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Abstract

We draw on the observation that the amount of heat diffusing outside of a heated body
in a short period of time is proportional to its surface area, to design a simple algorithm for
approximating the surface area of a convex body given by a membership oracle. Our method
has a complexity of O∗(n4), where n is the dimension, compared to O∗(n8) for the previous best
algorithm. We show that our complexity cannot be improved given the current state-of-the-art
in volume estimation.

1 Introduction

An important class of algorithmic questions centers around estimating geometric invariants of
convex bodies. Arguably, the most basic invariant is the volume. It can be shown (see [6], [1])
that any deterministic algorithm that approximates the volume of a convex body within a constant
factor in Rn, needs time exponential in the dimension n. Remarkably, randomized algorithms turn
out to be more powerful. In their pathbreaking paper [4] Dyer, Frieze and Kannan gave the first
randomized polynomial time algorithm to approximate the volume of a convex body to arbitrary
accuracy. Since then a considerable body of work has been devoted to improving the complexity of
volume computation culminating with the recent best of O∗(n4) due to Lovász and Vempala [15].

Another fundamental geometric invariant associated with a convex body is surface area. Esti-
mating the surface area was mentioned as an open problem by Grötschel, Lovász, and Schrijver in
1988 [13]. Dyer, Gritzmann and Hufnagel [5] showed in 1998 that it could be solved in random-
ized polynomial time. The primary focus of their paper was to establish that the computation of
surface area and certain other mixed volumes was possible in randomized polynomial time, and
they assumed access to oracles for δ-neighborhoods of the convex body. They did not discuss the
complexity of their algorithm given only a membership oracle for the convex body. Below, we
indicate an O∗(n8) analysis of their algorithm in terms of the more restricted queries.

In this paper we develop a new technique for estimating volumes of boundaries based on ideas
from heat propagation. The underlying intuition is that the amount of heat escaping from a hot
object in a small interval of time is proportional to the surface area. This idea can also be used
to estimate the volume of a hypersurface possessing a tubular neighborhood of a given thickness.
This corresponds to the hypersurface having a given ”reach”, where the reach of the hypersurface
is defined as the largest number t such that any point at a distance atmost t from the hypersurface
has a unique nearest point on the hypersurface. Details of this procedure may be found in [19].

∗This is a journal version of a conference paper [2] which appeared in FOCS 2006
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‡Department of Statistics and Department of Mathematics, harin@uw.edu
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It turns out that this intuition lends itself to an efficient randomized algorithm for computing
surface areas of convex bodies, given by a membership oracle. In this paper we describe the
algorithm and the analysis of the algorithm, proving a complexity bound of O∗(n4). The O∗(·)
notation hides the polynomial dependence on the relative error ϵ, and poly-logarithmic factors in
the parameters of the problem. Since, as will be shown below, surface area estimation is at least as
hard as volume approximation, this bound is the best possible, given the current state-of-the-art
in volume estimation.

We note that this bound cannot be obtained using methods previously proposed in [5] due to a
bottleneck in their approach. The method in [5] exploited the fact that vol(K+Bδ) is a polynomial
in δ, where Bδ is a ball of radius δ and the Minkowski sum K+Bδ corresponds to the set of points
within a distance δ of K. The surface area is the coefficient of the linear term, which their method
estimated by interpolation. However, in a natural setting, we only have access to a membership
oracle for K, but not for K+Bδ. Therefore a membership oracle for K+Bδ has to be constructed,
which as far as we can see, requires solving a quadratic programming problem on a convex set.
Given access only to a membership oracle, the best algorithm to handle this task is due to Lovász
and Vempala, and makes O∗(n8) oracle calls [16], which gives a bound on the complexity of the
algorithm in [5] that is O∗(n8).

Even with a stronger separation oracle the complexity of the method in [5] for computing
mixed volumes (and hence, in particular, surface area) is O∗(n5), since the associated quadratic
programming problem for computing the surface area requires O∗(n) operations (see [22], [3].) On
the other hand, the complexity of our method is O∗(n4) using only a membership oracle, matching
the complexity of the volume computation of Lovász and Vempala [15].

1.1 Preliminaries

Throughout this paper, B will denote the unit n-dimensional ball, K will denote an n-dimensional
convex body such that rB ⊆ K ⊆ RB. S = vol(∂K) will denote the surface area of K and
V = vol(K), its volume. We will denote the points in Rn by x, y, etc, and n−dimensional volume
elements in integrals by dvolx, dvoly, etc.

Definition 1.1. We denote the set of points within a distance δ of a convex body K (including
K itself) by Kδ. This is called the outer parallel body of K and is convex. The set of points at a
distance ≥ δ to Rn \ K shall be denoted K−δ. This is called the inner parallel body of K and is
convex. For any body K, we denote by ∂K, its boundary.

Given x ∈ K, let Hx be a closest half-space to x not intersecting K \ ∂K. For y ̸∈ K define Hy

to be the half-space farthest from y containing K.

Definition 1.2. Let

Gt(x, y) :=
e−∥x−y∥2/4t

(4πt)n/2
.

and

Ft :=

√
π

t

∫
K

∫
Rn\K

Gt(x, y)dvolydvolx.

