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1 Model Details

This Appendix shows derivations for Section 2.

1.1 Derivation of price indices, demand for goods, and real exchange rate

First, we derive the price index in the home country, P;. It consists of the price index of
goods produced by home firms in the home country, Py, and price index of goods produced
by foreign firms in the home country, Pg;. Cy is the home consumer’s consumption basket
consisting of consumption of goods produced by home firms in the home country, C'y;, and
consumption of goods produced by foreign firms in the home country, Cr;. w is the param-
eter indicating the elasticity of substitution between home and foreign goods.

w—1

min Pp;Cyy + PriCry subject to Cy = 1 where C; = [(I%C:ﬁ +(1-— a)%Cﬁ]ﬁ

L = PyiCui + PpiCry — Pt[[aWCHtl +(1—a)50§]ﬁ —1]
L Py - Pab i+ (1—a)b O | labesloE T = 0
Pi = Pi=a Cﬁ+(1—a)%cﬁ]m—la;%1q§*

e = Pri— Pigslat O +(1— )t O 19T (1 - @)t 205, =0

et et e Lw— e

P = P [asCyi +(1— )Gy |55 (1 - a)s 51 C,
w1 ool
Since [awCy + (1 —a)vCpy 127 = C, and Cy = 1, it is possible to write
w=1 w=1 w 1
[05Chi + (1= a)Cpi [ =G =1
1 1
Py = PtaiCHt“, so Cyy = P?Ha i so Cyy = (%)‘”a !
1

Pri = P(1 — a)5C#, 50 O = L2 (1 — a)3, 50 Oy = (£2)°(1 — a)

P Pry
Substitute into C; = 1

[a (P]j; )t a“s + 1—a)w <PPtt)W71(1_a)wT_1]ﬁ:1

aﬁ(%)“ +(1- a)ﬁ(]%)w -1
alF ) (- a) () = 1
aP;+(1—a) P 1
Ptl—w
1
P, = [aP, Ilﬁw +(1- )P}t “]i== | which is the price index in the home country.

'Note that this expression should be completely written as Cry = ( PP £ aCy but we drop C; because we

imposed Cy = 1.



Now, we derive the price index of goods produced by home firms in the home country, Py;.
In this derivation, the home consumer’s consumption basket, Cy;, consists of goods produced

by the home firms z where we integrate from 0 to a because there are a home firms:

min py(2)c(z) subject to Cyy = 1 where Cyy = fo a2 = “dz] =
L =pyz)e(z) — PHt[[(i) [ e(z) T dz]rT — 1]
5 _pt( ) = Pzt [(1)7 [ e(2) 7 dz]71 7 (25 25 e(2) 7 1 = 0

()%:PHt

c(z) = %(%)_02

pi(z) = [(i)%f ()T d) 7 (D) en(z) 0
pe(2)

<b\>—A

Substitute this expression into Cyy = 1:

(2% [ (L)1 (2) 7 de)os = 1
(B35 (L) rde)os =1
Pl f“(,,tzz))@ ldz)7T = 1

f e( 1 de 7T — P*f

f pe(2)t edzt‘?771 Py
1

f pi(2)17%dz]7=0 = Py, which is the price index of goods produced by home firms (de-

noted by z) in the home country.

We can then write the demand for home firm z output by the representative household in

the home country based on the above as:

ci(2) = () Chy = L) (Bgt)~“aCy = (B2) 0 (Ke) G,

Py Py

Since there are a home households, the demand for home firm z output by all households in

the home country is: (%)‘%%)‘“a@.

2Note that this expression should be completely written as ¢;(z) = %(: ’(’Z’) )?Cgr¢ but we drop Cgy because

we imposed Cg; = 1.
3Note that in this expression we should write (C; + G;) to reflect the total demand made by the home

country that comes from home consumers as well as home government. However, for the purpose of this

derivation, we can omit Gy.



The demand for home firm z output by all households and government in the home country

IM)—O(@

e £ )~ (aC} + aGy) assuming that the government spends G per capita. Notice:

is: (
a(Cy + Gy) is Y%, i.e, demand for consumption basket in the home country. Note that in
contrast to Ghironi, Lee, and Rebucci (2015) (GLR), we do not have Y;V'. Note: The total

per capita demand for consumption basket in the home country is: y? = C; + Gy

The price index of goods produced by foreign firms in the home country can be derived by
following the same steps. In this derivation, the home consumer’s consumption basket, Cpy,
consists of goods produced by the foreign firms z* where we integrate from a to 1 —a because
there are 1 — a foreign firms:

= fal pt(z*)l_edz*]ﬁ = Ppy using consumption of goods produced by foreign firms in the

0 ct(z*)%dz*]%

home country, Cp; = [(1)7 fal
The derivation of the price index of goods produced in the foreign country (consisting of a
price index of goods produced by home firms in the foreign country, Pj;,, and a price index
of goods produced by foreign firms in the foreign country, Py,), P/, yields:

P = [aPyy ™ + (1 —a) Py ]

Note that the expressions for Py, Ppi, Pfy, and P, (and, hence, P, and Py) are identical to

GLR. However, since purchasing power parity does not hold in our model, we have to take

the real exchange rate, (), into account.

Q= Eﬁt* where ¢, is the nominal exchange rate, and ¢, P = [a(stPI’}t)1*W+(1—a)(6tP;it)1*‘“]ﬁ.
1

P* )1—w+(1_a)(€tp* )17w
Then: — [aleePi Ei T—w
Q=

1.2 Household optimization

Start with the home household budget constraint in nominal terms in home currency:
(‘/; + Dt + StD;()fL't + (gt‘/;* + D*t + 5tD::t)I';: + WtLt = ‘/;gl't+1 + St‘/;*xf_i_l + PtCt + Pth7

where x; denotes shares of the home firm, x; denotes shares of the foreign firm, V; is the

price of the home firm’s shares, V;* is the price of the foreign firm’s shares, D; is the dividend
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of the home firm in the home country, Dy is the dividend of the home firm in the foreign
country, Dy, is the dividend of the foreign firm in the foreign country, and D,, is the dividend

of the foreign firm in the home country.

Divide by P; to convert into units of home country’s consumption basket:
(Ut + dt + d:)ﬁt + (U;|< + d*t + d:t)l’: + tht = VT4 + U;:ZL';:_I + Ct + Gt

In this notation, large case letters are used for nominal variables, and small case letters are

used for real variables. For example, W; is nominal wage, and w; is real wage.

0o t le% LH—é
L=E) (=T —x=1T)+

1-1 1+
+ Mel(ve + di + dy)xy + (v + dog + diy) vy + Wil — v — vivy — Cr — Gy

This Lagrangian is identical to the GLR Lagrangian except for the additional terms to ac-
count for the dividends coming from two different countries. ¢ is the parameter indicating

elasticity of labor with ¢ = 0 denoting inelastic labor and ¢ > 1 denoting elastic labor.

First order conditions (FOCs):
With respect to Cy:
o—1

=21

& _
g_é:( _%) 1-1 +)‘t(_1)—0
_1
Ctg:)\t,

which is the same as in GLR.

With respect to L;:
ot

el

oL _ 1L *
oLy X(l + <P) 1+
ptl-¢
XLy = Nwy
1 _1
XL = Cy “wy
1 _1
- C, w
L<P — t
t X
1
C U”Ll)t
L= (= - )%,

which is the same as in GLR.

+ )\twt =0

1
@




With respect to x;1:
0L = \(—v) 4+ BEA N1 (Vi1 + digr + dj )} =0

Oxt41
_1 -1
C, “vy = BEAC, (V1 + diyr + df )}
_% —% vip1tdipitdy _%
O = BE{C, 3 unttntding — gprorip

(%7

where the definition of R;; differs from GLR due to the home firm’s dividends coming from

two different countries.

With respect to zj:
0 = (=) + BEA M1 (Vi) + duia + iy )} = 0

o
Oy,

_1 1
C, “vp = BEt{Ctﬁ(U?H + dig1 + d:t—i—l)}
-5 — 5 Vsl ~% D
C, 7 =BE{C, 3 *— 77—} = BE{C Ry}

=
Ut

where the definition of R;,, differs from GLR due to the foreign firm’s dividends coming

from two different countries.

