
Biostat/Stat 571 Exercise #8

Answer Key Extras

March, 2010

Question 1 Note

The notation used in the answer key provided is not quite the same as what is used in your class notes. Specifically,
the Ai(β) used in the answer key corresponds to Si in your notes (see slide 360 for further details).

In addition, no R code was provided for this question. Please find below some R code to produce the results
provided.

# HW 8 Question 1

expit <- function(x) { exp(x)/(1+exp(x)) }
logit <- function(x) { log(x/(1-x)) }

rho.vec <- c( 0:9 )/10
beta <- c( -2.5, 1.0, 1.0 )

# part a
x0 <- cbind( 1, (c(1:6)-3)/6, 0 )
x1 <- cbind( 1, (c(1:6)-3)/6, 1 )

lp0 <- as.vector( x0%*%beta )
lp1 <- as.vector( x1%*%beta )
mu0 <- expit( lp0 )
mu1 <- expit( lp1 )

# check the Frechet bounds here
D0 <- x0*( ( mu0 * (1-mu0) ) )
D1 <- x1*( ( mu1 * (1-mu1) ) )

m <- length( rho.vec )
out <- NULL
for( j in 1:m ){
rho <- rho.vec[j]
R <- diag( rep( 1-rho, 6 ) ) + rho
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V0 <- sqrt( diag( mu0*(1-mu0) ) )%*%R%*%sqrt( diag( mu0*(1-mu0) ) )
V1 <- sqrt( diag( mu1*(1-mu1) ) )%*%R%*%sqrt( diag( mu1*(1-mu1) ) )

# stack these
D <- rbind( D0, D1 )
V <- matrix( 0, 6*2, 6*2 )
V[1:6,1:6] <- V0
V[7:12,7:12] <- V1
W <- diag( 1/c( mu0*(1-mu0), mu1*(1-mu1) ) )

A0 <- t(D)%*%W%*%D
B0 <- t(D)%*%W%*%V%*%W%*%D
A1 <- t(D)%*%solve(V)%*%D
I0 <- solve(A0)%*%B0%*%solve(A0)
I1 <- solve(A1)

cat("\n\n--------------------------------------------------\n\n")
cat("ARE comparing IEE to exchangeable WEE -- balanced \n\n")
cat(paste(" rho =", rho,"\n\n"))
print( diag(I0)/diag(I1) )

out <- rbind( out, c( rho, diag(I1)/diag(I0) ) )
}

dimnames( out ) <- list( rep("",m), c("rho","ARE beta0","ARE beta1", "ARE beta2") )
print( round( out, 3 ) )

# part b
x0 <- cbind( 1, (c(1:6)-3)/3, 0 )
x0a <- cbind( 1, (c(1:3)-3)/3, 0 )
x1 <- cbind( 1, (c(1:6)-3)/3, 1 )
x1a <- cbind( 1, (c(1:3)-3)/3, 1 )

lp0 <- as.vector( x0%*%beta )
lp0a <- as.vector( x0a%*%beta )
lp1 <- as.vector( x1%*%beta )
lp1a <- as.vector( x1a%*%beta )

mu0 <- expit( lp0 )
mu0a <- expit( lp0a )
mu1 <- expit( lp1 )
mu1a <- expit( lp1a )

D0 <- x0*( ( mu0 * (1-mu0) ) )
D0a <- x0a*( ( mu0a * (1-mu0a) ) )
D1 <- x1*( ( mu1 * (1-mu1) ) )
D1a <- x1a*( ( mu1a * (1-mu1a) ) )
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out <- NULL
for( j in 1:m ){
rho <- rho.vec[j]
R <- diag( rep( 1-rho, 6 ) ) + rho

V0 <- sqrt( diag( mu0*(1-mu0) ) )%*%R%*%sqrt( diag( mu0*(1-mu0) ) )
V0a <- sqrt( diag( mu0a*(1-mu0a) ) )%*%R[1:3,1:3]%*%sqrt( diag( mu0a*(1-mu0a) ) )
V1 <- sqrt( diag( mu1*(1-mu1) ) )%*%R%*%sqrt( diag( mu1*(1-mu1) ) )
V1a <- sqrt( diag( mu1a*(1-mu1a) ) )%*%R[1:3,1:3]%*%sqrt( diag( mu1a*(1-mu1a) ) )

# stack these
D <- rbind( D0, D0a, D1, D1a )
V <- matrix( 0, (6+3)*2, (6+3)*2 )
V[1:6,1:6] <- V0
V[7:9,7:9] <- V0a
V[10:15,10:15] <- V1
V[16:18,16:18] <- V1a
W <- diag( 1/c( mu0*(1-mu0), mu0a*(1-mu0a), mu1*(1-mu1), mu1a*(1-mu1a) ) )

A0 <- t(D)%*%W%*%D
B0 <- t(D)%*%W%*%V%*%W%*%D
A1 <- t(D)%*%solve(V)%*%D
I0 <- solve(A0)%*%B0%*%solve(A0)
I1 <- solve(A1)

cat("\n\n--------------------------------------------------\n\n")
cat("ARE comparing IEE to exchangeable WEE -- unbalanced \n\n")
cat(paste(" rho =", rho,"\n\n"))
print( diag(I0)/diag(I1) )

out <- rbind( out, c( rho, diag(I1)/diag(I0) ) )
}
dimnames( out ) <- list( rep("",m), c("rho","ARE beta0","ARE beta1", "ARE beta2") )
print( round( out, 3 ) )