Observation 1.1. If x ∈ ∂K−δ then the distance between x and Hx is δ. If y ∈ ∂Kδ then the
distance between y and Hy is δ.

Definition 1.3. Let

e(t, δ) =
1− Erf

(
δ

2
√
t

)
2
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Figure 1: Points x and y and corresponding half-spaces Hx and Hy

where Erf is the usual Gauss error function, defined by

Erf(z) :=
2√
π

∫ z

0
e−x2

dx.

Observation 1.2. Let x ∈ ∂K−δ, and y ∈ ∂Kδ. Then,∫
Hy

Gt(z, y)dvolz = e(t, δ)

and ∫
Hx

Gt(z, x)dvolz = e(t, δ)

The volume of Kδ is a polynomial in δ, given by the Steiner formula (see page 197, [21].)

vol(Kδ) = a0 + · · ·+
(
n

i

)
aiδ

i + · · ·+ anδ
n.

The coefficients ai satisfy the Alexandrov-Fenchel inequalities (see page 334, [21],) which state that
the coefficients ai are log-concave; i. e. a2i ≥ ai−1ai+1 for 1 ≤ i ≤ n− 1.

Definition 1.4. The surface area vol(∂K) of an arbitrary convex body K is defined as

lim
δ→0

volKδ − volK

δ
.

It follows from the Steiner formula that this limit exists and is finite. It is a consequence of
Lemma 5.2 that the so defined surface area for an inner parallel body vol(∂K−δ) is a continuous
function of δ. For an outer parallel body, the Steiner formula implies that vol(∂Kδ) is a polynomial
in δ.

2 Hardness of estimating Surface Area

The problem of estimating the surface area of a convex body is at least as hard as that of estimating
the volume.

Proposition 2.1. If the surface area of any n-dimensional convex body K can be approximated in
O(nβpolylog(nRδr )poly(

1
ϵ )) time, the volume can also be approximated in O(nβpolylog(nRδr )poly(

1
ϵ ))

time, where δ is the probability that the relative error exceeds ϵ.

The proof of this proposition will require the following lemma due to Wills (Lemma 1, [24])

Lemma 2.1. Let K contain a ball of radius rin. Then,

rin
n

≤ V

S
.
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Figure 2: volume of the base and surface area of the cylinder.

Proof of Proposition 2.1. Given a convex body K, rB ⊆ K ⊆ RB let C(K,h) := K × [0, h].

It is true for any h > 0 that

vol K =
vol ∂C(K,h)− hvol ∂K

2
.

By Lemma 2.1, it follows that for h = ϵr
n ,

vol(K)

hvol(∂K)
≥ 1

ϵ
.

Therefore,

vol K <
vol ∂C(K,h)

2
< (1 + ϵ)vol K.

Therefore algorithm that could approximate the surface area of C(K,h) can also be used to ap-
proximate the volume of K, with the same polylogarithmic dependence on the relevant parameters.
This completes the proof.

Thus an efficient algorithm for surface area estimation would also lead to an almost equally
efficient algorithm for estimating the volume.

3 Overview of the algorithm

Our approach provides an estimate for the isoperimetric ratio S
V . Using the fastest existing al-

gorithm for volume approximation, we obtain a separate estimate for V . Multiplying these two
estimates yields the surface area S.

The underlying intuition of our algorithm is that the heat diffuses from a hot body through its
boundary, and the amount of heat escaping in a short period of time ought to be proportional to
the surface area of the object. Recalling that a point source of heat diffuses at time t according to

the Gaussian distribution 1

(4πt)n/2 e
− ∥x∥2

4t leads to the following informal description of the algorithm

(see details in Section 4):
Step 1. Take x1, . . . , xN to be samples from the uniform distribution on K, where N will be chosen
to be O(n).
Step 2. For each xi, let yi = xi + vi, where vi is sampled from the Gaussian distribution with

density 1

(4πt)n/2 e
− ∥x∥2

4t for some appropriate value of t. Thus yi is obtained from xi by taking a

random Gaussian step.

Step 3. Let N̂ be the number of y’s, which land outside of K. Note that N̂
N

√
π
t is an estimate for

S
V .

Step 4. Using an existing algorithm, produce an estimate V̂ for the volume. Estimate the surface

area as V̂ N̂
N

√
π
t .
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We will show that that each of the Steps 1,3,4 can be done using at most O∗(n4) calls to the
membership oracle1. Step 2, of course, does not require any calls to the oracle at all.

The main technical result of this paper is to show how to choose values of t and N , such that

(1− ϵ)

(
S

V

√
t

π

)
<

N̂

N
< (1 + ϵ)

(
S

V

√
t

π

)
It is not known how to efficiently obtain independent random samples from the uniform dis-

tribution on K. We show how to relax this condition and use almost independent samples from a
nearly uniform distribution instead, to derive these estimates.

We then apply certain results from [14] and [15], to generate O
(
n
ϵ3

)
such samples making at

most O∗
(
n4

ϵ3

)
oracle calls.

