Name: K E \{

Math 307F Final Exam
December 13, 2007

Instructions: There are ten problems, with the value of each problem indicated,
for a total of 160 points. You are allowed the use of one page of handwritten notes,
front and back, on standard size paper. You are also allowed use of a scientific
calculator (but graphing calculators and other calculational devices are not allowed).
The next page of the exam contains a table of Laplace transforms, which you may
use in your solutions.

e Work the problems in the space provided. If you need more space, use the
back of the page, and clearly indicate that you are doing so.

e Neatness counts! A well-organized solution, even with mistakes, will get
more partial credit than a haphazard collection of unrelated calculations.

e Put the answer you want considered in the provided.

e You MUST show all your work and reasoning to receive credit. If in doubt,
ask for clarification.

e Turn off all cell phones and pagers.

Problem 1 | 15 points

Problem 2 | 15 points

Problem 3 | 15 points

Problem 4 | 15 points

Problem 5 |20 points

Problem 6 | 15 points

Problem 7 | 15 points

Problem 8 | 15 points

Problem 9 | 15 points

Problem 10 | 20 points

Total 160 points




6.2 Solution of Initial Value Problems

TABLE 6.2.1 Elementary Laplace Transforms

6.

9.

10.

fy = L7'{F(s))

o

1", n = positive integer
", p>—li

sin at

Ccos af

sinh at

cosh at

¢“ sin bt

e cos bt

. "¢, n = positive integer

(1)

nAnfit =)

‘,l I/‘(’)

. flet)

i
/ fu—-rn)glrydr

[}

. At =0¢)
R j'(u)“)

. (=0

F(s) = L{f(n)

|
-, >0
y
|
_ sS>a
S —a
n!
_—, y>0
_‘-u-i-l
PFip+1)
_.1__. s> 0
s i1
a
-, sy >0
sS4 a-
§ 0
—_—, s>
P +al
a
e N > '(ll
A —a-
s
—_ . N> |(l|
8y - -
b
—_— . s> a
& —a)r+b
S —a
_— S>> d
s—a)PX+h
n!
———(s—a)"“’ s>a
e—t‘)‘
R s>0
s
e “F(s)
F(s-o¢)

1F(i), c.> 0
F()G(s)

e—('.\'

SMF(S) _ S"—lf(O) —_. _f(nul)(())

F(s)

319

Notes

Sec. 6.1; Ex. 4

Sec. 6.1;Ex. 5

Sec. 6.1; Prob. 27

P2

Sec. 6.1; Prob. 27

Sce. 6.1; Ex. 6

Sec. 6.1; Prob. 6

Sec. 6.1; Prob. 8

Sec. 6.1; Prob. 7

Scc. 6.1; Prob. 13

Sce. 6.1; Prob, 14

Sec. 6.1; Prob. 18

Sec. 6.3

Sec. 6.3

Sec. 6.3

Sec. 6.3; Prob. 19

Sec. 6.6

Sec. 6.5

Sec. 6.2

Sec. 6.2; Prob. 28



1. (15 points). Solve the initial value problem
v =2 +e%y’, y(0) =1

Your solution should give y ezplicitly as a function of z.
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2. (15 points) Find the general solution to
sin(t?)y’ + [2t cos(t?)]y = €' + .
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3. (15 points) A tank initially contains 100 liters of pure water. A mixture
containing salt in the concentration of 5 grams/liter enters the tank at a rate of 2
liters/min, and the well-stirred mixture leaves the tank at the same rate. Let S(t)
denote the amount (in grams) of salt in the tank at time t.

(a) Find a formula for S(t).

(b) What is the limiting amount of salt in the tank as t — oo?
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4. (15 points) Solve the initial value problem
y'+6y +10y =0, y(0)=1,4'(0)=0.
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5. (20 points) Find the general solution to
Y — 4y’ + 4y = sin(2t) + €*.
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6. (15 points) A mass weighing 5 1b stretches a sping 6 inches. Suppose that the
weight is pulled down 1 ft and given a downward velocity of 8 ft/sec. There is no
damping, nor are there external forces. Determine the subsequent motion u(t), and
also the amplitude R of this motion.
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7. (15 points) Let u, be the standard unit step function defined by

_ if
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Let
F(@) = ui(t) — u2(t) + (t — 3)ua(t) — (t — 4)us(?).
(a) On the axes below sketch the graph of f(t).
(b) Compute the Laplace transform F(s) of f(t).
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8. (15 points) Find the inverse Laplace transform of

$2+s+3
F(s) = G-1D(2+4)
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9. (15 points). Use Laplace transforms to solve the initial value problem

y' -y -2y=0, y(0)=2y(0) =L
You can check your answer!
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10. (20 points) Let f(t) be the forcing function defined by f(t) =0if 0 <t < 2,
~and f(t) =2 if t > 2. Solve the initial value problem

y" + 3y +2y=f(t), y(0)=0, y(0)=
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