1.3 Derivation of optimal labor demands and prices:

We set up the firm’s problem as profit maximization. The revenue of the home firm, z,
consists of revenue earned in the home country and revenue earned in the foreign country.
The revenue earned in the home country is py(z)Z;L(z) because the home firm employs
home labor, L;(z), and applies home productivity, Z;, to produce its output in the home
country. This output is then multiplied by the price charged by the home firm in the home
country, p;(z). This is stated in home currency. The revenue earned in the foreign country is
pi(2)Z) ZF 77 L () because the firm employs foreign labor, L¥(z), and applies productivity
77177, This output is then multiplied by the price charged by the home firm in the foreign
country, p;(z). Since p;(2)Z] Z; I_WLI (z) is stated in foreign currency, we multiply it by the
nominal exchange rate, £;, to convert it to the home currency. The cost of the home firm
consists of the labor cost incurred in the home country, W;L;(z), and the cost incurred in
the foreign country, W;*L;(z) that again has to be multiplied by the nominal exchange rate

to convert to home currency. The problem, therefore, becomes:

Max py(2) ZiL(2) + ei (2) 2] 2] Ly (2) = WiLi(2) — Wy Li (2)



subject to:
Y?(z) = Y4(z), which says that output supplied by the home firm in the home country has
to equal this firm’s output demanded in the home country,
and
Y (2) = Y% (2), which says that output supplied by the home firm in the foreign country

has to equal this firm’s output demanded in the foreign country.

To derive the optimal demand for labor by home firm, z, in the home country, we use
Yi(2) = Y4(2). Y?(2) comes from the production function, i.e., Y*(2) = Z;Li(2). Y(2)
comes from the demand for home firm’s z good that was derived in Section 1.1: Y4(z) =
(’;ﬁ—g)*e(%’f)*w(aCt + aGy) (which is Y4(z) = (’%)*9(%)*ﬂﬁd because (aC; + aGy) rep-

resents the demand by all home households and government). Both the Y,?(z) and Y,*(z) are

in units of the home consumption.

ZiLi(2) = (I}tai))_e(%t)_w(act + aGy)
t(Z)\— t\—w a(Ct+Gy
L(2) = (32)-#(5p )i

To derive the optimal demand for labor by the home firm, z, in the foreign country, we use
V() = Y7 4(2). Y;**(2) comes from the production function, i.e., Y;**(z) = Z] Z 7V Li(2).

Y;*4(2) comes from the demand for firm z, i.e., Y;*¥(2) = (pééi))*e(PP—iﬁ)*w((l —a)Cf 4 (1 —

a)G7) where the (1 —a) is included in this expression because there are (1 —a) households in

the foreign country and we are assuming that the foreign government spends G per capita.

2] 27 L (2) = (B0 (5i) (1 — a)Cf + (1 — a)GY)

Py By
* _ P _ 1— Cr+G*
Li(z) = (p]géi)) o P}?) w%

The foreign firm’s problem is:

Max poo(2*) 207 27 L) + epty(2) 23 L2y (27) = WiLia(%) — e W Liy(27)
where p,;(2*) is price charged by the foreign firm, z*, in the home country,
pi,(z*) is price charged by the foreign firm, z*, in the foreign country,
L,.(2*) is labor employed by the foreign firm, z*, in the home country, and

L%, (z*) is labor employed by the foreign firm, z*, in the foreign country
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subject to:
Yi(2*) = Y4(2*), which says that output supplied by the foreign firm in the home country
has to equal this firm’s output demanded in the home country,
and
Y:5(2*) = Y24(2*), which says that output supplied by the foreign firm in the foreign

country has to equal this firm’s output demanded in the foreign country.

To derive the optimal demand for labor by the foreign firm, z*, in the home country, we use
YE(2*) = Yi(2*). Y5 (2*) comes from the production function, i.e., Y5(2*) = Z! 77 Z:7 Ly, (2*).
Y,(2*) comes from the demand for firm z* good: Y2(z*) = (2E0)~0(Leey—w (40, 4 aGy).

Ppy Py

Ppy

Zy 20 Li(2) = (B2 7
Lt*(z*):(p*lg;i*)) (PL

a(Ct+Gt)
21 Tz

Pee)=(aCy + aGy)
)~

To derive the optimal demand for labor by foreign firm, z*, in the foreign country, we use
Yo (2%) = Y4(2*). Y*(2*) comes from the production function, i.e., Y*(2*) = Z7L*,(2).
Y;:4(2*) comes from the demand for firm 2* good: Y;:¢(2*) = (%)_9(2 )7Y((1—a)Cf +
Ft t
(1—a)G)).
* * * *t P* * *
ZiLiy(z) = (B2 () (1 = a)Cf + (1 - a)GY))

P

* * «t (% Pz —w L= C;+GYf
D2, (2") = ()0 e oG

To derive prices, we can substitute these labor demands in the maximization problems:

For the home firm, z, the problem becomes:

Max py(2) Zy(22) =0 (Lae) o EEED) g ppx(2) 27 27~ w’t@) 0(Lizry—w 1-a)(Ci4GE)

Pu) \Pr P Py Z1z0
- —wa(CetG ~0( P CrtGy
W) () MO — i ()0 G L

Take the derivative with respect to p;(2):

_ W,
0—1= (Z) 7
pe(z) = 9%%, which is the price charged by the home firm in the home country.
Take the derivative with respect to p;(2):

W*
0-1= oz



pi(z) = 901 #, which is the price charged by the home firm in the foreign country.

For the foreign firm, z*, the problem becomes:

Max p*t(z*)Z ’Yz*’Y(P*t(Z ))—9(@)—wa(ct+ct) +e p:t<z*>Z*(P*t(Z*))—9(%)—w (1—a)(CF+GY)

Ppy P Z1 "z t\ Pp, Py z
. . . PE _ * *
—W, (P}t)Ft )~ 9(%) waz(lc’t;l-ZCii{ c W*(p o ) H(TF;) w(l a)(ZC;s +G7)

Take the derivative with respect to p.(z*):

(1=0) = =z

pat(2*) = 991 %, which is the price charged by the foreign firm in the home country.

Take the derivative with respect to pf,(z*):

_ewy

pi(2%) = 991 75 which is the price charged by the foreign firm in the foreign country.

In equilibrium, p;(z) = Ppy, which says that price charged by home firm z in home country
equals the price index for goods produced by home firms. Similarly, p;(z) = Pj;, for price
charged by home firms in the foreign country, p.(z*) = Ppg; for price charged by foreign

firms in the home country, and pf,(2*) = Py, for price charged by foreign firms in the foreign

country.
Therefore:
Py = %% for price index of goods produced by home firms in the home country,
Py, = 991 %1_7 for price index of goods produced by home firms in the foreign country,
Pry = %% for price index of goods produced by foreign firms in the home country,
t t
and
pr = in the forei
Ft = 5.1 7+ gn country.

Then, we can write expressions for relative prices:

RP, =% t(tz) = PTT = 6%;—: for price charged by a home firm in the home country relative to

the home country’s price level in units of the home country consumption,

RP; = pi(x) _ Py _ 0 :

P = B T e 1# for price charged by a home firm in the foreign country



relative to the foreign country’s price level in units of the foreign country consumption,

RP, = ’%f*) = P?‘“;t = GLW for price charged by a foreign firm in the home country

relative to the home country’s price level in units of the home country consumption, and

RPY, = pu(z) _ Ppy 0w
*

Py Py -1Z

relative to the foreign country’s price level in units of the foreign country consumption.
Note that the small case letter, w, is used to denote real wage as opposed to the large case

letter W that denotes nominal wage.