Putting these and some additional observations together, we obtain the following theorem which
is the main result of this paper:

Theorem 3.1 (Main Theorem). The surface area of a convex body K, given by a membership
oracle, and parameters r,R such that rB ⊆ K ⊆ RB can be approximated to within a relative error
of ϵ with probability 1− δ using at most

O

(
n4 log

1

δ

(
1

ϵ2
log9

n

ϵ
+ log8 n log

R

r
+

1

ϵ3
log7

(n
ϵ

)))
i. e. O∗(n4), oracle calls.

The number of arithmetic operations is O∗(n6), on numbers having polylogarithmic (in n)
number of digits. This is the same as that for volume computation in [15].

4 Algorithm to compute the surface area

4.1 Notation and Preliminaries

Definition 4.1. A body K is said to be in t-isotropic position if, for every unit vector u,

1

t
≤
∫
K
(uT (x− x̄))2dvolx ≤ t,

where x̄ is the center of mass of K.

Let ρ be the uniform measure on convex body K. We call a random point x (which in our case
is produced by a random walk based algorithm) ϵ-uniform if

sup
measurable A⊆K

∣∣P (x ∈ A)− ρ(A)
∣∣ ≤ ϵ

2
.

Two random variables will be called µ-independent if for any two Borel sets A and B in their
ranges,

|P (X ∈ A, Y ∈ B)− P (X ∈ A)P (Y ∈ B)| ≤ µ.

We define the L2 norm of a distribution η with respect to the uniform distribution (denoted ρ) on
K to be

∥η∥2 :=

√∫
K

(
dη

dρ
− 1

)2

dρ.

1It is customary to count the number of oracle calls rather than the number of arithmetic steps in the volume
literature, while measuring the complexity.
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A consequence of the results on page 4 of [15], and Theorem 7.2 of [23] is the following. Suppose
we are given a starting point that is sampled from an ϵ-uniform distribution possessing L2 norm
bounded above by an absolute constant. Then, there is a random walk based algorithm that uses
O(n3 ln7 n

ϵµ) oracle calls per point for generating N points x1, . . . , xN that are ϵ-uniform with the
further property that each pair is µ-independent from a convex body that is 2-isotropic. This fact
plays a crucial role in allowing the surface area algorithm to have a complexity bounded by O∗(n4).

In the remainder of the paper, we frequently need to integrate by parts expressions of a certain
kind. Therefore we collect some pertinent formulae below. Let f(x) be any continuous function
having no more than exponential growth, i. e.

lim sup
x→∞

ln f(x)

x
< ∞. (1)

Then, ∫
f(δ)e(t, δ)dδ =

(∫
f(δ′)dδ′

)
e(t, δ)−

∫ (∫
f(δ′)dδ′

)(
d

dδ
e(t, δ)

)
dδ. (2)

Let

− d

dδ
e(t, δ) =: N(t, δ), (3)

i. e.

N(t, δ) =
e−

δ2

4t

√
4πt

. (4)

Thus from (2), we have the following.∫ ∞

0
f(δ)e(t, δ)dδ =

[(∫ δ

0
f(δ′)dδ′

)
e(t, δ)

] ∣∣∣∣∞
0

+

∫ ∞

0

(∫ δ

0
f(δ′)dδ′

)
N(t, δ)dδ. (5)

The first term disappears, since e(t, δ) tends to 0 super-exponentially as δ → ∞. Therefore∫ ∞

0
f(δ)e(t, δ)dδ =

∫ ∞

0

(∫ δ

0
f(δ′)dδ′

)
N(t, δ)dδ. (6)

4.2 Algorithm

We present an algorithm below that outputs an ϵ-approximation to the surface area of a convex
body K with probability > 3/4. Running it ⌈36 ln

(
2
δ

)
⌉ times and taking the median of the outputs

gives the result with a confidence > 1− δ.

Input: Convex body K, given by a membership oracle, and parameters r,R such that rB ⊆
K ⊆ RB and an error parameter ϵ < 1.
Output: An estimate Ŝ, that with probability > 3/4 has a relative error of less than ϵ with respect
to S.

Set ϵ′ := ϵ
8 , µ := ϵ′4

218n2 , N := ⌈213n
ϵ′3 ⌉.

Step 1. Run the a volume algorithm to obtain an estimate V̂ of V that has a relative error ϵ′

with probability > 15
16 .

Step 2 Generate a linear transformation T given by a symmetric positive-definite matrix such that
TK is 2-isotropic with probability > 15

16 .

6



Step 3 Compute a lower bound r′ to the smallest eigenvalue ropt of
T−1
√
2
,

that satisfies 2√
5
ropt < r′ < ropt. Set rin := max(r, r′).

Step 4 Set
√
t := ϵ′rin

4n .
Step 5 Generate N random points x2, . . . , xN from K, such that with probability 15/16, they are
ϵ′2

64n -uniform and each pair {xi, xj} for 1 ≤ i < j ≤ N is µ-independent.
Step 6 Generate N independent random samples v1, . . . , vN from the spherically symmetric mul-
tivariate Gaussian distribution with mean 0⃗ and variance 2nt.
Step 7 Let N̂ := |{i|xi + vi /∈ K}| be the number of times xi + vi lands outside of K.

Step 8 Output N̂
N

√
π
t V̂ .

