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Background concepts

Marginal or Cross-sectional model:

E[Yit‘Xit] = g(Xitﬂ)

Cross-sectional study:

A descriptive study providing data on the entire population at some
specific time.

Note: no control on covariates, and so covariates are RANDOM

Longitudinal data:
Each subject is followed over a period of time, and repeated observations

of the outcome and relevant covariates are recorded.
Note: CORRELATED outcomes
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Generalized Estimating Equations (GEE)

ZD VL (Y; — g(XiB)) =

[ is the parameter representing cross-sectional association between
outcomes Y and covariates X.

D; is a partial derivative matrix of u; = g(X;3) with respect to 3.

V; = A}/zl?,-A,!/2 is a working covariance matrix, where A; is a diagonal
matrix with Var(Yj) on its diagonal line and R; is a working correlation
matrix.
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As long as the marginal mean model E[Y;|X;] = g(Xif) is correctly
specified, GEE method gives a consistent and asymptotically Normal
estimate for 3, for many sorts of correlated data.

However, GEE method fails (e.g. gives a biased estimate for ) for some
types of longitudinal data.
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Examples in the paper

Three different ways to generate longitudinal data:
Q Yii = aYji_1) + BXit + €ir, where Yjo =0, Xz and €;r have mean 0
and are independent of Yj,_1 (i.e. an autoregressive process).
Q Yii = BXit(aYi—1)) + €ir, where a = 87, Yio =1 and Xj; has mean
1.

Q Yi = aj + BXj: + €, where o is random effect with mean 0 and
independent of Xj; and €j; (i.e. random-effect model).

All models above have the same marginal mean model E(Yi|Xi:) = Xt
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Examples in the paper

With the true 8 = 0.5 and 1,000 simulations, the average GEE estimates
for G are:

Model | Identity | Optl | Opt2 | Opt3
1 | 0501 |0.4160.399 |0.428
2 | 0498 |0.4160.393|0.413
3 | 0500 |0.495 | 0.498 | 0.500

@ The estimates in the first column and last row are unbiased and
consistent.

@ Other estimates are clearly biased.

For longitudinal data, we can get a consistent and asymptotically Normal
estimate for (3 if either (i) we use independent working correlation matrix,
or (ii) we validate the following equality:

E(’/it‘Xit) = E(’/it‘stwg = 17 ceey ni)
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An insight look at a simple autoregressive model

Yit = Yi(e—1) + BXit + €ir, where Yijp = 0, Xj; and €;x have mean 0 and are
independent of Yj;_y). For simplicity, we assume all cluster sizes are equal
to m.

E( Yit|Xit) = Xitﬂ

wYie = Y1) + BXie + €ie
= Yi(t—2) + B(Xit + Xie-1)) + (€i(e—1) + €it)

t t
= YiO +BZXis + Zeis
s=1 s=1

t
E()/I't|XI.SJS = 17 s m) = fosﬁ
s=1
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An insight look at a simple autoregressive model

Using diagonal (i.e.independent) working correlation matrix:

27:1 ZT:I Xit Yit
> e X

S S, Xie St X
]
S i X

E[B] = EIE[BIX)) = 5

b=

E[BIX] =1+

18~ 5
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An insight look at a simple autoregressive model

Using non-diagonal working correlation matrix:
For simplicity, suppose A= V1 = (ajj) which is a non-diagonal matrix,
for all clusters

> jrll(z::fn:l aXie) Yij
27:1 X{AXi

B =

m—1 m .
E[A] = E[EBIX]] — [1 + “Z?—?“ 15
j=1"Y
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Proof of sufficient conditions

N

The unbiasedness and consistency of GEE estimates ( result from

E[S(B)] =0
Let W; = \/,-_1 and p; = g(XiB), and then:

N
S(B) =Y _ DT Wi(Y; — pi)
=1

Opi

aﬂ/inl-

N [ 3B 9PBo wi11 Wiln; Yit — pi1
i=1 ouj 8Nin,- . . .y
! 85’2,11 981 Win;1 Wiln;n; Yln,- Hin;
Z”i Wi Opbik Zni Wi Otk Y
N k=1 "ik19p, k=1 Vikn; 33, i1 — Mi1
i=1 Z”i Wi 1 DMk Z”i Wi, DMk Yin, — i
k=1 Wikl 9Bp—1 k=1 Wikn; Bp—1 in; in;
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Proof of sufficient conditions

N Z}L s WlkJ 8,80 (Y — nij)
AL 2k wik 86 (i — pij)
n; n;

8,
—ZZZWJ )T 0 )

i=1 j=1 k=1

Note that:
Otk Opi  OXu8

05~ o(XuB) 0B
_ Opik
N 3(Xikﬁ)Xlk
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Proof of sufficient conditions