The optimal labor demands can be rewritten with relative prices as:
Optimal demand for labor by a home firm, z, in the home country becomes:

Li(z) = RPt_wa(CtTtG‘) using p;(z) = Pg; in equilibrium and RP, = £ 2

Optimal demand for labor by a home firm, z, in the foreign country becomes:

L (z) = RP;~ W(lz(l”)(z# using p;(z) = P}y, in equilibrium and RP; =

*
PHt

Py

Optimal demand for labor by a foreign firm, z*, in the home country becomes:

L. (2*) = RP;*%~ C_tj ZG’;) using p.t(2*) = Py in equilibrium and RP,; = };f L

Optimal demand for labor by a foreign firm, z*, in the foreign country becomes:

L:(2*) = RP; ‘“w using pi,(z*) = Pj, in equilibrium and RP}, = Lre

Py

We need to account for the number of firms in each country.
There are a home firms in the home country, so the optimal demand for labor by all home

firms in the home country is:
aLy(z) = aRP; ¥4 rC

Total per capita labor demand by all home firms in the home country is:

aRPtfw a(CtZth)

ali(z) _
81,(z) = 2RP; G0

Li(z) = RP; < 4(CuC)

where we divide by a because there are a households in the home country.
There are (1 — a) foreign firms in the home country, so the optimal demand for labor by all

foreign firms in the home country is:

10



(]- - a)Lt*(Z*) = (1 — a)RP‘wa(Ct-i-Gt)

*t Ztl—'th*'v

Per capita labor demand by all foreign firms in home country is:

a *t 23772:7

l1—a *\ _ l—a —w a(Ct+Gy)
T Lu(=)

where we again divide by a because there are a households in the home country.
There are a home firms in the foreign country, so the optimal demand for labor by all home

firms in the foreign country is:

aL;(z) = aRpP;w =006

Y rxl—ry
4y Zy

Per capita labor demand by all home firms in foreign country is:

a * _a *—w (lfa)(Ct*JrG;‘)
mLt (Z) - 1_aRPt Z?Z;df'v

where we divide by (1 — a) because there are (1 — a) households in the home country.
There are (1 — a) foreign firms in the foreign country, so the optimal demand for labor by

all foreign firms in the foreign country is:

(1= a)Li(z) = (1 — a) RPg L=l

Total per capita labor demand by all foreign firms in the foreign country is:

—a T [ —a ppr—w (1-a)(C; +G
=L (2%) = L—aRP*t Q-e)OrtGh) )(Z: £)
where we again divide by (1 — a) because there are (1 — a) households in the home country.

1.4 Net foreign assets (NFA) law of motion

Start with the home household budget constraint in units of the home country’s consumption

basket from Section 1.2:
(Ut + dt + d;")xt + (U;: + d*t + dit)x: + tht = UVtT41 + 'U;:I‘:_,'_l + Ot + Gt

Then:
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(v +dp + df )xe + (v + duy + d5y)xf + we Ly = v + nfa + 1 a1 + Cp + Gy

where net foreign assets, nfa;1, is defined as nfa, 1 = vy | — %“Utx*tﬂ, i.e., the value of
home holdings of foreign shares minus the value of foreign holdings of home shares adjusted

for population sizes of home and foreign countries, i.e., a and 1 — a, respectively, as in GLR.
_ vitdi+dy

We defined return on holding home equity as R; = o and return on holding foreign
equity as R} = % in Section 1.2, so:

VTpyr + nfa + A Tapy1 + Cp + Gy = ”er;j_df)”’lxt + (UHd*é;j:t)U:*lx;‘ + we Ly

V1 + nfag + 1 a1 + Cr + Gy = Ryvp vy + Rjvy o) + wily

nfag 1 = =V — ;'Utx*t—i—l + Ry + Rivy_xf + w Ly — Cy — Gy

nfagy = —vi(xpq + 1 1) + Reveawe + Ryvp_xf +w Ly — Cy — Gy

nfai1 = —ve + Rovpve + Ryvfof +wilLy — Cy — Gy

where market clearing condition ax;y1 + (1 — a)zryi1 = a was used to obtain x4 =
1-— 1;—ax*t+1 as in GLR.

nfa 1 = —vi+ Rivf xf+ Ry 1(1— %x*t) +w,L; — C; — G, where we used z; = 1 —:c*tle“

nfag = —v + Rivf zf + Ryvpq — Rtvt_lﬂx*t +w, Ly — C, — Gy

nfa = —v + Rjvf xf + v+ dy + df — Ryve— = 4y +wily — C, — Gy

nfag1 = Riv;_x; — Ryvg_q =2 — Ty + Y — Cr — Gy

where y; = dy + df +w; L, which differs from GLR due to the additional term d;. Note that
we assume that the dividend of the home firm producing in the foreign country, dj, is a part
of the home country GDP, i.e., we assume that firms repatriate profits to their countries of
origin for distribution to domestic and foreign shareholders.

nfag = Ryl oy — Ryl ) + Rjv) jxf — Rtvt_lﬂx*t +y — Cy — Gy

Define excess return from holding foreign equity R? = R} — R; and portfolio holding

o = Vy_ Ty

nfa = RPay + Rwf o7 — Ryvy 1 %0, +yp — Cp — Gy

nfa1 = RP oy + Rnfay + vy, — Cy — Gt

where definition nfa;, = vy x; — %vt_lx*t was used.

This is identical to GLR except the definitions of R; and R}, and hence RP, differ as ex-

plained above. This is in units of home consumption.
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Similar derivations can be done to obtain the NFA law of motion for the foreign household:
nfatJrl = RDfoz*f + anfa;ff + y*f — C*f — G*f

gl
This is in units of foreign consumption (denoted by the superscript f), and Rf = w

Vi1

which is the foreign household’s return on holding home firm’s shares shown in units of for-

Y

eign consumption.

To convert to units of home consumption:

QtnfatJrl = Qt R R Quvo;” + oS RIQiinfai’ + Qui’ — Qi — QG

Subtracting the home and foreign NFA laws of motions and using the superscript D to de-
note the difference between home and foreign variables gives:

nfag— Qtnfa:L = RtDat +RBinfay+y—Cy— Gy — [Qt 1 R, th 104:f + 0i 1 : Rf@t lnfatf +
Q' — Q0 — QiG]

nfas — Qmfayl, = (RPoy — 2R Qi1a}’) + (Rnfa, — 2-RIQinfai’) + (v —
Qty:f) — (G — QtC:f) — (G — QtG:f)

We use the following clearing conditions:

For net foreign assets: anfa; + (1 —a)Q;— 1nfat = 0, which gives 7 aQ 1nfat = nfat

For portfolios: aay + (1 — a)atht,l = 0, which gives atf = ;—aQtl_lat

LHS becomes: nfas — Qt[ﬁé”fatﬂ] = nfat+1(1 + %) = nfag s

RHS becomes: (RPa; — Dth 1T aQ ay) + (Rinfay — Q" Rth 1T aQt - nfa;) +
(v — Qty:f) — (G — :C, *f) — (G — @ :f)

Use: RP = Q?leDf and R, = Q?thf

RHS becomes: (RPa; — RtDl Cay) 4+ (Renfay — Ry%n fag) + (ye — Qty:f) —(Cy — QtC':f) -

(G — QG

Then:
nf%ﬂﬁ = Rf)@tﬁ + Rtnfatﬁ + (Y — Qty:f) —(C; — QtCt*f) — (G — QtGIf)
nfa = RPay+ Rnfa,+ (1= )y — Q') — (C = QCYY) — (G — QuGYY)]

1.5 Expression for relative GDP

In this section, we derive an expression for the relative GDP, g—t
t

13



Derivation of home GDP, , i.e., output produced by home and foreign firms in the home
country:

RPtZtLt—i—RP*tZl ’YZ*'YL*{/ = 9 1 Zt ZtLt+ -1 17] Zl 'YZ*’YL «t — %(wtl)t—i—wt[/*t),

ZT g Zw
which is in units of home country consumption.
Derivation of foreign GDP, y;, i.e., output produced by home and foreign firms in the foreign
country:

= RP;Z)Z" L + RPLZ: LY, =
= %(W?LZ‘ +wiLy,),

BZ L+ s R L =

0— 1Z’~/Z*1 ¥

which is in units of foreign country consumption.