4.3 Analysis of the Run-time

Step 1 takes at most

O

(
n4

ϵ2
log9

n

ϵ
+ n4 log8 n log

R

r

)
oracle calls, using the volume algorithm of Lovász and Vempala [15]. The number of steps in the
computation is O∗(n6).
Step 2 Such a transformation is obtained during the execution of the volume algorithm from [15]
for no additional cost.
Step 3 takes O(n3) steps of computation [20].
Step 4 takes O(1) steps.
Step 5 takes

O

(
n4

ϵ3
log7

(n
ϵ

))
steps of computation (including oracle calls) once a point x1 is obtained that is ϵ′2

64n -uniform, and
has a distribution whose L2 norm is bounded above by a constant. Such a point can be obtained
from the algorithm in step 1, for no additional cost up to constants. The cost mentioned in this
step is incurred because we are required to generate O( n

ϵ3
) random points given the initial random

point x1 and the time per point is O(n3 ln7 n
ϵ ). This last fact follows from the complexity per point

mentioned on page 4 [15], and theorems 7.1 and 7.2 of [23].

Step 6 and Step 7 take O
(
n2

ϵ3
polylog n

ϵδ

)
steps each, assuming that a sample from univariate

Gaussian distribution can be obtained upto O(polylog( n
ϵδ )) digits in O(polylog( n

ϵδ )) steps.
Step 8 takes O(1) steps. Finally, to obtain the approximation with a confidence > 1 − δ, this
algorithm must be run O

(
log
(
1
δ

))
times. Therefore the overall cost in terms of oracle calls is

O

(
n4 log

1

δ

(
1

ϵ2
log9

n

ϵ
+ log8 n log

R

r
+

1

ϵ3
log7

(n
ϵ

)))
i. e. O∗(n4) oracle calls. The number of arithmetic operations is O∗(n6), on numbers with a
polylogarithmic number of digits. This is the same as that for volume computation in [15]. That
the estimate Ŝ of the surface area S output by the algorithm in Step 8 lies in [(1− ϵ)S, (1 + ϵ)S]
with probability at least 1− δ is the content of Theorem 3.1.

5 Proof of the main theorem

In order to prove our main theorem, we require two propositions. The first, Proposition 5.1, states
that Ft is a good approximation for the surface area S. The second, Proposition 5.2, states that

7



the empirical quantity Ŝ (an estimate of S) computed by the surface area algorithm is likely to be
an ϵ-approximation of Ft with probability > 3/4.

As in the surface area algorithm, let T be a linear transformation such that TK is 2-isotropic.
Let r′ be a lower bound to the smallest eigenvalue ropt of

T−1
√
2
, that satisfies 2√

5
ropt < r′ < ropt. Set

rin := max(r, r′).

Proposition 5.1 (Relating surface area S to normalized heat flow Ft). Let
√
t = ϵ′rin

4n and ϵ′ < 1/2.
Then,

(1− ϵ′)S < Ft < (1 + ϵ′)S.

Proof of Proposition 5.1. We begin by lower bounding vol(∂K−δ) and upper bounding vol(Kδ).
These objectives are achieved in Lemma 5.2 and Lemma 5.3. Lemma 5.4 bounds Ft above by a
function of the vol(∂Kδ) and below by a function of vol(∂K−δ). Lemma 5.5 puts Lemmas 5.2, 5.3
and 5.4 together into one upper and one lower bound on Ft that involve more convenient quantities.
In Lemma 5.6, we prove a bound on V

S in terms of rin. This together with Lemma 5.5 yields the
desired proposition. The following fact is known (page 284, [21]) and will be useful in the proof of
Lemma 5.2.

Lemma 5.1. The surface area of a convex body is less than or equal to the surface area of any
convex body that contains it.

Lemma 5.2.

vol(∂K−δ) ≥
(
1− n

δ

rin

)
vol(∂K)

Proof. Let O be the center of the sphere of radius rin contained inside K. We shall first prove that
K−δ contains (1− δ

rin
)K where this scaling is done from the origin O. Let A be a point on ∂K and

let F be the image of A under this scaling. It suffices to prove that F ∈ K−δ.
We construct the smallest cone from A containing the sphere. Let B be a point where the cone

touches the sphere. We have OB = rin. Now consider the inscribed sphere centered at F . By
similarity of triangles, we have

CF

OB
=

AF

AO
.

Noticing that AF = δ
rin

OA, we obtain

CF = OB
AF

AO
= δ.

We thus see that the radius of the inscribed ball is δ and hence the δ-ball centered in F is contained
in K. Therefore, F ∈ K−δ. Therefore by Lemma 5.1,

vol(∂K−δ) ≥ vol

(
(1− δ

rin
) ∂K

)
. (7)

Since the volumes of n−1-dimensional objects scale as n−1th powers and observing that for x < 1,
max{0, (1− x)n−1} > 1− nx, we see that

vol

(
(1− δ

rin
) ∂K

)
= (1− δ

rin
)n−1 vol(∂K) ≥ (1− nδ

rin
)vol(∂K).

8



C rin

K

A
F O

B

Figure 3: K−δ contains
(
1− δ

rin

)
K

Lemma 5.3. The following bounds on the volume and surface area of the outer parallel bodies Kδ

hold.

vol(Kδ) ≤ V exp

(
δ
S

V

)
.

vol(∂Kδ) ≤ S exp

(
δ
S

V

)
.

