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A. Relaxation in Random Fields

Here we consider the form of the master equation when we apply an alternating
field with a frequency close to the “natural” frequencies of the system. Such a
field can induce transitions and thus is said to be resonant with the system.

For such a case we assume the Hamiltonian has the form

H=H,+H,(t) (26.1)
We can go into an interaction frame
H: (t) — eiHot/h Hl(t)efiHOt/h and p ( ) IHOt/hp(t)efiHo'[/h (26.2)
e In this interaction frame the equation of motion is:
a ) t i * *
Pat( )=—%[H1 (t),p (t)] (26.3)
e We now formally integrate both sides of (26.3)
. . i | . .
P (t)=p (o)-—jds[Hl (s).0°(5)] (26.4)
e Then substitute (26 4) back |nt0(26 3) We obtain
dp” . .
o= —[H: (1), -~ jds[ H; (s).0°(5)]] (26.5)

We can simplify the problem by assuming a particular form for the initial state.
We assume
=1form=n=Kk
m|o*(0)|n
(ml+(0) >{: 0  otherwise
Note in (26.6) the assumption is that only a single element, the kk element of the

density matrix is non-zero.
We now take matrix elements of both sides of 26.5 in an eigenbasis of Ho:

(m[=2-|m) = < {m 5" (1) m)
| iy (26.7)
=7<m|[H;<t>,p*<o>]|m>—;£ds<m|[H:<t>,[H:<s>.p*<o>ﬂlm>

(26.6)

Given the initial conditions in 26.6, the commutator matrix elements are zero.
Then 26.7 reduces to



:#i‘ds(<m| H; ()] k) (k| H, (s)[m)-+(m|H; (s)|k)(k|H; (t)|m)) (26.8)

=—2de( = (mlH, (1)]Kk) (k[ H, (5)|m)+e7 2 (m]H, (5)|K){K[H. (£)|m))

where 26.8 was obtained using the interaction frame definition 26.2 and the initial
condition 26.6. Note @, = @,, — @, and note also that there is no summation over k as

the t=0 density matrix only has a single element that is non-zero, i.e. the kk element.

e We now assume a form for the perturbation Hamiltonian:

t)= > AE,(t) (26.9)

gq=x,y,z
e 1In26.9 Aqis a system operator that does not commute with Ho and Eq4(t) is a
stationary random function of time.
e Because the perturbation is a random field we have to account for its effect by

averaging over the ensemble, which we indicate with { ).

d{pm) _1 t
. <dt >:?<{Z<m|ﬂh|k><k|ﬂh|m>J-dz-<Eq(t)Eq(t—r)>COSa)mkr}> (26.10)
q 0
where 26.10 is obtained by assuming the X, y, and z components of E(t) are not
correlated: (E, (t)E, (t-7))=0 if q=q'.
 Note that in 26.10 we assume that E, (t)E, (t—7) drops off very rapidly as t

departs from 0. Together with the stationary character of the random perturbation
we obtain

fend - 23 ] A J) k| A )y (1) () osan
:_z<m|ph|k (K| A,|m Id< (t+2)E, (1)) cos 7 (26.11)
=?Zq“<m|ph|k><k|,%|m>£dr<Eq(1)Eq(O)>coswmkr— ZJ W,

where in 26.11 J, (@, ) is a spectral density, defined as the cosine Fourier transform
of the correlation function C, (7 ):<Eq (7)E, (O)> and W

k—m

is the probability per

unit time for the transition from k to m. Note we can interpret —- e ZJ @, ) in this
a

way because we only have a single original state: k.



e \We assume a common form for the correlation function:
C,(r)=E2 """ (26.12)
e Substitute 26.12 into 26.11

d(Pmm) 2 2[ g ekl ( j
——L=—3%(m k) (k m)E;|dze "™ cos o, r— —
= Sl A )kl A ) €7 " s
(26.13)
e For a 2-level system where the quantity «,, = », we have
Bl . 26.14
T, h2 [a) s +1J ( )

Where T; quantifies the time scale of relaxation of the populations.