Expression for Z—i:
t

ye _ RPZiLi+RPuZ) " Z L _ = gog WiLitwiLat) wt(Lt+L*t)

yi ~ RP;Z) 2T Li+RPLZIL:, g (wiLi+wiLy,)  wi(Li+L%,)

Note that we should use the real exchange rate in the relative GDP expression but it cancels

wet(Lt+Laxt)
Quwi(Li+L%,)

because it appears on both sides of the equation: QZZ; =
t
Next, expressions for wy, w;, (L + L) and (L} + L%,) are obtained. To get w;, home labor
supply and home labor demand are equated Home labor supply was derived in Section 1.2
from home household FOCs as L] = (th) . Home labor demand was derived above from

firm FOCs in Section 1.3 as LI = RP“"“ CtJrGt 1= “RP*_t“’“ (C+Gr) - Gince Li = LY ie

1 ’Yz*W

labor-market clearing condition, it is possible to write:
1

C, 7wy v _ —w a(Ct+Gy) 1 a w a(Ci+Gt)
(F5)f = BB + A RP e s

Substitute the expressions for RP;, and RP,;:

_1
(Ct Jwt)<p _ ( 0 ﬂ) —wa(C+Gy) + l—a( 6 wy )7wa(ct+Gt)
X 0-127; Zy a \0-1z!=7 7= zZImz

1
wi™? = xP (5 a(Cy+ GOy (2 + 5427 20
wy = x77 (SN [a(Cy + )7 O [ 72271 4 =2 (777 7:7)» 1547 | which is the real

wage in the home country in units of home consumption.

To get wy, equate foreign labor supply and foreign labor demand. Labor supply can be de-
L «
rived from foreign household FOC as L} = (%V following the same steps as in Section

1.2. Labor demand was derived in Section 1.3 as +*~ RP;~ w(lzav)(z#—k 1= ToRP ”%.
Nt

C T wF o * w(l a)(C +G 1 l—a >k w 1 a)(C*JrG*)
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*%w;)(p: u (L w} )_w(1—a)(Ct*+G;*) + 1 1— <9iw
e

)—w(l—a)g+Gi)

Ct
( X 1—a\0-1 7] 7777 ZQZ*““’

0
wi = xFEEG (- a)(C7 + GO (2 277 + 25, which s

real wage in the foreign country in units of foreign consumption.

o5 (01515 e 7TOFR) g1 4 1oa (1= grvye-1]5he

wy X 9Fe (55=) wte [a(Ci+-Gy)| wte C; (Zy " +=%(2, 2,7 Jote o
wy T _e . 1 s 1
t e (g5t P10 (GG IFIP 0, T (g 2 e

1 P
[a(ct+Gt)]‘“+‘PCU(w+W) [Ze— 'y iza(z} 7V 7 ) l}w-‘rgp

[(1-a)(C} +G) o C, K [ (2] 27 w1 e e

We can use this expression in the % y expression:

_1
C, Tw _1 _e
Yt __ wt(Lt+L*t) o wt( tX t)Lp . ’UJt(Ct th)('o o w,}ﬂo()t 7
v widithn) wi( *7%w*)¢ w?(Ct*i%wf)‘P w:H“’CZP%
X
o(l1—w) 1+¢ w—1_ 1—a 1=y 7Y \yw—1 _ 14¢
_ [%]G(WJWJ)[ a(Ct+*Gt)* ]Ter[Zt 1+ (2, *th7) T
o (1-a)(Cy+G7) Zyo T e (2] 7 T e

Note that the relative GDP can also be written as:
w[ Llazy ' +(1—a) (2,7 2;7) 1] (Lte

s = (G707 (2P0 (G ot

* * *1— Y ptw —
Yy —a Ci+Gy 1= a(Z] Z{ ”)“‘1+(1*G)Z{” ]
Lp(li w—1 1 xRy 1
— [Q] o(ptw) [Ct+Gt] +w [ [aZ -i—(l (l)(Z Z )w ] ]
Cr Ci+G; [a(Z] Z Tyt (1—a) 2]
Parameters:

If ¢ =0, i.e., inelastic labor:

Yt _ [ a(Ci+Gt) %[ Zf_l‘f'l%la(ztliﬁ/z;w)wil ]%
i (I—a)(CF+GY) I Lzt a(z7 77 7 )w—1

1—a

If also elasticity of substitution between home and foreign goods equals 1, i.e., w = 1:

Yyt _ _a Ci+Gi 1—a _ Ci+Gy

yr 1-a C;+G; a ~— Ci+Gy

If ¢ > 0, i.e., elastic labor, and w = 1:

yt . Ci+Gy
vy CiHGE

We show that in this paper this result holds even if w # 1:

p(l—w) 1+ wal 1— Zl—’Yz*’Y w—1 1+
Q]a(ww) [Ct+Gt]sa+ [[a i t0-a)Z, %) }}]ww can be combined with

The expression & = [
t

Cy Cr+Gy [a(Z2] Z; w14 (1—a)Z; !
1= *yyw—1 _ 14
. . . . . Y Ci+Gy aZ? 4+ (1—a) (2.7 Z7) Py
the expression derived below in Section 1.6 rewritten as: ( c*) [Ct* +G;] | (sz*l ot 4 (a2 T

Then:
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w_ [CirGr) =5 4 “+(1-a)(Z, 27! ]i“{ ;+W[Ct+0t]¢i“"[az‘“ “(1-a)(Z; 0z ]j,i‘i _

yr Cr+G; (ZWZ*l—“/)w—l_;'_(l_a)Z*w*l Cr+Gy (ZWZ*I_A’)“’ 1-i-(l a)ze—!
(w=1)+(1+¢) w—1 1=y sy yw—1 - (1+e)(1-w)+(1+¢)(w—1)
CutCe )™ ory— 4 [aZ (-4, 2, )°" 1) (o) —
Ci+Gy a(Z] Z; w4 (1—a) 27
— Ci+Gy
Cy+Gy

1.6 More on real exchange rate, Q;

* \1—w _ * V1-w
From Section 1.1: Q, = [a(atpig;wi((iz;gfft) ]ﬁ
t t

1w _ aleePl) =Y+ (1—a) (et PE)' ¥
t - aP};“+(1—a)Pp;

Use expressions for price indices:
W*

0 Wt —w 6 t \1—w
a(e —_— +(1—a)(et 57 _
l—w ( to—1 Z“’Z*l 'y) ( )( t9—1 Z;f) - <8tWt*)1_wa(Z;/Z:1 W)“’_l—l—l(l—a)Z:w_l o
t - 0 0 W, _ - w—1 7 MNw—1
a(ﬁij WHl_aXﬁZﬁl‘i"tZﬁ)l w W aZy " +(1—a)(Z,7 " Z7)w
%P* Y rkl—yyw—1 *w—1 * Y ¥l —v\w—1 *w—1
— ( B Tt )17wa(Zt Zy N+ (1-a)Zy — (Qtwt )17wa(Zt Z, DT +(-a)Z; —
Wi p, aZ I (1—a)(2} 7 27wt wy aZ¥ Iy (1—a) (2} 2} w01
1— — *w — 1— *
_ (Quof 1w ()l (B2 T 2 1o (Quvi y1-w1a 125 ZLE D A L
wy alZy e (2, 27w wy a zgTlyloa(zl 7z et

Tl 1 *w—1
:( _wt )w 11 —a 1— a(Z'YZ ’Y)w +ZW
Qtwt a Z:J 1 %(Ztl 'YZ?"Y)w 1
— — 1— * _
(e Yol = @ (w1 20 Rl (20
Qth{ 1—q ¥t a (Z’Yz*lf"/)w—l+zz‘w*1
Zw 1 1 a(Zl 'yZ*'y)w 1 1
] 1
*1 ’Y)w 1+Z*w 1

_wt (L)ﬁ

L[
Qrwf Qt

Use the expression for 2t from labor-clearing in Section 1.5 multiplied by

we 1 [a(ct+Gt)}w+¢Cta<w+w) [Z;J71+1TTE(Z1£1_’YZ:7)W71]W+“P

Qiwy Qt 1 P 1 !
t [(1-a)(Cy+G&He €, 7 F) [ (2) 271wtz e

Equate the two expressions:

w—1 | 1—a pl—7 %y 1 L o(w+e) row—1 | 1—a 1= %y 1#
(-2 )ﬁi[z +i=2(Z, "z ) ]% _ 1 [a(CiHGr|ete O (2 4522,z ) wte
1—a Q¢ Z”Z*l‘7 w1y zxw—l e 1 x P ol 11
al ) [(1-a)(Cy+G)F2 €, P WHo) (1o (7] 27 Ty -1y 27~ o
1 1— * _1_ a(wﬁ) 1 1— * _1
a zZp vz, z )t s [a(Ce+Gy)|=Fe T [z~ iy ez, Zi ) e e
(1_(1)“) [ (Z’Yz*l Vyw— 14 z7e= 1]“)_ -