Proof. The volume and surface area of Kδ are polynomials in δ, given by the Steiner formula (see
page 197, [21].)

vol(Kδ) =
n∑

i=0

(
n

i

)
aiδ

i, (8)

and

vol(∂Kδ) =

n∑
i=1

i

(
n

i

)
aiδ

i−1. (9)

From the Alexandrov-Fenchel inequalities (see Subsection 1.1) the coefficients ai are log-concave;
i. e.

a2i ≥ ai−1ai+1.

As a result
ai
a0

≤
(
a1
a0

)i

.

Note that a0 is V , the volume of K while na1 is the surface area S of K. We thus have

vol(Kδ) ≤ a0

(
n∑

i=0

(
n

i

)(
a1δ

a0

)i
)

≤ V e
δS
V , (10)

and

vol(∂Kδ) ≤ a1

(
n∑

i=1

i

(
n

i

)(
a1δ

a0

)i−1
)

≤ Se
δS
V . (11)

9



Lemma 5.4. √
π

t

∫
δ≥0

vol(∂K−δ)e(t, δ)dδ < Ft <

√
π

t

∫
δ≥0

vol(∂Kδ)e(t, δ)dδ. (12)

Proof. We will denote the points in Rn by x, y, etc, and n−dimensional volume elements in integrals
by dvolx, dvoly, etc. We have

Ft =

√
π

t

∫
K

∫
Rn\K

Gt(x, y)dvolydvolx (13)

>

√
π

t

∫
K
e(t, dist(x, ∂K))dvolx, (14)

because for a fixed x ∈ ∂K−δ,∫
Rn\K

Gt(x, y)dvoly >

∫
Hx

Gt(x, y)dvoly = e(t, δ).

The coarea formula [7] states the following.
Let Ω be a domain in Rn. Let g ∈ L1 and u be a real-valued Lipschitz function on Ω. Then,∫

Ω
g(x)|∇(u)(x)|dvolx =

∫ ∞

−∞

(∫
u−1(t)

g(x)dHn−1(x)

)
dt. (15)

Here Hn−1 is the n− 1 dimensional Hausdorff measure.
In particular, if g is constant on u−1(t) and (abusing notation) takes value g(u−1(t)), this

simplifies to ∫
Ω
g(x)|∇(u)(x)|dvolx =

∫ ∞

−∞
g(u−1(t))Hn−1(u−1(t))dt. (16)

Let Ω be the interior of K and u(x) = dist(x, ∂K), and g(x) = e(t, dist(x, ∂K)). Then u is
1−Lipshitz because of the triangle inequality applied to Hausdorff distance: for any x, y ∈ Rn,
|u(x)−u(y)| = |dist(x, ∂K)−dist(y, ∂K)| < |x−y|. Therefore u is differentiable almost everywhere
by Rademacher’s Theorem. Suppose that u is differentiable at a point x ∈ Ω. Then, because u has
a gradient at x, there is a unique point z in ∂K nearest to x. However for y in a small neighborhood
of x, u(y) ≤ |y− z|, and u(x) = |x− z|. Since the gradient of fz(y) := |y− z| for y = x is the vector
(x− z)/|x− z|, which has norm 1, this proves that

|∇(u)(x)| ≥ 1,

which together with the 1−Lipschitz condition implies that

|∇(u)(x)| = 1. (17)

By (16) and (17), we have√
π

t

∫
K
e(t, dist(x, ∂K))dvolx =

√
π

t

∫ ∞

0
vol(∂K−δ)e(t, δ)dδ. (18)

By the same token for a fixed y ∈ ∂Kδ∫
K
Gt(x, y)dvolx <

∫
Hy

Gt(x, y)dvolx = e(t, δ)

10



The following equality is obtained from the coarea formula in a similar manner. This time Ω =
Rn \K and u(x) = dist(x, ∂K), and g(x) = e(t, dist(x, ∂K)).√

π

t

∫
Rn\K

e(t, dist(x, ∂K))dvolx =

√
π

t

∫ ∞

0
vol(∂Kδ)e(t, δ)dδ. (19)

Proceeding as before, we have the upper bound

Ft <

√
π

t

∫
δ≥0

vol(∂Kδ)e(t, δ)dδ.

In order to provide some intuition for Lemma 5.5 we first show the following.

Claim 5.1. limt→0 Ft equals the surface area S of K.