# part c
x0 <- cbind( 1, (c(1:6)-3)/6, 0 )
x1 <- cbind( 1, (c(1:6)-3)/6, 1 )

lp0 <- as.vector( x0%*%beta )
lp1 <- as.vector( x1%*%beta )
mu0 <- expit( lp0 )
mu1 <- expit( lp1 )

# check the Frechet bounds here
D0 <- x0*( ( mu0 * (1-mu0) ) )
D1 <- x1*( ( mu1 * (1-mu1) ) )
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m <- length( rho.vec )
out <- NULL
for( j in 1:m ){
rho <- rho.vec[j]
ddd <- abs( rep( c(1:6), 6 ) - rep( c(1:6), rep(6,6) ) )
R <- matrix( rho^ddd, 6, 6 )

V0 <- sqrt( diag( mu0*(1-mu0) ) )%*%R%*%sqrt( diag( mu0*(1-mu0) ) )
V1 <- sqrt( diag( mu1*(1-mu1) ) )%*%R%*%sqrt( diag( mu1*(1-mu1) ) )

# stack these
D <- rbind( D0, D1 )
V <- matrix( 0, 6*2, 6*2 )
V[1:6,1:6] <- V0
V[7:12,7:12] <- V1
W <- diag( 1/c( mu0*(1-mu0), mu1*(1-mu1) ) )

A0 <- t(D)%*%W%*%D
B0 <- t(D)%*%W%*%V%*%W%*%D
A1 <- t(D)%*%solve(V)%*%D

I0 <- solve(A0)%*%B0%*%solve(A0)
I1 <- solve(A1)

cat("\n\n--------------------------------------------------\n\n")
cat("ARE comparing IEE to AR-1 GEE -- balanced \n\n")
cat(paste(" rho =", rho,"\n\n"))
print( diag(I0)/diag(I1) )

out <- rbind( out, c( rho, diag(I1)/diag(I0) ) )
}
dimnames( out ) <- list( rep("",m), c("rho","ARE beta0","ARE beta1", "ARE beta2") )
print( round( out, 3 ) )

# part d
x0 <- cbind( 1, (c(1:6)-3)/3, 0 )
x0a <- cbind( 1, (c(1:3)-3)/3, 0 )
x1 <- cbind( 1, (c(1:6)-3)/3, 1 )
x1a <- cbind( 1, (c(1:3)-3)/3, 1 )

lp0 <- as.vector( x0%*%beta )
lp0a <- as.vector( x0a%*%beta )
lp1 <- as.vector( x1%*%beta )
lp1a <- as.vector( x1a%*%beta )

mu0 <- expit( lp0 )
mu0a <- expit( lp0a )
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mu1 <- expit( lp1 )
mu1a <- expit( lp1a )

D0 <- x0*( ( mu0 * (1-mu0) ) )
D0a <- x0a*( ( mu0a * (1-mu0a) ) )
D1 <- x1*( ( mu1 * (1-mu1) ) )
D1a <- x1a*( ( mu1a * (1-mu1a) ) )

out <- NULL
for( j in 1:m ){
rho <- rho.vec[j]
ddd <- abs( rep( c(1:6), 6 ) - rep( c(1:6), rep(6,6) ) )
R <- matrix( rho^ddd, 6, 6 )

V0 <- sqrt( diag( mu0*(1-mu0) ) )%*%R%*%sqrt( diag( mu0*(1-mu0) ) )
V0a <- sqrt( diag( mu0a*(1-mu0a) ) )%*%R[1:3,1:3]%*%sqrt( diag( mu0a*(1-mu0a) ) )
V1 <- sqrt( diag( mu1*(1-mu1) ) )%*%R%*%sqrt( diag( mu1*(1-mu1) ) )
V1a <- sqrt( diag( mu1a*(1-mu1a) ) )%*%R[1:3,1:3]%*%sqrt( diag( mu1a*(1-mu1a) ) )

# stack these
D <- rbind( D0, D0a, D1, D1a )
V <- matrix( 0, (6+3)*2, (6+3)*2 )
V[1:6,1:6] <- V0
V[7:9,7:9] <- V0a
V[10:15,10:15] <- V1
V[16:18,16:18] <- V1a
W <- diag( 1/c( mu0*(1-mu0), mu0a*(1-mu0a), mu1*(1-mu1), mu1a*(1-mu1a) ) )

A0 <- t(D)%*%W%*%D
B0 <- t(D)%*%W%*%V%*%W%*%D
A1 <- t(D)%*%solve(V)%*%D

I0 <- solve(A0)%*%B0%*%solve(A0)
I1 <- solve(A1)

cat("\n\n--------------------------------------------------\n\n")
cat("ARE comparing IEE to AR-1 GEE -- unbalanced \n\n")
cat(paste(" rho =", rho,"\n\n"))
print( diag(I0)/diag(I1) )

out <- rbind( out, c( rho, diag(I1)/diag(I0) ) )
}
dimnames( out ) <- list( rep("",m), c("rho","ARE beta0","ARE beta1", "ARE beta2") )
print( round( out, 3 ) )
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