L *a(w+<p) Y pkl—ry *u—l#
[(1—a)(CF+GY] e Cy (725 (2] Zy )tz ete

Zptyla(z gy ye-t e a(Cy+Gt)
a_ o= oohoTs — (_UCi+G) \gis (Ci\smrs)
(25)7 <zvz*1 Tz ’ ((1—a><c:+c'z)>“ P(gh) 7w

This can be simplified further as follows but notice that the “Z” function changes (We denote
it by 77):

whe  Zp—lyloe(z Tz w1 (ke Ci+G
(1) = = g (&)

96

iz e iz T T e e
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—(w— —1 1— 1—7 *y —1
( a )wiiw[z? +Ta(Zt Zt )w ]% — Ci+Gy (g)%
I 2 (2T CrHGr Gy

—1 1— 1— * _

(R b i e "2, 1]3%“‘{ = CitGi(Cr)?
o) e g e eI NG
[aZé“‘lJr(lfa)(Ztl”ZZ‘”)“‘l e Yer ()¢
a(Z] 27 e (1—a) 27 Cr+G}

o
*
Ct

Parameters:

If ¢ =0, i.e., inelastic labor:

[azf—1+(1—a)(zt1*”2;‘”)w—1 ]ﬁ _ GGy

a(Z) 27 ) (1—a) 27! C;+G;

If~=1:

[ aZ 1 (1—a)(Z} 7V 2} )t
a(Z) Z w14 (1—a) 27« 1
1= Ci+Gy (Ct )%

T CrGr\Cr

If also p =0: Cy + Gy = Cf + G}

| reduces to 1.

If v=0:

aZy '+ (1-a) (2, 277 ) aZy '+(1—a)zy ! Zi \w—1
- reduces to —=t— L — (£t .
[a(Z?Ztl 7)w—l+(1—a)zt*wl] aZ M (1—a)Zrv ! (75)
(ﬁ)lﬂo — Cit+Gy (Q)%

Zr Cr+Gr\Cy

— N Zt _ Ci+Gy
If also ¢ = 0: 7f = Cric

1.7 Useful properties

It will be useful to take advantage of the fact that income distribution is determined by con-
stant proportions, which is a feature of monopolistic competition models. Income consists
of labor income and dividend income. As derived in Section 1.5, the home GDP, y,, i.e.,
output produced by home and foreign firms in the home country, equals %(wtl)t + wy L)
in units of home country consumption. Therefore, the total home labor income equals
wily + wiLyy = ejlet, which shows that the share of labor income in the home GDP is a
constant proportion %. The profit of home firms, i.e., the profit generated by home firms
in home and foreign countries, equals d; + d; = y; — yt% = %yt, which shows that the share

of firm profits, i.e., the dividend income, in the home GDP is a constant proportion %.
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Similarly, foreign GDP g}, i.e., output produced by home and foreign firms in the foreign
country, equals y; = eiil(w,’f Ly + wyL%,) in units of foreign country consumption. Labor
income, therefore, equals %y;‘. In units of home country consumption, this is %yf@t.
The profit of foreign firms, i.e., the profit generated by foreign firms in home and foreign
countries, d.; + d};, in units of home country consumption is then %yt* (¢, which again shows
that the share of firm profits, i.e., the dividend income, in the foreign GDP is a constant

s 1
proportion 3.

2 Model Solution

There are four variables that will determine the model solution: CP, Qy, y2, and nfa,;.

2.1 Log-linearize Euler equations for consumption

Section 1.2 shows FOC wrt 2,7 combined with FOC wrt C}, which gives the Euler equation:
C, = BEAC, TR}
Log-linearize this equation:

_éct = _(%Etct—l—l + By Ry

Similarly, the Euler equation for the foreign country is:

T *—L x—L
Cy * =BE{C, v R{H} = BEAC, " Ry Q?fl}
fo— vltdf+dl” - - _ Qi pf ol o
where we used R = " defined in Section 1.4 and Ry = =55 Ry, which gives
t—1
foo_
Ry = R Q?Jil

Log-linearize this equation:

—1Cy = —1BC 4 ERiy + BiQr — EiQuia

Subtract the home and foreign equations:

~L(C— Cy) = —LEi(Cri1 — Ciyy) + E( Ry — By — (Q1 = Qi)

_é(étD) = _iEt(atl—)&-l) + Et(@t—i—l - @t)
6tD = Et(aﬁl) - OEt(@t+1 - @t)
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(Ct—l—l Ct )= O-Et(@t-i-l - @t)

2.2 Log-linearize expression from Section 1.6 and find elasticities of @D

This derivation finds elasticities of 5D :

O +Gy (&)J . [aZ —141_(1 a)(Zl 7 7)1 ]1+¢17
Ci+Gr\C; a(Z) Z w14 (1—a)Z et

log(C1+Gt)—log(C; +Gy)+ £ (log Cr—log Cf ) = SE2 [log(aZy'™ ' +(1-a)(2, 7 2;7)* ) —log(a(Z] Z; ")~ 4 (1-a) Z;“ )]

dC}+dGy dcy % *
dOitdgs  Soetete p e (dh Ty = Hea(w —1)dZi + (1—a) (w — 1)((1 —7)dZe +7dZ;) — la(w — 1) (vdZe + (1 —7)dZ]) +
(1= a)(w —1)dZ¢]]

Use Z = Z*, which is true in the symmetric steady state. Normalize Z = Z* to 1.

(e G ~ ~ ~ ~
TS ACIEHIE | 20P = L la(w— 1)Z+ (1 - a)w—1)((1 = Ze +750) — lalw— )G Ze+ (0 =)+ (-
a)(w ~1)Z{]

e (Co = C) + 55 (G — G + 2CP = Z[a(w - 1)Zi + (1 — a)(w — 1)(1 =) Ze + (1 — a)(w — DVZ} — a(w — 1)7yZ; —
a(w =11 -NZ; - (1 - a)(w-1)Z]

Usey=C+G. Sincey=1,C+G=1and C =1-— (. Then,

(1-G)(Ci—CH)+G(Ge—Gp)+2CP = B2 [a(w-1)(1-7) Ze+(1—a)(w—1)(1=7) Ze—(1—a)(w—1)(1-)Z; —a(w—1)(1-7) Z;
(1= G)OP +GGP + 200 = F2(w - )1 = )(Zi ~ Z})

(1-G)CP +GGP +£CP = (14 o) (1 =) 2P

(1-G+2)CP+=(1+p)(1-9)ZP - GGP

@ — (lzrwé(iwv)ZtD — G+*’GD

Ct ZTICDZDZt +770DGDGt

If G =0 (i.e., no fiscal shocks), CP = %ZD

If G =0and ¢ = 0 (i.e., inelastic labor) CP = (1 —~)ZP
IfG=0,¢=0and v =1, Ol =0.
IfG=0,¢=0,and v =0, @D:ZP.

If G=0and v=1, @D = 0 regardless of .

If G#0and ¢ =0, CP = (ll:g)zl)—%@?
IfG#O,cp:Oand”y:l,@tD:—%af’. If’y:O,@D:L P —EGP.
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2.3 Find elasticities of @t

This derivation uses the log-linearized Euler equations from Section 2.1 and @D from Sec-
tion 2.2 to find elasticities of @t:

Et(égl - @D) = aEt(@tH - @t) from Section 2.1.

Combine with CP = neo 70 ZP + nopeoGP from 2.2,

UEt(@t+1 - @t) = Et[nCDZD(Z\tal - ZD) + nCDGD(étD+1 - é?)]