Proof. By Lemma 5.1, Lemma 5.2 and Lemma 5.3, we see that

max(|vol(Kδ)− S|, |vol(K−δ)− S|) ≤ exp(CKδ)− 1 (20)

for some constant CK that depends only on K but not δ. By Lemma 5.4 and (20),√
π

t

∫
δ≥0

(S − (exp(CKδ)− 1))e(t, δ)dδ < Ft <

√
π

t

∫
δ≥0

(S + (exp(CKδ)− 1))e(t, δ)dδ. (21)

Thus ∣∣∣∣Ft −
√

π

t

∫
δ≥0

Se(t, δ)dδ

∣∣∣∣ <√π

t

∫
δ≥0

(exp(CKδ)− 1)e(t, δ)dδ. (22)

By (6) and (22), we see that∣∣∣∣Ft − S

√
π

t

∫
δ≥0

δN(t, δ)dδ

∣∣∣∣ <

√
π

t

∫ ∞

0

(∫ δ

0
(exp(CKδ′)− 1)dδ′

)
N(t, δ)dδ (23)

=
√
π

∫ ∞

0

(∫ δ

0
(exp(CKδ′)− 1)dδ′

)
N(1, δ/

√
t)dδ (24)

=
√
π

∫ ∞

0

(
C−1
K exp(CKδ)− δ − C−1

K

)
N(1, δ/

√
t)dδ. (25)

Since
∫
δ≥0 δN(t, δ) =

√
t
π , and as t → 0, for any fixed ϵ > 0

(
C−1
K exp(CKδ)− δ − C−1

K

)
N(1, δ/

√
t) =

(
C−1
K exp(CKδ)− δ − C−1

K

) e− δ2

4t

√
4π

(26)

tends to 0 uniformly for δ ∈ [ϵ,∞) and is uniformly bounded for δ ∈ [0,∞), we obtain

lim
t→0

|Ft − S| = 0. (27)

Lemma 5.5. Let α =
(
S
V

)2
t. We then have

S

(
1− n

√
πt

2rin

)
< Ft < S

(√
π

α

exp(α)− 1

2
+ exp(α)

)
.
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Proof. Applying (5) when f(δ) = vol(∂Kδ), we see that√
π

t

∫
δ≥0

vol(∂Kδ)e(t, δ)dδ =

√
π

t

∫
δ≥0

(vol(Kδ)− vol(K))N(t, δ)dδ. (28)

Note that √
π

t

∫
δ≥0

N(t, δ)dδ =

√
π

4t
. (29)

An application of Lemma 5.3 gives

Ft <

√
π

t

∫
δ≥0

V

(
exp

(
δ
S

V

)
− 1

)
N(t, δ)dδ. (30)

By (29) and (30), we have

Ft + V

√
π

4t
<

√
π

t

∫
δ≥0

V exp

(
δS

V

)
N(t, δ)dδ =

√
π

t

∫
δ≥0

V exp

(
δ

√
α

t

)
N(t, δ)dδ, (31)

=

√
π

t

∫
δ≥0

V

exp
(
δ
√

α
t − δ2

4t

)
√
4πt

 dδ. (32)

We split (32) into two parts, equating it to

√
π

t
exp (α)V

∫ 2
√
αt

δ=0

exp

(
−
(
δ−2

√
αt

2
√
t

)2)
√
4πt

 dδ +

∫ ∞

δ=2
√
αt

exp

(
−
(
δ−2

√
αt

2
√
t

)2)
√
4πt

 dδ

 . (33)

By (32) and (33), we see that

Ft + V

√
π

4t
<

√
π

t
exp (α)V

[∫ 0

δ=−2
√
αt
N(t, δ)dδ +

∫ ∞

0
N(t, δ)dδ

]
. (34)

For δ ∈ (−∞, 0] and any fixed t, N(t, δ) monotonically increases. Therefore,∫ 0

δ=−2
√
αt
N(t, δ)dδ ≤ N(t, 0)(2

√
αt) =

√
α

π
. (35)

We also know that ∫ ∞

0
N(t, δ)dδ =

1

2
. (36)

Note that

V = S

√
t

α
.

By (34) and (35), we now see that

Ft < Seα +

√
π

4t
V (eα − 1) (37)

= S

(
eα +

√
π

α

(
eα − 1

2

))
, (38)

12



which proves the upper bound in the statement of the lemma.
Next, observe that Lemmas 5.2 and 5.4 imply that

Ft >

√
π

t

∫
δ≥0

S

(
1− n

δ

rin

)
e(t, δ)dδ.

We transform this integral by parts using (6) and obtain

Ft >

√
π

t

∫
δ≥0

S

(
δ − n

δ2

2rin

)
N(t, δ)dδ = S

(
1− n

√
πt

2rin

)
.

Applying a change of variables u := δ2, it is easy to verify that∫
δ≥0

δN(t, δ)dδ =

√
t

π
.

Also, ∫
δ≥0

δ2N(t, δ)dδ = t,

since this is half of the the variance. Next, observe that Lemmas 5.2 and 5.4 imply that

Ft >

√
π

t

∫
δ≥0

S

(
1− n

δ

rin

)
e(t, δ)dδ.

We transform this integral by parts using (6) and obtain the desired lower bound on Ft,

Ft >

√
π

t

∫
δ≥0

S

(
δ − n

δ2

2rin

)
N(t, δ)dδ = S

(
1− n

√
πt

2rin

)
.

For proving Lemma 5.6 we will need the following claim.

Claim 5.2. For any unit vector u that minimizes ∥T−1u∥√
2

, if x is chosen uniformly at random from

K, var(u · x) ≤ 5r2in.

Proof. Since TK is 2−isotropic, if x is chosen uniformly at random from TK, var(u · x) ≤ 2. By
definition ropt is the smallest eigenvalue of T−1/

√
2. Therefore, if x is chosen uniformly at random

from TK,

var

(
T−1(u) · x√

2

)
≤ 2r2opt.