Therefore,

i=1 j=1 k=1
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Proof of sufficient conditions

If W; is diagonal (i.e. working independence), wj; = 0 unless k = j, and
SO,

iy
S g (a0x ) Yi — 1)

i=1 j=1

Es@) =S S ] T wii( o) (Y — )]

i= 11 1 X /8)

_ a#u B 3
’E;;E[E[ (5057 (Yo ~ #a)lIXi]

Sy S E e a“’f Sor s ELYs1X3] = )
i=1 j=1

=0
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Proof of sufficient conditions

If W; is non-diagonal, then,

nip nj

E[S(B]_ZZZE[XM wik( aM'kﬁ))(Yij—Mij)]
i= ].J 1 k=1
_ oey 8H1k : B . _ .
S5 a0 e

_ZZEE[ X Wi (o Y[V Xie s = 1, ] — 1)
( )

i=1 j=1 k=1

Clearly, E[S(B)] =0, if E[Y,'j’X,'s,S = ]., ceey n,-] = Wjj = E[Y,J|X,J]
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An big question

Q: Does the biased estimator issue happen to GEE method ONLY?

A: No, it could happen to ANY estimator whose unbiasedness and
consistency rely on E[S(5)] = 0, where S(3) could be written in a form of
XTV=L(Y — g(XB)).

e Linear Model and LMM in which 8: S(8) = XTV-}{Y - XB)=0

@ Some GLMs and GLMMs

@ Some general likelihood-based methods
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General likelihood-based methods

Approach 1: most common method

L(Y,X) = L(Y|X)L(X)
N

= ([T L(vilxiL(x)

i=1

Approach 2: also called Telescope/Sequencing method

L(YilXi) = [T L(Yiel Xie, Vi, Xis, s < t)L(Xie| Vi, Xis, s < 1)

t=1

Summary:

Those two likelihood-based methods do not help make correct inference on
cross-sectional effect 3, unless L( Y| Xis,s = 1, ..., n;) = L(Yjt| Xit) which
leads to E[Yit|Xis,s = 1,...,nj] = E[Yit| Xit].
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A simulation illustration: setup

Model:
o Yir =70 + 711 Xit +72Xi(t—1) + bi + e
o Xit = pXi(t—1) T €it
@ bj, ejt, €jr are mutually independent with mean zero
Then,
o E[Yit|Xis,s =1,...,n] = v0 + 11 Xit + 72Xj(t—1)
o E[Yit|Xit] = Bo + B1Xit, where Bo =70 and 1 =71 + p72

For the simulations, we use
e b ~ N(0,1), e ~ N(0,1),¢0 ~ N(0,1) and €; ~ N(0,1 — p?)
@ =0n1n1=17n=1
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A simulation illustration: results

For several different values of p, the average GEE estimates of 3; are:

p 09 07 ]05|03]01
51 19 17 |15 | 13| 11
Independence | 1.90 | 1.70 | 1.50 | 1.30 | 1.10
Exchangeable | 1.73 | 1.54 | 1.37 | 1.19 | 1.01
AR(1) 1.70 | 1.31|1.07 | 0.89 | 0.74
LMM 1731154137119 1.01

Summary:

@ Similar to the examples in the paper, the estimates are biased, unless
independence working correlation matrix is used.

@ In addition, linear mixed effect model could not save us.
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Which model to fit?

Unless satisfying the sufficient conditions, we cannot get rid of biased
estimate issue when we apply marginal model to longitudinal data. So,
why not use other modelling approaches for longitudinal data?

We cannot arbitrarily choose model, since the choice should depend on the
question of scientific interest.

o Fully-conditional model: interested in association between outcomes
and covariates at ALL times

@ Partly-conditional model: interested in association between outcomes
and covariates at not all but SOME times

@ Marginal model: interested in association between outcomes and
covariates at the SAME time.

@ Random/mixed effect model: interested in modelling mean AND
covariance
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Advantages of marginal models

Even when we are free to choose a model (e.g. exploratory study), it still
worth applying marginal model to longitudinal.data

@ Conceptually and computationally simple
@ Easy to deal with missing values

e Simple data display (e.g. scatterplot) is okay
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Further considerations and concerns

@ When using GEE method to analyze longitudinal data in practice,
ALWAYS use independence working correlation matrix, if efficiency is
not a problem.

o If efficiency matters, try to validate/assume
E(Yit|Xit) = E(Yit|Xis,s =1, ..., n;) based on correlation structures
(e.g. observation-driven model v.s. parameter-driven model).

@ How about fixed covariates in controlled study? Does the same issue
occur?

Questions?
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