheenergy
calibrationchangedfrom run to run for somedetectors,pulseamplitudeswerenormal-
izedto theend-pointvalues(maximalpositronenergy) in every run. Theaverageenergy
wasthencalculatedfor eachdetectorwith lowercut-off at60,70,80,90and100%of the
maximalpositronenergy (3.1GeV).

Fig.A1. Change in theaverage positron energy (normalizedto thelate timeaverage) seenby de-
tector1 for different lower cuts

As illustratedby Fig.A1, the relative sizeof contributionsto theaverageenergy coming
from pile-upandESCvariesfor differentlowercuts.Detector1 showsamanifestÖzben
effectwiggleatearlytimesfor cuts0.6and0.8PRQTSVUXW , but pile-upcontribution is growing
for highercuts,asthefractionof pile-uppulsesis increasing(seeAppendixB, Fig.B4).
For cut 0.9PRQTSYUZW , thechangein theaverageenergy is mainly contributedto by pile-up.

Theaverageenergy at highercutsis alsolesssensitive to theESC.Theestimateof this
sensitivity wasobtainedapplyingartificial “gain” to the real datapulses,while holding
thecut-off thresholdthesamefor differentcuts. As shown on Fig.A2, at a lower cut of
0.6P[Q\SVUZW , theAED seesonly approximately48.7%of therealscalechange.This num-
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ber is going down for highercuts: 42.2%for a 0.7P[Q\SVUXW cut, 34.6%for 0.8, 24.5%for
0.9,andonly 2% for QF]_^ `a>bQ\SVUXW . (If there’s no lower cut, i.e all pulsesaretaken into
account,thechangein theaverageenergy would bethesameasthechangein theenergy
scale.)

cut 0.6

cut 0.7

cut 0.8

cut 0.9

cut 1.0

Fig.A2. Correlation betweenthe change in the average energy (normalized)and artificial gain
(simulationusingreal data)for different lower cuts.

Assumeasimplemodelof theAED changewith thetime:c Qedgf&hjik>ml c Q\`onp^rq&i sutv<=P c Qw<xixPzy <�^Ndgf&h|{}P~dZI8s���Pzy�q�dgf&h&h�{ d~��I�h
wherethe“true average”

c Q\`on�^�qji is determinedfrom thelatetimedata(after200 J s), t�< is
pile-upfraction,

c Qk<�i is theaverageenergy of pile-upcontribution, y�<�^Nd_f&hw>��8�N� ` P�y��|n�dgf&h
describesthe decreasein the relative numberof pile-up pulseswith respectto the total
numberwith timeandincludesa fastrotationcorrection,� is asensitivity of acertaincut
to theenergy scaledeterminedfrom simulationmentionedabove,and y�q�dgf&h is a function
describingtheESC.

Parameter�a<Nd�Q\]_^�`gh�>�tv<Nd�Q\]g^ `�h�P��[�����[�N���&������[� �R�g�X� �[� ���X� �z� is independentof the time, but obviously
variesfor differentcuts.And theequation(A1) canberewritten as:

c QT���pnpS�d_f&hjiw> c Qedgf&h&ic QT`on�^�qji >�lrI�s���<"PRy�<�^Nd_f&h�{�P�dXI�s?��Poy�q�d_f&hjh|{ dg�? "h
As it is known, thattheenergy scalechangesarenegligible after50 J s in mostdetectors,
onecanneglect the term dZI�s��¡P�y�q|h whendescribingAED changeat late times. It is
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thereforecausedby pile-up contribution alone. With the assumptionthat pile-up time
behaviour is cut-independent,therelativestrengthof pile-upcontribution:¢ d~Q?£�¤�Q L h > ��d�Q�£jh��d�Q L h > c Q\���pn�S3d�Q�£jhji¥@HIc Q\���pn�S3d�Q L hji¥@HI d~�3G�h
turnsout to beindependentof time (Fig.A3).

Fig.A3.Relativestrengthof pile-upcontribution to AECfor differentcombinationsof cutsis inde-
pendentof timeandobeysgaussiandistribution.