Consequently, if x is chosen uniformly at random from K, then

var(u · x) ≤ 4r2opt.

Since rin ≥ 2ropt√
5
, we have 5r2in ≥ 4r2opt. The preceding two sentences imply that

var(u · x) ≤ 5r2in,

and the claim follows.
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x

l(x)

Projection

u

Figure 4: Projecting along a unit vector u minimizing ∥T−1u∥

Lemma 5.6.
rin
n

≤ V

S
< 4 rin

Proof. It follows from Lemma 3.4 in [15] that a ball of radius 1√
2
around the center of mass of TK

is entirely contained in TK. Therefore

Observation 5.1. K contains a ball of radius rin.

We are now in a position to present the proof of Lemma 5.6. The first inequality rin
n ≤ V

S is
the statement of Lemma 2.1. The only condition on rin there, is that rinB ⊆ K, a property that
is satisfied by rin by Observation 5.1.

Fix a unit vector u such that for x chosen uniformly at random from K, var(u · x) ≤ 5r2in. By
Claim 5.2, such a vector exists.

Let π be an orthogonal projection of K onto a hyperplane perpendicular to u. Further, for a
point y ∈ π(K), let ℓy be the length of the preimage π−1(y).

The variance of u · x under the condition π(x) = y, is given by ℓ2y/12, since this is the variance
of a random variable that takes a value from an interval of length ℓy uniformly at random.

var(u · x) =

∫
π(K) var(u · x|π(x) = y)ℓydvoly

V
(39)

=

∫
π(K) ℓ

3
ydvoly

12V
. (40)

(41)

∫
π(K) ℓ

3
ydvoly

vol(π(K))
≥

(∫
π(K) ℓydvoly

vol(π(K))

)3

=

(
V

vol(π(K))

)3

,

since for any non-negative random variable X, E[X3] ≥ E[X]3. Therefore,

5r2in ≥ var(u · x) =

∫
π(K) ℓ

3
ydvoly

12V
≥
(

V2

12vol(π(K))2

)
.
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Further, vol(π(K)) ≤ S/2. Hence,

5r2in ≥
(

V 2

12vol(π(K))2

)
≥
(

V 2

3S2

)
,

and so V
S <

√
15 rin < 4 rin.

The lower bound on Ft is immediate for
√
t = ϵrin

4n using the lower bound in Lemma 5.5. To

prove the upper bound, we observe that α =
(
S
V

)2
t ≤

(
n
rin

)2
t from Lemma 5.4, which equals ϵ′2

16 .

Since ϵ < 0.5, α < 1. Therefore eα < 1 + 2α. It follows that

S

(√
π

α

exp(α)− 1

2
+ exp(α)

)
< S

(√
πα+ 1 + 2α)

)
< S(1 + 4

√
α)

< (1 + ϵ)S,

thus proving Proposition 5.1.

Proposition 5.2 states that the empirical quantity Ŝ computed by the surface area algorithm
is likely to be an ϵ-approximation of Ft with probability > 3/4. Let x1, x2, . . . , xN from K, be
ϵ′-uniform and each pair {xi, xj} for 1 ≤ i < j ≤ N be µ-independent with probability > 15/16.
Let v1, . . . , vN be N independent random samples from the spherically symmetric multivariate
Gaussian distribution whose mean is 0⃗ and variance is 2nt. Let N̂ := |{i|xi + vi /∈ K}|. Then,

Proposition 5.2. Let
√
t = ϵ′rin

4n and ϵ′ < 1/2. Then, with probability greater than 3
4 ,

(1− ϵ′)(1− 2ϵ′)Ft <
N̂

N

√
π

t
V̂ < (1 + ϵ′)(1 + 2ϵ′)Ft.

Proof. The proposition follows from the following lemmas.
The following lemma is a consequence of (Lemma 7.1, [23]) and summarizes some properties of

µ-independence that we shall need.

Lemma 5.7. 1. Let X and Y be µ-independent, and let f, g be two measurable functions. Then
f(X) and g(Y ) are also µ-independent.

2. Let X,Y be µ-independent random variables such that 0 ≤ X ≤ a and 0 ≤ Y ≤ b. Then,

|E(XY )− E(X)E(Y )| ≤ µab.

3. Let x1, . . . , xN be a Markov chain and assume that ∀i > 0, xi+1 is µ-independent from xi.
Then, ∀i ̸= j, xi and xj are µ-independent.

Lemma 5.8. Let
√
t := ϵ′rin

4n , where ϵ′ < 1/2. Then, with probability greater than 7/8,

(1− ϵ′)Ft < E

[
N̂

N

√
π

t
V

]
< (1 + ϵ′)Ft,

and (1− ϵ′)V < V̂ < (1 + ϵ′)V .
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Proof. Let Xi denote the indicator random variable for the event xi + vi /∈ K. Suppose that xi is
sampled from the probability distribution p. xi is

ϵ′2

64n -uniform, therefore it has a distribution p for

which
∫
K |p(x)− 1/V |dvolx < ϵ′2

64n . Therefore

|
√
tFt√
πV

− E[Xi]| = |
∫

Rn\K

∫
K
Gt(x, y)(p(x)−

1

V
)dvolxdvoly|

= |
∫
K
(p(x)− 1

V
)

∫
Rn\K

Gt(x, y)dvolydvolx|

<

∫
K
|(p(x)− 1

V
)|dvolx

<
ϵ′2

64n
.