Z’il = ¢, 7P +&,p,,, and (/}\tDJrl = ¢oGP +Eqpyyq where ¢ and ¢ denote the persistence of
relative productivity and government spending shocks defined as the percentage deviations
from the steady state, so:

0B Quir — Q1) = nev g0 (b7 — V) ZP + nevep (96 — 1)GP

0E(Qee1 — Qr) = —nenzo(1 — ¢2) ZP — nevan (1 — ¢6)GP

Q: = NQzP zP + Ylelely GP

JEt(@t+1 - @t) = U(¢Z - 1)77QZDZgD + U(<Z5G - 1)?7QGD@tD

0E(Que1 — Q1) = —0(1 — dz)ngzo ZP — o(1 — ¢ )nganGP

—nepzo (1 — ¢Z)2tD — nepgp (1 — ¢G')atD = —ongzo(l — ¢Z)ZD —ongar(1 — ¢G>a?

Ngzp = %ﬁchD

Noap = %UCDGD

Notice:

Q. = 'fIQZDZeD + WQGDatD

Combine with CP = noo ;0 ZP + nopeoGP from Section 2.2.

Because g0 = %,77017 zp and nogp = %ncDgD,

Q= LCP

@D = a@t, which shows complete markets risk-sharing. In other words, what gives the

risk-sharing is the movement in the real exchange rate.

~ A
Q= ,CP

2.4 Log-linearize relative GDP from Section 1.5 and find elasticities of 7"

This derivation log-linearizes % and then uses CP to find elasticities of 7P
t
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First, log-linearize 3—i The relative GDP was derived in Section 1.5 as 5—i = gﬁigi. We
t t t t

log-linearize following the derivation in Section 2.2:

e CLac,
CitGr hecomes log(Cy 4+ Gy) — log(Cy 4+ GF) and then 26tdGr dC;+dGy _ dCiG+dG G

Cr+Gy C+G C+G C+G
dC* C th /\* ~ /\* o~ /\* o~ /\*
Le1TiG = O (G- C)+ S5(G—Gy) = (1-G)(C, - C}) + G(G, - Gy) =

= (1-@G)CP +GGP

Then, find elasticities: 72 = (1 — G)CP + GGP
Use CP = T“’T#J)Zf — GJF@ GP from Section 2.2:
ytD =(1-— G)[(1+<P)(1 )7 ZtD G GD] + GGD _

1-G+2 1— G+"’
_ (1=G)(+p)(1—) 7 D G1-G+2£)— ci-6) 5 D _
- 1— Gf*" + Z 1-G+%2 G
_ (1-&)((+p)(1—y) 7 D 4 AD__
- 1-G+% Zt 1— G+“”G -

= 1yDzD Zt + NybGP Gt

IfG=0, @\tD: (1+90)( )ZD
IszOandy—l,yt:()
IszOandyzO,@\tD—lliiZD

IfG=0andp=0,5°=(1—)ZP
IfG#0and g =0,5° = (1—)ZP
ity =0, 57 = O ZP 4 Te GP

Ify=0and ¢ =0, y" :ZtD

2.5 Log-linearize the wage differential and labor differential

This section shows log-linearized wage differential and labor differential. These differentials
are used in the impulse response functions in Section 4 of the paper.

The wage differential is derived in Section 1.6 as:
w—1 | l1—a 7l=7 r*yyw—1 1 w—1 1= 7xy 1 1
wt:(a)w [z ez, 20 |5t = (L H—a)(Z{ 77 =
1—a (Z"’Z* Tyw—lqzFo= 1 a(Z) 2 w14 (1—a) 2%~ 1

This can be log—hnearlzed using the same steps as in Section 2.2:
@ — wy = (1 —7)(Z, — Z7), which is @2 = (1 — »)ZP.
The labor differential follows from the useful properties in Section 1.7. The home GDP,

Yi, is 57 1(tht + w;Ly) in units of home country consumption. The foreign GDP 3/, i
. . . . Ltotal
Yy = ei( FL; +w;iL},) in units of foreign country consumption. Therefore, —rmm = %
t -t t
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. . . Ttotal,D __ ~D ~D
Log-linearized: L, =y, — W .

2.6 Log-linearize NFA LOM

This derivation uses the NFA LOM from Section 1.4 to find the solution for n]/”\atﬂ:

nfais = RPoy + Renfa, + (1 — a)[(ye — Qi) — (Cr — QCT) — (G — QiG]

dnfa;y1 = dRPa+ RPday + dRinfa + Rdnfa; + (1 — a)[dy; — (dQwy* + Qdyt*f) — (dCy —
(dQ:C* + QdCYY)) = (G, — (dQiG* + QdGY))

Use RP =0 and nfa = 0:

dnface = dRPa+ Rdnfa,+ (1 - a)dy, — (dQuy™ + Qdy;”) — (dC, — (dQ.C* +QdC;T)) —
(dGy — (AQ:G™ + QdG})]

Use @ = 1 because it holds in the symmetric steady state, and net foreign assets equal 0:
dnfay = dRPo+ Rdnfa, + (1 — a)[(dy: — (dQuy + dyi!) — (dC, — (dQ,C* + dC;T)) —
(dG, — (dQ,G* + dGT)]

Notice that we are subtracting dy; and dy; ! that are in units of home consumption and for-
eign consumption, respectively. We can subtract these terms because we already accounted
for the different units by including the real exchange rate. This works because in the sym-
metric steady state, the real exchange rate terms drop out () = 1). This is used later on in
other derivations, for example, the derivation of the differential in equity values, 7.
dnfai1 = dRPa+ Rdnfa; + (1 — a)[(dyP — dQuwy*) — (dCP — dQ,;C*) — (dGP — dQ,G*7))
Divide by C'. Use C' =1 — G, which comes from y = C' + G combined with y = 1:

d dRP dyP *f dcpb *f dGP *f

e = T R+ (- o)l — ) — (T - ) - (55 — )

N dRP sdnfa dyP dQuy*f ~ dQ.C*f dGp dQ:G*f
nfa = ﬁGO‘ﬁJrﬁ t+<1_a)[(1yt(;%_ci2t—ya>_(ctD_ th )_(1 Gg_ CftG >]

N a ¢ f *f
nfar = st RP+infa+ 5590 —(1-a)CP — Sr9E GP 4 (1—a)[— 220 4 4L 4 G

r a s a *f f
nfans = sp2e BY +dnfa+ 12550 — (1-a)CP = U202 GP + (1 —a) [ 4§+ 02 G

dQ:G*! Q]
-G Q

Use Q = 1:

—a a)G Ow*f  Q.c*f  O.G*f
1oagD (1-a)CP — U209 G0 4 (1—a)[— 9y 4 @O 4 QG

nfa = e It
Use y*/ =

N ~ 1-a)G A O A,0+f  O,G*f
nfai = ﬁ(l G) 1 Gyt (1_(1)0?_(1_& Gf’—i—(l—a)[—ﬁta—l—@c +Qlt—G]

Use C=1—-G. Use y*f = C* + G*/ combined with y*/ = 1:
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~ o~ ~ —aCA A A, (1_f A v f
nfa = a2 BP+infat 12800 —(1-a)CP — U2E GP+ (1-a) - 25+ 90=57 + 94
nfa = 5% G)RD—i— nfat—i—ll —4up — (1—a)CP — U= aGGD

nD
= G)R as in GLR.
nfa = nfa, + &+ EL5P — (1 — a)CP — L=EGP
Note that this expression is identical to GLR.

Define excess return shock §t

Given solutions for C2 and 7P (that are functions of ZP and GP), this gives solution for
nfat+1 as a function of nfat, 5757 D and GD
Notice there is no real exchange rate in the log-linearized LOM for NFA. This is because of

the symmetry of the steady state.

We can use gy derived in Section 2.4 as g2 = (1 — G)@D + G@D to substitute here:
nfa = tnfa + g BP + 28((1— G)CP + GGP) — (1 - a)CP — 495 Gp

nfag, = gnfat + mRtD

a = 0 is required for nfa; 1 =nfa; Vt.

