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Dead White Guy Quote

Vizzini: ...and you're no match for my brain.

Man in Black: You're that smart?

Vizzini: Let me put it this way. Have you ever heard of Plato, Aristotle,
Socrates?

Man in Black: Yes.

Vizzini: Morons.

Note: replace "Vizzini" with "Halbert White"
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]
Remind me...

Answers questions about the following in a unified framework:
@ does MLE converge? (interpretation?)
o if yes, is MLE asymptotically normal?
@ can properties of MLE determine model truth?

(now...fasten your seatbelts!)

Jim Harmon (University of Washington) MLE of Misspecified Models May 08, 2012 4 /22



-
Underlying Assumptions

A1l: true density function g(u) for data Uy, with distribution function G
A2: family of distributions F(u,#), with density f(u,#), measurable in u
for all & € ©, and continuous in 8 for all u € Q

Define L,(U,0) = n=1Y"7_; log f(U:, 0).

Define QMLE = arg maxy L,(U, 6) (quasi-MLE)

Theorem
Given A1 and A2, for all n there exists a measurable QMLE, 0,,. J

Note: there is an underlying dominating measure v
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Further Assumptions

A3a: E(log g(U:)) exists and | log f(u, @) | is bounded by an integrable

function of u

A3b: KLIC /(g : f,0) has a unique minimum at 6, € ©.

Theorem
Given A1-A3, 0, — 4.5 0. J

Note: All expectations are taken w.r.t. the truth, g.
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]
Sandwich Timell!

Need a consistent estimate of the covariance matrix:

B 0?log(f(Us, 0))
A = £ |5

[8/og(f(Ut7 0)) dlog(f(Us, 9))]

B(O)=E 6; a6,

C() = A0 B(AA(H)!
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Guess what? — More Assummptions

A4: Ologf(u,0)/00; with i =1,..., p are measurable functions of u for
each 6 and continuously differentiable functions of 6 for each wu.

A5: | 9%log f(u,0)/00;00; | and | Dlog f(u,0)/80; - Dlog f(u,0)/00; |
with 7, =1,..., p are dominated by functions integrable w.r.t. G for u
and 6.

Aba: 0, is interior to ©

Abb: B(6.) is nonsingular

A6c: A(0) has constant rank in some open neighborhood of 6. (regular

point)
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]
Two Theorems

Theorem (Identification)

i: Given A1-A3a, A4-A6a, if 0, is a unique minimum for I(g : f,0) in an
open neighborhood of ©, and if 0, is a regular point of A(f), then A(6,)
is negative definite.

ii: Given AI-A3a, A4-A6a, if A(6.) is negative definite and if 6, minimizes
I(g : f,0) in an open neighborhood of ©, then there is an open
neighborhood of © where 6, is a unique minimum of I(g : f,0).

Theorem (Asymptotic Normality)

Given A1-A6, /n(0, — 0,) —4 N(0,C(6.)). Moreover, C,(0,) —a.s. C(6:)
element by element.

v
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More Assumptions and Theorems?!7?!

AT: | 0[0f(u,0)/00; - f(u,0)]/00; | with i,j =1,..., p are dominated by
functions integrable with respect to v for all # in © and the minimal
support of f(u,f) does not depend on 6.

Theorem (Information Matrix Equivalence)
Given A1-A7, if g(u) = f(u,0o) for 6y € ©, then 0. = 0y and
A(6p) = —B(fp), so that C(p) = —A(fp) L = B(6p)~* where —A () !

is Fisher’s Information Matrix.

Note: A1-A7 and g(u) = f(u,6p) are "usual MLE regularity conditions”
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Wald Test under misspecification

Suppose we wish to test Hy : s(fp) =0 vs. Hi : s(6p) # 0 where
s : RP — R" is a continuous vector function of § s.t. its Jacobian at 6.,

Js(60y) is finite with full row rank r.

Theorem (Wald Test)
Wp=n- s(é\n)/[Js(é\n)Cn(én)Js(én)l]_ls(é\n) —d XE J
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Lagrange Multiplier Test under misspecification

Let d, solve the constrained maximization problem maxgce Ln(U, )
subject to s(f) =0

Theorem (Lagrange Multiplier Test)
Given AI-A6 and Hy,

3

2
—d Xr
y
Moreover 00, — £, —, 0
Jim Harmon (University of Washington) MLE of Misspecified Models

May 08, 2012

12 /22



N —
More Notation

f is a p-dimensional vector.
di(Ut, ) = Olog(f(U:, 8))/00; - Olog(f(Us, 0))/00;
+ 0?log(f(Ue, 0))/00;00;
dim(d) = g x 1 with ¢ < p(p+1)/2

Din(6 - Z d(ut, 0,

Jp(#) = n71 Z dd(Uy, 0) /00,

Jim Harmon (University of Washington) MLE of Misspecified Models May 08, 2012 13 / 22



.
The First Specification Test!!!