In the above calculations, the inequality is a consequence of the fact that∫
Rn\K

Gt(x, y)dvoly < 1.

The calculations above hold for each i, and the lemma now follows from the linearity of expec-
tation.

Lemma 5.9. With probability greater than 15/16,

var

(
N̂

N

√
π

t
V

)
<

ϵ′2F 2
t

16
.

Proof. Let Xi denote the indicator random variable for the event xi + vi /∈ K as in the proof of
Lemma 5.8. Then, Let

q =
Ft

V

√
t

π

and ϵ′′ = ϵ′q.

var(

∑N
1 Xi

N
) =

∑N
1 varXi +

∑
i̸=j cov(Xi, Xj)

N2
.

Since we are dealing with 0, 1 variables,

var(Xi) < E[Xi] < q +
ϵ′2

64n
< q(1 + ϵ′).

The last statement follows from Lemma 5.8, and the fact that ϵ′

64n < q, which we show below.

Ft

V

√
t

π
>

S
√
t

2
√
πV

>
S
√
t

4V
,

as a consequence of Proposition 5.1. Using the values of
√
t and the inequality V

S < 4rin from

Lemma 5.6, this is > ϵ′

64n .

Continuing the proof, from Lemma 5.7 we have that,∑
i̸=j cov(Xi, Xj)

N2
< µ.
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∑N
1 (Ft

V

√
t
π + ϵ′′) +N(N − 1)µ

N2
<

Ft
V

√
t
π

N
+

ϵ′′

N
+ µ <

2q

N
+ µ.

We just showed that q = ϵ′′

ϵ′ > ϵ′

64n . We are required to show that

2q

N
+ µ <

ϵ′2q2

16
,

The ratio of the left hand side to the right,

32

Nϵ′2q
+

16µ

ϵ′2q2
<

211n

Nϵ′3
+

216µn2

ϵ′4
= 1/2 < 1.

Using Chebycheff’s inequality and Lemma 5.9,

P

[∣∣∣∣∣N̂N
√

π

t
V − E

[
N̂

N

√
π

t
V

]∣∣∣∣∣ > ϵ′Ft

]
<

1

16
.

This statement, together with Lemma 5.8 completes the proof of Proposition 5.2.

We now proceed to prove our main theorem, Theorem 3.1, which we recall below.
Theorem 3.1. The surface area of a convex body K, given by a membership oracle, and

parameters r,R such that rB ⊆ K ⊆ RB can be approximated to within a relative error of ϵ with
probability 1− δ using at most

O

(
n4 log

1

δ

(
1

ϵ2
log9

n

ϵ
+ log8 n log

R

r
+

1

ϵ3
log7

(n
ϵ

)))
i. e. O∗(n4) oracle calls.

Proof of Theorem 3.1. Propositions 5.1 and 5.2 together imply that with probability > 3/4, the
output

Ŝ =
N̂

N

√
π

t
V̂ ,

satisfies
(1− ϵ)S < Ŝ < (1 + ϵ)S.

Running the algorithm (whose confidence is 3/4) ⌈36 ln
(
2
δ

)
⌉ times and taking the median of the

outputs gives the result with a confidence > 1− δ. Let m independent trials be made of an event
whose probability of success is p and m̂ be the number of resulting successes. Then, it follows from
Hoeffding’s inequality (Theorem 1 in [10]) that

P

[∣∣m̂
m

− p
∣∣ ≥ λp

]
≤ 2 exp

(
−λ2mp

3

)
. (42)

We will consider repeated trials of the algorithm, and declare the event to be a success if the
output Ŝ of the algorithm lies in [(1− ϵ)S, (1 + ϵ)S]. In order for the median of all the trials to lie
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in [(1− ϵ)S, (1+ ϵ)S], it suffices for at least half of the outputs to lie here. Setting m = ⌈36 ln
(
2
δ

)
⌉,

p ≥ 3
4 and λ = 1/3, gives us

2 exp

(
−λ2mp

3

)
≤ δ,

which translates into a probability of overall success that exceeds 1− δ.
The bounds on the run-time (involving the computation of N̂ and V̂ ), follow from the analysis

in Subsection 4.3. This completes the proof of Theorem 3.1.

6 Concluding Remarks

We obtained a randomized algorithm for estimating the surface area of a convex body given by
a membership oracle, with better complexity guarantees than the previous algorithm of [5]. The
algorithm can be interpreted as a simulation of heat flow over a small time out of a hot body. These
results can be partially extended to a setting involving hypersurfaces. The role of convexity is then
played by bounded “reach”, where the reach of the hypersurface is defined as the largest number t
such that any point at a distance atmost t from the hypersurface has a unique nearest point on the
hypersurface. Details may be found in [19] and [17]. Connections to graph cuts have been explored
in [18] and [17], wherein the amount of heat diffusing across a surface has been related to the size
of a graph cut.
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