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A. Two Site Jump

e This is a simple example of the use of conditional probabilities. This
particular example uses a two site jJump to model the segmental motion of a
polymer, but other applications are possible.

e In the limit of high barriers (i.e. >>10kT) and for large values of D=BKT,
motion in a double well potential can be treated approximately as a two site
exchange, that is, exchange between the two well minima.

e Suppose a C-H bond vector reorients between two angular orientations.

P, (#,) is the probability that the C-H vector is located at ¢y at equilibrium.
The function P(d |,,t) is the conditional probability and is obtained by

applying initial conditions to the function P (¢,,t). Designate the probability
of being at site 1 P1(t) and similarly for site 2. The C-H vector jumps between
the two sites ltﬁ 2 and the equations of motion are
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This may also be written in vector notation...
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The conditional probability is obtained from the equation
P(¢[dyt)=e"'P(0) (9.3)

where P(0) is called an initial condition. So we have to determine the operator e"*. To do
this, determine the eigenvalues of I'. Call these eigenvalues A; and A,. Then construct the
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matrix e " where A = (ﬂl ] Note: These calculations can and should be done

analytically.

e Solve the determinant equation...
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e Determine the eigenvectors u; and u,. Hint: Use the relationships

T, = ﬂl,Zul,Z
Using these results, derive the matrix T, whose columns are the eigenvectors.

Prove that I' =TAT * and calculate e =Te T . Note: you obviously have to
determine the inverse matrix T™. This can and should be done analytically.
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orthonormality properties of the eigenvectors. For example...
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e Solve the equations T'u,, :( 12 le( ZZJ = A,U;, and use the
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and similarly... U, = L (l]
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e Then T has as it columns the eigenvectors... T —[ o J Now to invert T
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use the relationship...
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Solving...a=b=
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e Determine the conditional probabilities. Suppose we have the initial
1 0
conditions P,(0) = (OJ and P,(0)= (J . The vector P;(0) means all the C-H

bonds are at site 1 at t=0 and P,(0) means all the C-H vectors are at site 2 at
t=0. Generate the four conditional probabilities using the equation

P(¢.(12).t:4(12))=¢ "R, (0) (9.8)

.Performing this operation explicitly...
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e Finally calculate the equilibrium probabilities by taking the infinite time limit
of the conditional probability.
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e As an application one can calculate the correlation function. See next
homework set.
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