A8: 0di(u,0)/00k for | =1,...,q, k=1,...,p exist and are continuous
functions of @ for each u.

A9: | di(u,0)dm(u, ) |, | 0di(u,0)/00k |, and | d)(u, )0 log f(u,0)/00k |,
forim=1,...,q9, k=1,..., p are dominated by functions integrable
w.r.t. G for all v and 4 in ©.

A10: V(6.) is nonsingular

Theorem (Information Matrix Test)

Given A1-A10, if g(u) = f(u,6p) for some 6y € ©, i)
VnDy(01) =4 N(0,V(60))

ii) Vo(0n) =5, V(60)

i) 3 = nDa(0)YVn(0n) 7 Da(0n) —a x5
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Alternative Consistent QMLEs

Let © and I be p- and g- dimensional compact subsets of Euclidean
spaces with

©=BxWVand =B x A, B C R¥ (compact)

0" = (B, ") maximizes n=13" log f( Uy, 0) over ©

51 = (B, &) maximizes n=1" log h(Us, ) over T

h is a density function satisfying

All: h satisfies A2-A6, and if g(u) = f(u,0o) for any 6 = (55, 1p) € ©,
then 7, = (B, l) €T

Note: 3, is a consistent estimator of 8 and v/n(5, — o) is asymptotically

normal, consider /n(f3, — Bn)
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N —
More Definitions

Af(0) = (E(8? log f(Uy,0)/20;96;)), dimension p x p
Bf(0) = (E(dlog f(U¢, 0)/06; - dlog f (U, 0)/06;)), dimension p x p
Ah(y) = (E(0*log h(Ut,~)/87i07;)), dimension g x q
B"(v) = (E(dlog h(Ut,~)/8i - dlog h(Uy,~)/d7;)), dimension g x g

Af59(9)~1 is the matrix obtained by deleting the last p — k rows from the
inverse of Af(6) above.
AMB7(5)~1 is the matrix obtained by deleting the last g — k rows from the

inverse of Af(v) above.
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N —
Even more notation

R(0,~) = (E(dlog f(Us, 0)/86; - 8log h(Uy,~)/d;))
S(6,7) = A" (1) 1BA () ARPY (7)Y

— APPI(7)TIR(0, ) AT (0) Y

— AFP9(9)7IR(0, v) AP (7)Y

+ A" (6)71B (9)A"H (6) Y

A12: S(O., ) is nonsingular.
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First of the second round of tests

Theorem (Hausman Test)

Given A1-A6, A11, and A12, if g(u) = f(u,0) for By € ©, then

fjn — n(Bn - Bn)lsn(éna’?n)il(gn - Bn) —d X/2(
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.
Gradient Test setup

YA

A = (B, a") maximizes n=1 > log h(Uy, ) over T

¥, maximizes VL, (U, Bn, 1) over V.
0, = (Bn, %)

VsLa(U, 5,,) is an indicator of model misspecification

investigate asymptotic behavior of ﬁVﬁLn(U,HN")
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The Last One (I Promise!!)

A,f,”%(ﬂ)_1 is the k x k submatrix of Af(6)~! obtained by deleting the

last p — k columns from AL??(6)~! (i.e., keep the upper left block)

Theorem (Gradient Test)
Given A1-A6, Al1, and A12, if g(u) = f(u,0) for some Oy € ©, then

&n = VaLa(U,0,) AL (0,)718,(0n, 52) TALP (6,) 1V 5L, (U, 0,) =4

Xk

Moreover $, — &, —, 0
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What Do We Do With All This?7?

THE METHOD (according to White)
@ Step 1: Perform first test.
@ Step 2a: If you "do not reject”, MLE away!
@ Step 2b: If you "reject”, perform one of the other two tests
@ Step 3a: If you "do not reject”, use sandwich inference

@ Step 3b: If you "reject”, reconsider your model choice.
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[Always in Motion is] The Future

Run simulations to verify that the tests work asymptotically

e Wald test
o Information Matrix Test (1st misspecification test)

@ Hausman Test (2nd misspecification test)
Check confidence interval coverage using

@ "the method” vs.
@ just using sandwich vs.

@ just using MLE inference
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