University of Washington
Department of Chemistry
Chemistry 553
Spring Quarter 2010

Lecture 21: Survey of Quantum Statistics

05/17/10

J.L. McHale “Molecular Spectroscopy” Prentiss-Hall, 1999.
McQuarrie: Ch. 21-8
R. Kubo “The Fluctuation-Dissipation Theorem” Rep. Prog. Phys. 29, 255

1966.

R. Kubo, Statistical Mechanical Theory of Irreversible Processes 1. J. Phys.
Soc. Jpn. 12(6), 570 1957.

A. Summary of Linear Response Theory

In the last few lectures we established several key relationships. This includes
the displacement of a property B of a system from equilibrium by the
application of a weak field

AB(t)=(B(t))-(B jdsF ) fon (t—5) (21.1)

where the linear response or after-effect function is
1

fn (1) = [ dXF, {B )A(O)}:<{B(t),A(0)}>=—kB—T<B(t)A(O)> (21.2)

If the field is time dependent i.e. F(t)=F, coswt then

jdsF )an (t-5) =F, Re{e""‘ze"”w() }

=F, Re[ '“’t;(BA( )] =F, (;( (a))COSa)t + 7 (a))sm a)t)
In equation (21.3) y (@)= z'(@)—ix"(w) is the one-sided Fourier transform

of the response function and is called the complex susceptibility. The real part
is related to the cycle-averaged reversible work done by the field on the

system U_ and the imaginary part is related to the dissipation of energy from
the field by the system D, .
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A fundamental relationship between the imaginary part of the susceptibility
and the correlation function is the fluctuation-dissipation theorem:

Zoa(@ :—Idt coswt (21.5)




o Finally, as a result of the causality of the linear response function (g, (t) =0

if t<0) the real and imaginary parts of the complex susceptibility are related by
the Kramers-Kronig relations:
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The physical meaning of the real and imaginary parts of the complex
susceptibility can be given further meaning by way of example. Suppose a static

field E, is applied to a polarizeable material. The polarization P comprises the

induced dipole moments and aligned permanent dipoles of the system. The
polarization opposes the static field so the average field in the material is:

E-E —83 (21.7)
0

where ¢, is the free space dielectric constant or the free space permittivity.
The polarization is proportional to the average field
P=¢g,(¢ -1)E=¢1.E (21.8)
where the relative permittivity (also called the dielectric constant) is &, = i,
&y
& 1s the permittivity of the material, and y, = ¢, —1 is th electric
susceptibility.
If the field is time dependent

P(t)=&| E(t)p(t-t)dt'=&F, Re[j_twe‘%(t—t')dt }

= &,E, Re[e“"t J.: e_i“”qﬁ(r)dr} = £,E,Re[ ' 7, (o) ] (21.9)
=¢g,E, Re[e""t;(e (a))J
where now g, (o) =¢, (0)-1, ¢ (@) =¢ (@)+ie (o)

and where the real and imaginary parts of &, (a)) satisfy KK relations.

e Note: The convention for the permittivity has it origins in the definition of
the electric displacement D:

P=¢,E,Re [ei”’t;(e (a))] = ¢,E, Re[ei“’t (& (a))—l)]
= 5,E(t)(& (@)-1) (21.10)
S D(t)=P(t)+&E(t)=¢ (0)5E(t)=¢(0)E(t)
Now the refractive index is related to the dielectric permittivity by
n’(w)=¢, (w) so if the permittivity is complex so is the refractive index:



n(w)=n"(o)+in" (o)

rel(0)=[n'(0)] ~[n"(w)] and & (@) =2n"(o)n" (o)

(21.11)

Consider an electromagnetic plane wave propagating through a medium with

electric field

E(t)= Re[EO exp[i(kx—a)t)ﬂ (21.12)
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and the wave number is k = (n’(a))+ in”(a))) . This puts (21.11)

into the form
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 According to (21.12) n’(@), which is commonly referred to as the
refractive index, changes the wavelength of the wave as it propagates
through the medium while the dispersive term n"(®) attenuates the
amplitude of the wave.

e Now consider now the wave intensity:

| o |Ef = |Oexp{_4%(a’)x}= Ioexp{mx}: e (21.14)

n'(w)c

(21.13)

where vy is the coefficient of absorption given in the Lambert-Beer Law as
y=¢,C (21.15)
C is the concentration in molar units and &,, is the molar absorptivity.

B. Quantum Systems: Introduction

To further apply linear response theory to spectroscopic problems we need to
extend the formalism to quantum systems.

We will first define the quantum Liouville operator, the density operator, and the
and the essential features of quantum mechanical linear response theory...which
leads to Kubo’s theorem and the quantum mechanical fluctuation dissipation
theorem.

We will find the Classical/Quantum Correspondences useful.

0 The classical distribution function f(X,t) corresponds to the quantum

density matrix p(t). The equilibrium density operator is defined as
g FHo

Pag = Po = ...where Q =Tr (e ) (21.16)

Which corresponds to the classical distribution function:



e—ﬁH(p,q)

1 _
fo="f,=f(X,0)= where...Q=hwfdpl...dequl...que pr(pa)
(21.17)
e The equation of motion of the density operator is
op i
—=——[H, =_L
o alhel=le (21.18)

where[H, p]=H p - pH

e Classically:
of

Ez—{H,f}——Lf
(21.19)
where {H, f} = oHof oHat
op oaq 0oq op

e There is also correspondence between the classical ensemble
average and the quantum mechanical average

(A yusse = J IX AT (X,1) & (A(t)), o =TH(AM) (1)) (21.20)

e Finally the quantum correlation function is

gBA(t):Tr{po(B(t)A(0)+A(O)B(t)j}:Tr{%[B(t)A(O)l} (21.21)

2
e The quantum/classical correspondence is
gBA(t)zTr{%[B(t)A(o)} }@cBA = [dxf,B(t) A(0) (21.22)

e With (20.1)-(20.7) we can obtain the quantum fluctuation
dissipation theorem...which is our first step toward a theory of
spectroscopic line shapes.

%:—%[H,p]:—l[Ho—AF(t)’P]:_%[Hmp] -
p(t)=py+— je A p]F(s)ds
(21.23)

e The displacement of the operator B is therefore:

AB(t)=Tr(Bp)-Tr(Bp,) z%Tr(Bj' g () [A p]F (s)dsJ

:—J'dsF (s)Tr(Be IS[Ap])=—J'0|S': )Tr(B(t-s)[Ap]) (21.24)

—jdsF Tr(B(t-s)[A o] :—J'dsF )fon (t—5)
#an (1) =Tr (B(O)[A p]) = Tr (B()[A p5])

o

+[Ap]F (1) = Lo+ {A p]F (1)