2.7 Find elasticities of 0"

Euler equations from Section 1.2:
-1 — 5 Vtt1tdep1+df

Ct 7= ﬁEt{CtH—} 5Et{ct+1Rt+1}
-2 0f g Fdsei1+ds _ z

Ct 7 = BEt{OtH w} - ﬂEt{OtHRtH

Both of these equations are in units of home country consumption.

Excess return from holding foreign equity is defined in Section 1.4 as R” = Rf — R;.

Use E,RD | = 0.

Log-linearize Euler equations for home firm and foreign firm shares from Section 1.2.
Starting with home firm shares:

C;%Ut = BEt{C;E(UtH + diy1 +diyy)}

dvy = BEdvy + BEddyq + BEddy

Divide by v:
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dvy __ BdEiviga BdEidi1 BdEd; 4
v v + v + v

= BBV + 5Etdt+1— + BEt t+1

From Section 1.7, the following holds: d; + d; = %yt. Due to the assumption y; = 1, it is

possible to write: d; + dj = %. In steady state, the Euler equation for home shares becomes

v = v+ Bd+ Sd*, which becomes v = v + ﬁ% which can be written as v(1 — ) = § which

B
(1 B

ﬁEtUtH‘i‘ﬁEtdtH ﬂl +5Et t+1 ﬁ é BEtvt+1+( B)Etdt+1d‘9+( 5)Et£<+1d*9:

BE U1+ (1— ﬂ)@EtdtHd—i-( B)QEtd;“H(l d), which does not lead to a convenient format

can be written as v =

as in GLR. Therefore, we define total home firm profit as d;; = dyy 1 + d 41

We can then write the Euler equation for home firm shares as: C, %"Ut = ﬁEt{C;é Ry} =
ﬁEt{Ct;% (ves1 + dig)}

dvy = BEdvysy + BEddy

Divide by v:
& — BdEtUt+1 + ,BdEtat+1
v v v

SISV

= BE U1 + ﬁEtdtH
From Section 1.7, the following holds: d;, + d! = d;, = %yt. Again, due to the assumption
y, = 1, it is possible to write: d; = %, which in steady state becomes d = %. In steady state,

the Euler equation becomes v = v + 3d, which becomes v = fv + 3 % which can be written

asv(l —p) = % which can be written as v =
0y = BE@11 + BEdin
a-pe

iJ\t — BEtat—l—l + Etat+1(1 - 6)

Following the same steps for the foreign firm’s shares:

6(1-8)"

U = BEOUL, + Eﬁ;l(l — /) where d, is defined as d,; + d,, i.e., total profit of the foreign
firm.
Subtracting expressions for the home firm and foreign firm shares:

= Ey[Bof, + (1 — B)gil] where the log-linearized difference between total profits gen-
erated by the home firm and total profits generated by the foreign firm, gil, is defined as

diy1 —dyy = (dt+1 +di,,) — (d*t+1/+\djt+1). Note that this is similar to Equation (43) on
p. A-4 of GLR.
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~D
Next, we obtain an expression for d, ;. Here, we take advantage of the useful properties

from Section 1.7. Since d; = d; + d;y = %yt and 3: =d; +d;, = %y*tQt in units of home

di+dy Gyt d Yyt
ntr nsumption, it i ibl rite 4 = = hich means & =
country consumption, it is possible to write i Totds, %ny’W C eans i v G

Roll it forward by one period: oy . _yeri

dt+1 y;+1Qt+1 :

~D ~
Log-linearizing gives d,,; = Yit1 — (Y31 + Qes1)-

Substitute into 07
E[B05, + (1= B)(Hie1 — (B + Q)]
Notice: This combines E,RZ, = 0 and R? = — (80P + (1 — 8)(§ — (7 + Q1)) + 02, =
—[/351) + (1= )@ - Q)] +77,

Ep Ut+1 (1 5)( Qt+1)]

oP = Ey[Bo, + (1 - 5)(77 bz Z{ly + nyDGDétD+1 — NQzP Z% - nQGD@tDJrl]

P = BB Ut+1 (1= B8)(my DZDZt—H + nyDG’DGt—H UCDZD2£1 - iUcDGD@tDH]
E[B08, + (1= B)(nypz0 — Eneozo) ZBy + (ypap — Lneoen)GP4]

0P = oo z0 ZP + 1ypenGP

Nupz0 ZP + 100 GP = B[B0F, + (1= B)(ny020 — tneo o) ZE + (nyoeo — tnepen)GPy]
oo 70 ZP + 0GP = B0 2002 ZP + oo daGP) + (1 — B)(nypzp — %nODZD)¢ZZ\tD +
(mypgp — %ﬁcDGDWG@?]

where we used Z2, = ¢z ZP + 40441 and GB, = 9GP + Egpyan

Match the coefficients:

Nwpzp = PNpzodz + (1 — B)(nypzp — %ﬁcDZDWZ

(1 - 5¢Z)%DZD = (1 - B)(%DZD - %UCDZD)¢Z

_ (1=B)¢z(n,p ;0 31D ;D)
bz = =82

nwogp = Bnyoepda + (1 — B)(nypep — %ﬁoDGDWG
(1= Boc)noer = (1 — B)(nypep — tnevep)da

_ (1-B)éc(n,04D~5NeD D)
PGP = 1-Boc
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2.8 Show that excess return }A%? is a linear function of innovations to relative

productivity and government spending

From Section 2.7:
RE, = —[B07, + (1= B)(U5, — Quar)] + 0P =
= _[5(77UDZDZt+1+77vDGD@£1-1)+(1_B)(nyDZD_%nCDZD)Z\g—1+(1_ﬁ)(nyDGD_%UCDGD)étD—H]+
oz ZP + mDGD@D =
_ _[5(1—5)¢z(nyDZD Lnepyp) Z+1+5 (1-B)éa(n,pop— nCDGD)éﬂl—i_(l_B)(nyDZD_%nCDZD)Z\t[il—i_

e (1-B)¢z( Y ) (1-B)¢a( ; )
1-B)¢z(n,pzD—5NcD4D) & 1-B)¢c(n,pap—oNebgD) A
(1 - ﬂ)(nyDGD - _nCDGD)Gt—H] + gi Z’ﬁsz —Z ZD + ?i §¢G < GD -

[6UUDZDZt+1+5nvDGDGt+1+1 IB¢ZT]UDZDZ+1+1 B¢GnUDGDGt+1]+nvDZDZ +77UDGDG
[5¢Z+1 /3¢Z77szDZD + B¢G+1 ﬁ¢GnvDGDGt+1] + nvDZDZ + nvDGDG
—[5

nvDZDZtJrl + nvDGDGt+1] + 0o g0 ZP 4 1y GP

=" ZZZD (Ztl-)‘rl ¢ZZtD) = ch;;D (Gt+1 ¢GGt )=

_ _ Mo 1,D gD
= =5z 5ZDt+1— o fGDt+1

1 (1-B)éz(n,p,p—Enep,p) 1 (1=B)¢c(n,pep—2ncDGD) 2
= Tz 1— gqu fZDtJrl ~ %c 1— 5¢G £GDt+1
_ (-B)n,p 0~ 51eD D) (1-B)(n,p D~ 21D D)
- 1-Béz Ezvri — e £orrn
p
(1-p) (=g ap= - i) -8 g5 gre) ~
= - 1-Bo, fZDt-i-l - 1-_Boc gG’Dt—I—l
- g)ei= G)(Hﬁ)l(lal)w()lwxl ) ( 7&0? cﬁ’)
= - 3oy £ZDt+1 - chf?tﬂ
B (Lgﬂlw)fyl(:)c[i(%f)c;)fu R (17&05;(?&)
- 1— Bz fZDtH - W GPt+1
= URDgZszDtH - URDganthH
where we used ZD = gbzzgl + fZDt and @? = gb(;@tD_l + ggpt.
Notice there is no « in these elasticities.
_ 1=+ v)(v D¢
If G = 0 Rt+1 (1 5¢Z)G(1+ §ZDt+1
IfG=0and~v=1, Rt+1—0V0,g0
fG=0ando=1, RtH:OV'y,go
1-8)(1—y)(o—1)
If G =0and p =0, RP, = —U200Dg
~ (1-p)2letl) -
s(1-G+ %)
If G # 0 and Y= 1: RtDJrl = _WfGDtJrl
_ _(1-pa-A)[e(1-G)~ 1-8G ¢
£ G #0and o= 0: R = — G- — g fern
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If G 7é 0, Y = 0 and oc=1: RtD—&—l = %gzljt-l-l %gGDt—FI

