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(1) Let X = V/L be a complex torus of dimension n and £ a line bundle
on X. Consider ¢ := c;(L) € H*(X,Z) = A2L*.

(a) Show that there exists a basis of the free abelian group L such
that the skew bilinear form

¢: LxL—7
has matrix
0 4
-4 O
0 o,
-6, O

where 0; € Z>o and ¢; divides ;41 for all ¢. (This is a purely
algebraic fact, cf. [GH, p. 304, Lem.].)
(b) Show that
L :=c1 (L) =(£1)-nl 61 dp.

(Hint: by (a), there exists an identification Xg = (R/Z)?" with
real coordinates 1, ..., o2, such that ¢;(£) € H3z(X,R) is rep-
resented by the form d1dxy A dxg + - - + dpdxo,—1 A dxay,.)

(2) Let X be a smooth complex projective variety (or compact Kéahler
manifold). Consider the Albanese morphism «: X — Alb X.

(a) Show that « induces an isomorphism a*: T'(Qam x) — I'(Qx).

(b) Show that if X is a complex torus then « is an isomorphism.



(c) For k € N, consider the morphism
of: Xk S AL X, (x1,...,25) — afzy) + - 4 alzy).

Show that the derivative of o at a point (Py,...,P;) € X* is
dual to the restriction map

['(Qx) — Qx)p & () p,

(Here (2x)p denotes the fibre of the cotangent bundle at P € X.)
Using this, show that for k& > h%(Qy) there exist Pi,..., Py such
that the derivative of o* at (Py,...,P;) is surjective. Deduce
that o is surjective for k > h%(Qx). (Cf. [GH, p. 237].)

(3) Let X be a K3 surface and D an effective divisor such that D? = —2.
Show that D is linearly equivalent to a positive linear combination

of (—2)-curves. (Hint: follow the construction of an elliptic fibration
from D with D? = 0 in the proof of Thm 12.6(3).)

(4) Use the Torelli theorem for K3 surfaces to show that there exists a 19
dimensional family of K3 surfaces admitting an elliptic fibration. Is
an elliptic fibred K3 necessarily projective?

(5) Show that a projective K3 surface X is a Kummer surface iff there
exist 16 disjoint (—2)-curves C1,...,C1g such that Y C; is divisible
by 2 in Pic X. (Hint: use the commutative diagram of blowups and
double covers from p. 72 of the notes, and recall that a projective
surface Y with Ky = 0 is either a complex torus or a K3 surface. If
you are stuck, see [BHPV, VIIL6.1].)

(6) Give an alternative proof that the Godeaux surface X constructed in
Sec. 14 satisfies h’(Kx) = 0 using Noether’s formula.

(7) Show that the Hopf surface X described in Sec. 15 admits an elliptic
fibration X — P!,
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