If
¢ d~Q?£�¤|Q L h is known, ��< can be eliminatedfrom a pair of equations(A2) describ-

ing the resultsfor two differentcuts for the samedetector. Neglecting the small term
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�a<¥Pjy�<�^vdgf&h�Pj�¦Pjy�q (which is estimatedto besmallerthan0.03%for all detectorsat thetime
of the injectionanddiesoff quickly) oneobtainsa function describingthe energy scale
changealone:

y�q�dgf&hw§ c Q\���pn�S3d�Q L ¤jf&h&i¥P ¢ d�Q�£�¤�Q L hY@ c QT���pn�S3d~Q?£�¤jf&h&iY@¨d ¢ d~Q?£�¤|Q L hY@©Ixh�ªd�Q L hYP ¢ d�Q�£�¤�Q L hY@«�ªd�Q�£jh d~�C¬=h
Sincedueto thedifferencein energy spectraandotherconditions,differentdetectorssee
differentlevelsof pile-up(Figs.A4,A6),

¢ d�Q�£�¤�Q L h is not necessarilythesamefor all of
the detectors,but it is possibleto divide the detectorsin threedifferentgroupsandcal-
culateanaverage

¢
for eachof thesegroups.Most detectorsfall into the“high-pile-up”

category: 3 - 5, 10, 11, 14 - 17, 21 and22. The “medium” groupconsistsof detectors
1, 6, 9, 12, 13,18 and23. And thedetectorswith thelowestlevel of pile-upare7-9, 19,
24. Thevariationin pile-uplevelsis mostprobablycausedby differencesin theshapeof
energy spectrafor differentdetectors.

Fig.A4. Average energy for cut ­ SVUXW for differentdetectors. Changesin theAED at this cut are
duealmostentirely to pile-upalone.

Formula (A4) was usedto determineESC for differentdetectorsand differentcombi-
nationsof cuts. The resultsobtainedusingdifferentcombinationof cuts for the same
detectorsshow a goodagreement(Fig.A5). The combinationof cuts0.8 and0.6 of the
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maximalenergy producesthe loweststatisticalerror, andwasusedto obtainESCtime
dependencefor individualdetectors(seeFigs.6a,bin themainsection).ESCwasfitted to
a functionof theform

y�q�dgf&hk>¯®°P�� � �±�² s³�"´�� �¶µ·�¸ ��¹��Rº»½¼ · d~��¾"h
Thegaussiantermwasusedonly in fits to detectors1 and4, to accountfor a noticeable
“Özben-effect” wiggle, theotherdetectorswerefitted to a 2-parameterexponentialpart
of eq.A5. Fit resultsandestimatesof ESCat 30 J s aregivenin Table1 (mainsection).

Theresultsof thesestudiesagreevery well with thosefoundby Long (similar studiesof
averageenergy) andCenap(pile-upsubtraction).

Fig.A5. Energy scalechange asa functionof timefor detector1: comparisonof resultsobtained
using3 differentcombinationsof lower energy cutsshowan excellentagreement.

If theenergy scalechangecontribution to theaverageenergy is known for eachdetector,
pile-upcontribution canbeestimatedby simply dividing thetotal changein theaverage
energy by I?s¿�¡P�y�q�dgf&h (seeEq.A2). This wasdonefor all detectorsandthe resulting
histogramswerefitted to a3 parameterfunction

y�<Ndgf&hk>¯��<FPNdXIasÀ�x<�� � µ· � �± � � · hYP�� � �Á d~�3B�h
where Â is dilatedmuonlife time (wasfixedat 64.38 J s), ��< is a termdescribingpile-up
contributionto theaverageenergy (proportionalbut not identicalto the(g-2)-fit parametertv< ), �x< , and Ã&< areparametersdescribingthefastrotationinflationof pile-up.
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Pile-upfitting gave consistentresultsfor detectors8 through24, which aregatedon be-
fore theshort-livedfastrotationcorrectiondiesout (Fig.A6). This gave an independent
estimateof thefastrotationcorrectionto pile-up(Fig.A7).

Fig.A6. Resultsof fitting to pile-upcontribution to theaverage energy (real 1999data). Top left:
an exampleof fitting detector24 with a functiondescribingpile-up contribution (Eq. A6). Fit
parameters by the detector: Ä < (top right), Å < (bottomleft) and pile-up term Æ < (bottomright).
Detectors 3-7 givegreatererrors becauseof lategating. Thepile-upfractionsfoundin this study
are in a goodagreementwith theresultsof fitting to thedata(Fig.16b)
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Fig.A7. Distribution of theparameters of fast rotationcorrectionto pile-up: Ä < (top) and Å <
(bottom).Fromfits to real datafor detectors 8-24.
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AppendixB: Pile-upstudieswith simulateddata

The goal of this studywasto reproducesomeof the experimentalconditionsaffecting
pile-uprateascloselyaspossible.

