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Abstract

We use what we call the bent-cable model to describe potential change-point
phenomena. The class of bent cables includes the commonly used broken stick (a
bent cable without a bend segment). Theory for least-squares (LS) estimation is
developed for the basic bent cable, whose incoming and outgoing linear phases
have slopes 0 and 1, respectively, and are joined smoothly by a quadratic bend.
Conditions on the design are given to ensure regularity of the estimation problem,
despite non-differentiability of the model’s first partial derivatives (with respect to
the covariate and model parameters). Under such conditions, we show that the LS
estimators (i) are consistent, regardless of a zero or positive true bend width; and
(ii) asymptotically follow a bivariate normal distribution, if the underlying cable

has all three segments. In the latter case, we show that the deviance statistic has
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an asymptotic chi-squared distribution with two degrees of freedom.
Mathematical subject codes: 62F12 (62J02)
Keywords: Change points; Segmented regression; Least-squares Estimation; Asymp-
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1 Introduction

Given known design points x1,...,x,, we consider random responses Yi,...,Y,

generated by the regression model

Y, = q(xi;70,%) + €, i=1,...,n, where (1)
T —T+7)?
q(z;77) = %1{|x—r|§7}+(:c—7)1{a:—r>fy} (2)

is referred to as the basic bent cable (Figure 1), and ¢;’s are i.i.d. random errors
with mean 0 and known, constant standard deviation o. 2 We write 8y = (79, 70)-

Least-squares (LS) estimation of 8y € Q = (—o0, M| x [0,00) on the open
regression domain X = R is considered. Here, M is some finite positive upper
bound (large) for the candidate 7T-values. Zero is the natural lower bound for
candidate y-values. Any basic bent cable ¢(x;0) for 8 € € is a candidate model.
In this article, we prove, given a set of conditions on the location of the design
points x1, ..., 2, (Section 3), that the least-squares estimators (LSE’s) for 7y and
7Y are consistent when vy > 0, and asymptotically follow a bivariate normal
distribution when v > 0. Asymptotic distributional properties for the case of vy =

0 appear in Chiu et al. (2002a). A bent cable with free slope parameters is required

2 In practice, estimation of o may be required. Chiu (2002) shows that the results of this

article extend to LS estimation assuming unknown o, and that the LSE of ¢ is consistent.



in practice. The full bent-cable model can be written as f(x; 0o, 81, B2, T,7) =
Bo + 1 « + B2 q(x;7,7). This article is intended to provide a framework for the
complex estimation theory associated with the full model.

Seber and Wild (1989, Chapter 9) have suggested employing the class of bent-
cable models — which includes the piecewise-linear “broken-stick” model when
~v=0 — in situations where both smooth and sharp transitions are plausible. How-
ever, modeling change phenomena by the broken stick remains common (Barrow-
man and Myers, 2000; Naylor and Su, 1998; Neuman et al., 2001). Numerical
instability due to the non-differentiability of this model prompted Tishler and
Zang (1981) to develop (2). Their introduction of a “phoney” bend of fixed,
non-trivial width v to replace the kink at 7 was a computational tactic. Upon
numerical convergence, v would be ignored.

However, when no law of nature or auxiliary knowledge is available to support
an abruptness notion, a broken-stick fit would encourage the investigator to look
for sources of change associated with the sole value of 7. In contrast, the bent cable
incorporates v as part of the parametric model. It generalizes the broken stick
by removing the a priori assumption of a sharp threshold, allowing for a possibly
gradual transition. A bent-cable fit would point to one or more sources of change
whose influence took hold gradually over a certain covariate range. Thus, it helps
to avoid data misinterpretation due to possible over-simplication of the nature of
change. We call it the “bent cable” due to the smooth bend as opposed to a sharp
break in a snapped stick. The performance of bent-cable regression for assessing

the abruptness of change is discussed in Chiu et al. (2002b).



