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A. Time and Ensemble Averages

Assume some property of a system is described by a random variable x(t). by
random variable we mean that the value of this property at any time can only
be assessed statistically.

Assume the underlying process that makes x(t) vary randomly is stationary.
Stationary means that the probability distributions that we use to calculate
averages of x(t) do not vary with a shift in time coordinate.

A consequence of the stationary nature of a random process is that if we
observe x(t) over a long period T, which exceeds any periodicities in the in the
process, observing X(t) for a large number N of such periods T is equivalent to
observing N arbitrarily chosen systems from an ensemble of similarly
prepared systems. This is called the Ergodic hypothesis.

Consider the average of a property x observed over a peiod of time T:

+T/2

x(t)=Lim= [ x(t)dt (7.1.1)

We can also define the ensemble average as
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(x(t)) = j xf (x)dx:wal(x)dx (7.1.2)
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In (7.2) W1 is the probability of a value occurring between x and x+dx. W1 is

independent of time if the process is stationary.

According to the ergodic hypothesis ~ (x) =X

We can similarly define a correlation function for a stationary random

process:
+T/2

C(r)=Lim> | x(t)x(t+r)i (7.1.3)

T
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We have heretofore treated the correlation function as an ensemble average
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K(7) :<x(t)x(t+r)> = J' j XX W, (X5, 7; %, ) dx,dx, (7.1.4)
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where W, (x,,7;,) is the joint probability, i.e. the probability that a value of

X1 is initially observed and at a time < later a value of x; is observed. Also
according to the ergodic hypothesis C(t)=K(t).



B. Wiener-Khinchin (W-K) Theorem

e Consider the average and correlation function for a random stationary process:
+T/2 +T/2
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y(t)=(y(t))= IT_LT?J'IZ y(t)dtand C(z)= -IFLT?{'[/Z y(t)y(t+z)dt  (7.1.5)
e Define the Fourier transform of y(t):
Y (@)= [ y(t)edt (7.1.6)
where also _
1 T —iof
y t)=g_|;Y(a))e ‘deo (7.1.7)
e Substitute (7.1.7) into the correlation function expression
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e The quantity
1 ~a
$ (@)= Lim=Y ()Y" (o) = TLLTT V(o) (7.1.9)

is called the spectral density. It can be shown that the spectral density is an even function

so the Fouier transform expression is finally
7) =i j S(w)e™ daw =i-[ S(w)coswrdw =
* (7.1.10)

o S ZIC coswzdr

C. Solution of Free D|ffu3|on Langevin Equation Using the W-K
Theorem

e Recall the Langevin Equation for free diffusion:

SrE=A)

7.1.11
dt ¢ ( )



e Define the Fourier transform of the velocity:

V(0)= [ v(t)edt (7.1.12)

e Fourier transform both sides of (7.1.11)
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ia)\7(a))+M = _[ A(t)edt = A(w)

AT “ (7.1.13)
V(@)= iw(fz - 7(0)A0)

where 7 () is called the response function.
e Now by definition

®,(0)=lm=N (o) =|7(e) anl\A(w)
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1
= O,(w) (7.1.14)
e Now @, (w) is the Fourier transform of the correlation function of the
fluctuating force...
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¢ i ¢ i 6k, T
) =K 'Sds = o “Sds = =—2 7.1.15
(@) :[0 A(5)e"ds a_[o (s)e”ds=a v ( )
e We now put the result from (7.1.15) into (7.1.14):
@, (0) = @, ()= Hel 1 (7.1.16)

O +T" ™ @& +77°
e Now use the result from (7.1.16) to determine the velocity autocorrelation
function:
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V( ) V( ) 27 V( ) 2r ™ _-[Oa)2+12
(7.1.17)
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