At thefirst stage,a realisticpositrondistribution wasgenerated.I useddoubleprecision
randomnumbergeneratorRANMAR [13] and look-up tablesfor positronnumberN(E),
asymmetryA(E), phase: (E), andfastrotationprobability. Thelook-uptableswerepro-
videdby RobandJim(simulationandfastrotationanalysis).ParameterssuchasR,muon
lifetime Â , andthedecayrateat thetime of injectionwerefixed. Thedistributionswere
producedwith two differentdecayrates,3 and4 MHz attheinjectiontime(corresponding
to approximately16.7and22.2muondecaysperspill producinga positronwith theen-
ergy higherthan1.8GeVat least40 J saftertheinjection: slightly higherandlower than
the averagedecayrateobserved in the 1999experiment(Fig.B1)). Thesestudieswere
repeatedwith fastrotation“turned” on andoff to investigatethe contribution to pile-up
comingfrom fastrotation.Approximately185million positronsweregeneratedfor each
combinationof conditions.Muon andprotonlosses,energy-scalechangesandbetatron
oscillationwerenot takeninto theaccount.

rate 4 MHz

rate 3 MHz

Fig.B1. Theaverage numberof high-energy positrons(E Ç 1.8 GeV, t Ç 40 È s) per spill by the
run number(in det24). Estimatesof thedecayrateat timet=0 aregivenwith theassumptionthat
thesepositronsconstitute16%of theentire decayspectrum(fromRob’s simulation).

Thetimeandenergy distributionobtainedin thewaydescribedabovewasthenconverted
into fake WFD data,usingrealisticpulse-shapesfor eachdetectorandWFD-phase.The
pulse-shapelibrary wasthesameastheoneusedin the ’99 dataproduction.Following
therealWFD algorithm,pulseamplitudein thesimulationwasroundeddown to its inte-
ger part,andalsocut off at 255countsshouldit exceedtheWFD pulseheightlimit. A
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randompedestalvalue,obeying thepedestaldistribution seenin therealdata,wasadded
to every fakeWFD “bin”

On thethird stage,thefakeWFD dataunderwentregularg2off productionandthentu-
plessimilar to thestandardproductiononeswerefilled in with theinformationaboutboth
generatedanddetectedpositronspectra.It wasthereforepossibleto comparetwo spectra
anddeterminepile-uplevels,asa functionof positronenergy, andenergy cut. This study
wasmostly focusedon “doubles”, i.e. pile-up pulsesto which only two positronscon-
tributed.Theoccurrenceof “triples” is about2 ordersof magnitudelesslikely.

As illustratedby Fig.B2, thefractionof pulsesgoing into pile-uppairsis practicallyflat
throughouttheenergy spectrum.Fastrotation,aswell, increasestheprobabilityof pile-up
uniformly for pulsesof all energiesby about30%. Sincetwo original pulses(a pile-up
pair) form a singlepile-uppulsewith anenergy closeto thesumof thetwo, therelative
numberof pulseslost to andgainedfrom pile-updiffersby theenergy bin (Fig.B3). At
about75-80%of themaximalenergy thesenumbersarevery closeandthenetchangein
thenumberof detectedpositronsis negligible. At lowerenergies,morepositronsarelost
to pile-upthangained.Theoppositeis truefor thehigherenergy bins.

Fig.B2. Thefraction of pulsesundergoing pile-up is quite sensitiveto the decayrate and fast-
rotation intensity, but doesnot vary significantlywith the positron energy. On the figure above,
thefractionof pulseslost to pile-upis plottedagainstthenormalizedpositron energy for different
simulationconditions:decayrate4 MHz (higher than theexperimentalaverage), 3 MHz (lower
thanaverage), and3 MHz withoutfastrotation.
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Fig.B3. Positive and negative pile-up. (top) Distribution of the numberof positrons lost and
gaineddueto pile-up; (bottom)netchange in thenumberof positronsper energy bin at high and
low intensity(4 and3 MHzrate)