2.9 2nd-order approximation of the portfolio part of the model

From household FOCs for :

1 1
C, ° = BE{C,,5Ri41}, which can be written as: fﬁ Et{CtHRtH}

Ql=

_1 _1
C, ° = BEA{C,,5R;,}, which can be written as: C

= Et{CtH Ry
1
Equating these two expressions gives us: Ey(C,.9 Rt“) = E,(C,, +1Rt 1), which can be writ-

ten as Ey(Cy 7 Riv1) — Et<0t+1Rt+1) 0

Take second-order approximation and evaluate it at steady state:

Et(_;fcjfldotﬂ Ret) + Ei(Cy 5 dRyy) — Et(—ic;%fldeRIH) — B(C5dR;,) +

[—5(=5— 1)0;%1_1_1d20t+1Rt+1 + Ctjlo + 2(—%)0;%1_1d0t+1th+1] -

L1 T RC R, — 30— 2~ 2)Crs G dR;,) =

= E,(-1C7271dCp1 %) + E(C™7dRiy) — (—lc—é—ldoml) — E,(C#dR;,,) +
[—1(=1 = 1)C T PCr 3 + 2(- )07 dC 1 d Ry ] —

[—L(=1 = 1)C T PCra 4+ 2(-1)C77 1 dC Ry ) =

= E,(C~#dRyy1) — B/(C~+dR;, ) +1[2 (—5)0—*— dCy1dReyy] — 2[2(=1)C~+71dC, 1 d Ry, )]

= E,(C~+dRys1) — B(C~#dR;,,) + [~ 10~ 71dCy1dRy] — [~ 1C~+71dCy 1 dRE

Divide by C~7 and R.

Rin— By + (-1CiaRi) — (-2CiaByyy) =0

+
Nl N

1
o
1
o

+
N—= N

The same derivation for the foreign country gives:

R{H - Rﬁl + (_%C{LR{H> - (_%thle{iO =0

Subtract expressions for the home and foreign countries:

2) oL ~ D A D nf D Af*x 1 Afx pf _
Rii =Ry (=2 Coa Ren) = (= 2Cha Ry ) = R = R+ (= 2CIN RE ) — (- 2CLL RT))] =
0

From Section 1.4: R;q = Qg; R{H

Log-linearize: §t+1 = @t+l — @t + E{H

Same for the foreign:
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Log-linearize: ﬁ?ﬂ = ©t+1 — @t + }A%:_{l

Using this, simplify: (—iaﬂﬁtﬂ) - (_%ét-ﬁ-lé;,-l) - [—iaﬁﬁfﬂ) - (_%éfjlégil)] =0
CosrBesr — Con Ry — [CLL R, - LRI = 0

Cis1Ricr — Cona Ry — (O (Rey — Quen + Q) — Cl(Ryyy — Qe + Q1)) =0

6t+1§t+1 — at+1§;+1 - [6{:1§t+1 - atfjl‘ﬁ;rl] =0

Et(ag-létD-H) =0

This results is the same as in GLR.

However, notice that there is no « in either expression:

Substitute expressions for C2, from Section 2.2 (i.e., CB, = %Zgl — ﬁ@gl)
5 ~ (1-g) Ut leG G-t (1-p)Stett)
. 3 o(1— = o(1— =
and RP, from Section 2.8 (i.e., R, = — 1_(ﬂ¢z+”> gyl — #fgntﬂ).
Therefore, this will not pin down any « in contrast to GLR.
3 World Variables
GDPs of the two countries are given by:
vy = RPZLi+ RP*tZtI_VZ:WLm (1)
yi = RP'Z]Z;"L; + RPLZ; L, (2)

In log-linear form:
g = L(EE+Z}+L> + L, [}/%T’*t+(1—7)2t+725‘+ﬁ*t} ,
g o= L* [Eﬁf+72t+(1—7)25+ﬁ:] + L (}/%J\Dit+25+£:t).
Equations (1)-(2) and symmetry of the steady state imply:
l=L+L, and 1=L"+1L].
We will show below that the following results hold:

L=a, Li=1—a, L'=a, Li=1-a. (3)
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Hence,

5 = a(}/%?t+2t+it>+(1—a) [E]\D*t‘i‘(l_’Y)ZAt_"'YZ:—'_L*t}’ (4)
G = a|RP 492+ (1= 2+ L) + 0 =0) (RP,+ Z; + 1Y) (5)

Next, take a population-weighted average of equations (4) and (5), and define 3V as:
ag + (1 —a) gy =

= a{a(}/%?t+2t+ﬁt>+(1—a) [ﬁ]\D*t—i—(l—v)ZAH—vZE—i—ﬁ*t}}

—i—(l—a){a {ﬁ?j+72t+<1—7)25+£:] +(1-a) (RFL+Z;+£;)}.(6>

N1
Yy

Note that this can be rearranged as:

3" = a [aﬁl\% +(1—a) E]\D*t} +(1—a) [aEI\D: +(1—a) E]\D:t} +
+aZy+ (1 —a)Zf +a [azt +(1—a) E*t] +(1—a) [aif +(1—a) Zit] :
Note also that labor market clearing in the two countries requires: aL; + (1 — a) Ly = L%
and aff +(1—a) Zit = [AJZ‘S , where S superscripts denote the total amounts of labor supplied
in the two countries. Defining ZV = aZ, + (1 — a) Z; and LY = aL? + (1 — a) LS makes it

possible to write:
w_ [ 5P P »p »p* SWo FW
gl =alaRP,+ (1—a)RPu| + (1 - ) [aRP; + (1 =) RP, | + 2 + LY. (7)

Labor demand equations by firms in the two countries and production functions for

domestic and offshored production imply:

RP,Z,L, = aRP'™“(C,+G,),
RP.Z7Z7L, = (1—a)RP*(Ci+Gy),

RP;Z]ZI'L; = aRP/ ™ (Cr+Gy),
RPLZILY, = (1—a)RP(CF+GY).

In the symmetric steady state, these equations imply the results (3). Moreover, from these

equations, GDP expressions, and the definition of 4", it follows that:
gV = (1-G)CY +GGY +a [aﬁﬁt 4 (1—a) fzﬁt] +(1—a) [af{]\D: 4 (1—a) Eﬁit] L (8)
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where we defined C)V = aCy + (1 —a) Cf and GY = aGy + (1 — a) G2
Next, observe that aggregate per capita demand of consumption output in the two coun-

tries is equal to yP = Cy + Gy and yP = C; + G, or, in log-linear terms:
P =01-3)C,+GG, and P =(1-G)Cf+ GG

Taking a population-weighted average of these equations defines ,'? = (1 — G) @W +GCA¥ZV .
This and equation (8) together imply:

a|aRP, + (1 — a) E]\D*t] +(1—a) [GEI\D: +(1—a) }/%?’:t] =0, (9)

and:
9 =2V + L. (10)

Note that equilibrium in the world market for consumption requires: gV = ¢;"?, or:

W=01-a)CY +GGY. (11)

Log-linear versions of optimal price setting equations imply:

ﬁt = UAJt - Zt7 (12)
RP, = i - |vZ+ (-7, (13)
RP = in—|(1=7)Z+4%]. (14)
RP,, = o} =7, (15)
and substituting these into (9) yields:
' =2, (16)

where we defined " = aw; + (1 — a) ;.
Finally, taking a population-weighted average of the log-linear versions of home and

foreign labor supply equations yields:

A

LV = —%C@W + ol (17)

The system of equations (10), (11), (16), and (17) determines the endogenous variables

o, ﬁfv , CA’tW , and ;" as functions of the exogenous shocks C?tW and ZAtW . It is easy to verify
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that this is the same system of equations as in GLR. It follows that the change in production
structure and demand-fulfillment from the one in GLR to the one we are studying in this
paper matters for how world production is allocated between the two countries but not for

the overall amount of world production.
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