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A. Partition Function; Properties and Applications
e In the last lecture we introduced the Boltzmann Distribution Law:
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e Inequation 4.1 QQ in the denominator is called the partition function and

is defined as Q = Ze'E”kBT . The partition function is sometimes called the “sum
J

over states” because it numerates that number of occupied energy states at a given

tyemperature.

e Each system is composed of many particles. If the particles interact each
energy is a multi-particle energy which contains kinetic energy terms that are
functions of momentum as well as potential terms that involve inter-particle
distances.

o If the particles do not interact, the system energy E; is a sum of the particle
energies: i.e. E; =&/ +¢&P +&° +...where the superscripts a, b, c, etc. label the

particle and the subscripts, k, I, and m label the individual particle energies.
e For simplicity suppose we have two distinguishable particles distributed
over 2 energy levels. From Figure 4.1, it is clear there are four ways to distribute

two distinguishable particles between two energy states. Therefore E; = &/ + gr,
and j=1, 2, 3, or 4; k=1,2 and 1=1,2.
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Figure 4.1 Two non-interacting particles are distinguished by color. There are four ways
to distribute these particles between two energy levels.

(4.1)

e Using the assumption that the system energy E; is the sum of the
individual particle energies we get:

Q _ Z eij/kBT _ e—(ngrgf)/kBT + e—(gf+g'2°)/kBT " e—(.s‘zaJrglb)/kBT " e—(£2a+5'2°)/kBT
j=14 (4.2)
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where ¢ is called the single particle or molecular partition function, because it
sums over single particle energy states.

a.

b.

For N molecules having the same energy levels we get
N
Q=]Ja=4a" (4.3)
i=1

Equation 4.2 actually over-counts the number of multi-particle states if the
particles are indistinguishable. If the particles or molecules are
indistinguishable, then switching two particles between energy states does
notproduce distinguishable states. See Figure 4.2 .
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Figure 4.2;: There are only three DISTINGUISHABLE ways to distribute two
indistinguishable particles between two energy levels.

C.

Q

A similar situation is encountered in poker where the order in which cards
are dealt does not affect the scoring of the hand. The number of ways of
dealing 5 card poker hands is:

52! 52x51x50x49x48

voker = = = 2,598,960 (4.4)
51471 51
The term in the numerator of equation 4.4 is
52x51x50x49x48 = 311,875,200 (4.5)

Equation 4.5 is the total number of 5 card hands dealt froma 52 card deck.
This number does not take into account the fact that poker hands are
invariant to the order in which the cards are dealt. Therefore, equation 4.5
overcounts the number of poker hands by not taking into account the fact
that two hards that differ only in the order of cards are indistinguishable.
The factor of 5!=120 in the denominator of equation 4.4 is the number of
ways in which 5 cards can be dealt. This term corrects for over-counting
indistinguishable poker hands.

We can apply a similar correction if the number of indistinguishable
particles N is large. In the case of N indistinguishable and non-interacting

particles
N

q
Q=1 (4.6)

Calculating q is pretty easy because all we have to do is know the energy
of a single particle. With this in mind, let’s re-write the equations for g and
U:

N
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d. We have expressions for the entropy in terms of Q and g. For
indistinguishable particles equation 4.6 holds so:

N
S:¥+kBInQ=¥+kB(In%j
' (4.8)

z¥+kB(N Ing—NInN + N):¥+kBN In%+kBN
e. If the particles are distinguishable: Q=gN and we obtain for the entropy:
4.9
where we used Stirling’s Approximat(ion)ln NI=NInN-N
B. Example Calculations: Two Level System (TLS)
a. The two level system is a model for the energies of protons in magnetic
fields, and thus describes the energetics of MRI experiments
b. Suppose you have a particle with two energy levels &, =0and &, =¢ . The
single particle partition function is
q=1+e"* (4.10)
c. The multi-particle partition function is
" =(1+ e*ﬂ")N distinguishable particles
Q= \ (4.11)
" /N!=(1+e”) /N! indistinguishable particles

d.Forq, if pe=¢c/k,T >1,then q=1.If fe=¢/k,T «1,then q=2.

Therefore q is a sum over energy states that are fully or partly occupied. At
low temperatures close to OK only the ground state is occupied is q=1. As the
temperature increases the second energy level becomes occupied.

e.  Two methods for calculating (&)
= We could calculate the average energy using

Nge 7
U=(E)=N(s)=N (R +Ps,)= 1+8e-ﬂf

= We can use the expression for q directly

U:NkBTz(alnqj __N dlng
oT ) op ),

=_ﬂ ﬂ __ N i(1+e‘ﬁ§) _ Nge*/fg
qlop), 1+e”|op , l+e”
f. For the entropy of a TLS:
Sz¥+kB(Nlnq—NlnN+N)

) . (4.13)
Be Pe
:B-f-kB NIn(EjJrN :E‘ge—_+NkB In Lre +1

T N Tl+e?” N

g. Note if the particles were distinguishalble then Q = q" and while U does
not change the entropy is now:

(4.12)
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Example 4.1: Calculate the internal energy, entropy, and heat capacity Cy of one mole of
particles distributed between two energy levels if A¢=5.00x10"°J, T=1000K, and the
particles are distinguishable.

kyT =(1.38x10° JK *)(1000K ) =1.38x10
& 5.00x107%J

= ——=3.62
k,T 1.38x107%J
e =e?% 20,0268
—Be
U=N(Rg+ Pzgz)=N‘9L_=(6.02><1023mo|-1)(5.oox10-2°J)%z 786Jmol
lre 1+0.0268
U N, se?
S~—+k,NIng=—2 +N,k; In(1+e7
TRl e TP ks In( )

_786J
1000K

U) o (Neet 0 1 mr
) A —Ne-Z (e 41
“ (8T jv ot [1+eﬂg] “o7 )

-N kg__l:eg/kBT (eg/kBT +1)72 _ NKB( € jz a-elksT (l+e—glkBT )*2
B

+(8.31JK*)In(1.0268) = 0.786JK * +0.220JK * ~1.01JK

2
=(8.31JK1)(3.62)2(0.0268)(Lj =2.77JK™
1.0268
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