Thepile-upfraction(thedifferencebetweenthenumberof pulsesgainedandlost dueto
pile-updividedby the total numberof pulses)grows almostexponentiallyasa function
of low-energy cut for cutshigherthan1.5 GeV (Fig.B4, top part). This however is not
exactly thesameasthefit parametert�< in g-2 multi-parameterfitting function(Eq. 2 in
mainsection),thefractionof pile-uppulsesattimet=0. If É is thetotalnumberof pulses,É�£ is thenumberof “singles”,and ÉC< is thenumberof pile-uppulses(“doubles”). Then
theseparametersarerelatedto thefit parametersin thefollowing way:

ÉC<3§ËÊ `ÍÌ �[Î��Ï l&tv<CP�É Ï P�� � L � ` PÍ{�Ð"f¥§ tv<CPxÉ Ï "Â d ¢ I�h
É(£¶§ Ê `ÍÌ �ÑÎ_�Ï ljÉ Ï P�� �N� ` { Ð�f¥§ É ÏÂ d ¢  "h

ÉÒ>#ÉC<�sÀÉ�£ d ¢ G�h
(Fastrotationcorrectionandg-2 wiggle areneglectedin Eqs.B1andB2.) Knowing the
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fractionof all pile-uppulsesatall times d~ÉC<�Ó�É�h , it is easyto calculateapredictionfor t�< :
tv< >  ?PNd�Ôv�Ô hIF@©drÔv�Ô h d ¢ ¬=h

Thispredictionis plottedin thebottompartof Fig.B4.

Fig.B4. (Top) fraction of pile-up pulses( Ô �Ô ) as a functionof lower energy cut (normalizedto­ SVUXW�Õ�Ö}×ÍØ GeV; for 4 (“high”) and3 (“low”) MHz decayrate); and(bottom)prediction(Eq.
B4) for thefit parameterÆ < basedon thetop plot. Predictionagreesverywell with theresultsof
fitting to thereal data.

Dividing a pile-up time spectrumobtainedusinga simulationincluding fastrotationby
a “f ast-rotation-off ” spectrum,onegetsa predictionof theinflation of pile-upcausedby
fastrotation(Fig.B5,top). This inflationwasfitted to a2-parameterfunction:

y���nxdgf&h\>ÙI¦sH�x<�P�� � µ· � �± � � · d ¢ ¾"h
Theresultsareshown in Fig.B5. Thevaluesof thepile-up inflation parametersarevery
closefor different lower energy cuts. The differencebetweenthe resultsfor different
decayrates(3 and4 MHz) waswithin a statisticalerror. For the cut 0.6PRQTSYUZW , the pa-
rametersof Eq.B5werefound to have the following values: �x< = (0.709 E 0.008)and
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Ã&< = (12.84 E 0.17) J s.

Thisresultagreesverywell with theoneobtainedfrom theenergy-scalestudiesdescribed
in AppendixA: �x< = (0.714 E 0.038)and Ã&< = (12.59 E 0.29) J s.

Fig.B5.Resultsof a 2-parameterfit (Eq.B5)to thepile-upinflation fromfastrotation(simulation,
decayrate 3 MHz). Top: pile-up inflation for a data setwith the lower cut of 60% percentof
the maximalpositron energy. Middle: inflation amplitude, Ä < as a functionof lower cut value.
Bottom:inflation characteristictime, Å < asa functionof lower cut value.
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An attemptto estimatethe pile-up phaseas a function of cut using the simulation
resultsshowedthat thepile-upphaseis changingratherrapidly, whentheasymmetryis
small, and is shifting by Ú rad when the asymmetryis crossingzero. For the cuts of
interest(1.8 and2 GeV), thesimulationpredictionfor thevalueof asymmetrycameout
to behigherthenthevaluesobtainedby fitting thedata,thereforeit is hardto judgeif this
simulationcanbeusedto predictthepile-upphasein therealdata.

Fig.B6. Pile-upasymmetry(normalizedto pile-upfraction)andphaseasa functionof theenergy
cut. Pile-up pulseswere extracted from simulateddata and the distribution fitted to Û$Ü�Ý ¿ ÕÛ Ï3ÞNß �N� � ` Þ Ü Ø ¾Hà < Þ=á|â�ã�ä å U Ý ¾©æ <�ç ¿ . Asymmetryis singular where pile-up fraction crosses
zero (0.35- 0.4Þ ­ SVUZW ). And thephaseis singular whentheasymmetrycrosseszero. G-2 phase
wascloseto 3 rad for all positron energiesin this simulation(red line on thebottomplot). The
phasedifferencebetweentheg-2precessionandpile-upis changingdramaticallywhenthepile-up
asymmetryis small.
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