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A. Diffusion over Barriers: High Damping Limit 
• Suppose a Brownian particle encounters a barrier in the course of its 

movements. We have shown that the effect of an external potential U(x) is 
easily incorporated into the FPE, but considerable simplification for 
barrier crossing is possible if we consider behavior for times t>>τ=mB. 
Then the behavior of the particle can be treated according to the 
Smoluchowski equation… 
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• In addition to taking the steady-state limit, we make the following 
assumptions… 

i. All B-particles start in the left hand well, and the distribution about 
xmin is assumed to be of stationary form.   

ii. Because no particles exist to the right of the barrier, a B-particle 
current flows from left to right.   

iii. We assume the barrier height is large compared to thermal 
activations so max min .Q U U kT= − >>  We assume the stationary 
current is very small 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
• Recall Fick’s First Law 
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where J is the flux or current. 
• In the stationary limit (15.1) is 
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• Integrate (15.2) 
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where Js is the stationary current. 
• If the stationary current is small then (15.4) has the solution 
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• To determine N, expand U(x) in a Taylor series around x=xmin 
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• Then  
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• Equation (15.5) becomes 
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• Now to obtain the expression for the stationary B-particle current 

corresponding to the  transfer of particles from xmin=xA to some point xC 
that lies well to the right of the barrier maximum (xmax=xB), use the 
identity 
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• We integrate both sides of (15.8) from xA “A” to xC “C”… 
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• The expression for the stationary particle current is  
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where the final expression in (15.10) follows because ( ) 0st CW x ≈  
• Now the Kramers escape rate RK is defined as the stationary current 

divided by the number of particles in the well 
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• Assuming the distribution in the well is given by (15.7) the population in 
the well follows from the integration 
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• Dividing (15.10) by (15.12) we obtain for (15.11) 
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concerned mainly with the value of the per particle current at the barrier 
maximum, i.e. near xB=xmax…where the potential is  
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• We can now evaluate the integral in (15.3) as  
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• The final expression for the escape rate is  

 

maxmin

1

//
2

1/2
/ 2 2 /

/
2 2

2
2

2 2 2
A B

U kTU kTst
K A

well B

Q kT Q kT
Q kT A B

A B
x x x x

J m kTR D e e
N kT m

m Be U U BeDe m
kT x x

πω
π ω

ω ω ω ω
π π π

−

− −
−

= =

⎧ ⎫⎪ ⎪= = ⎨ ⎬
⎪ ⎪⎩ ⎭

⎛ ⎞⎛ ⎞ ⎛ ⎞∂ ∂⎛ ⎞ ⎜ ⎟= = = ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

(15.16) 

where max minQ U U= −  
 