2 Theory for Segmented Models

Whether v is zero or positive, the second partial derivatives of (2) fail to exist
where the segments meet. This irregularity prevents the direct application of
asymptotics readily available for LS problems that are regular. Feder (1975) and
Ivanov (1997), among others, have discussed asymptotics for non-linear regression
involving segmented models of general forms with unknown join points. Simi-
lar regression problems include the consideration of broken-stick models (Bhat-
tacharya, 1990; Huskova, 1998) and general two-phase linear-nonlinear or other
multiphase non-linear models (Gallant, 1974 & 1975; Huskovd and Steinebach,
2000; Jaruskova, 1998a,b & 2001; Rukhin and Vajda, 1997).

Feder’s principal assumption is continuity of the underlying function with-
out extra smoothness constraints. If the underlying model has an odd order of
smoothness (number of continuous derivatives plus one), then the asymptotics
are radically different compared to those for an even order. Gallant considers
once-differentiable candidate and underlying models of common functional form.
In the case of a once-differentiable quadratic-quadratic model, consistency and
asymptotic normality of the LSE for the unknown joint is established by, among
other requirements, (i) taking the design points to be “near” replicates of a basic
design with five distinct covariate values (see Gallant, 1975, p. 26; Gallant, 1974,
pp. 6-7), and (ii) restricting the search for candidate knots to within a compact
subset trapped between two consecutive covariate values from (i) (see Gallant,
1975, p. 26). Gallant, Ivanov, and Rukhin and Vajda all establish consistency
by assuming a bounded or compact parameter space. Ivanov adds a somewhat

unintuitive condition which relates the candidate model to the response error



variability (See Ivanov, 1997, p. 30, expression (3.13)). Rukhin and Vajda simply
exclude the LSE from their M-estimators (see condition (C3) in their article). To
establish asymptotic normality, they and Ivanov assume twice-differentiability of
the regression function, although Rukhin and Vajda cite a tactic for relaxing such
an assumption (see Vaart and Wellner, 1996, Chapter 3).

Huskova, Huskova and Steinebach, Jaruskova, and Rukhin and Vajda all con-
sider evenly-spaced regressors, while Bhattacharya considers a more general de-
sign. These authors have all shown standard LS asymptotics despite a lack of
higher order derivatives of the regression function. However, their results are not
directly applicable to our specialized problem. We consider underlying and can-
didate models within the class of bent cables. General and structurally simple

design conditions are provided and proved to suffice for establishing regularity.

3 Conditions for the Basic Bent Cable

Besides an unspecified upper bound on the 7-space, our only regularity conditions

are placed on the design. Given d > 0 and sequence &, | 0, first define

co(d) =lim inf L Z 1{’351‘—70\ < ’Yo+(5}, C*((S):l}fi}&f % Z 1{\:L’Z-—TOI < Pyo—é} ,

n—soo M

ch(é)zliminfl Z 1{@ > T0+’)/0+5}, @(%)Z%Zl {‘m — 10| — fyo‘ < §n} )

n—oo M

The regularity conditions on x4, ..., x, are

[A; ] If v =0, then V § > 0, ¢o(5) > 0.

[ Ag | If 49 > 0, then 3 0; > 0 such that ¢* =c_(6;) > 0.
[B ] For 7o > 0, 3 011 > 0 such that ¢ = ¢;(d11) > 0.
[C ] If v > 0, then V &, | 0, ¢, (&) — 0.

5



[D ] Ify >0, thenx; ot Vi=1,...,n.

The practical value in these conditions is that they indicate a general design (not
necessarily equidistant) which ensures that data are collected at appropriate z-
locations for reliable LS estimation of 8y. While 8, is unknown, the investigator’s
expertise in the subject matter should suggest a range of design points that easily
satisfies conditions [A] and [B]. Satisfying condition [C] in practice is not difficult
as the precise locations of 7y 4+ 7 are unknown. For a continuous covariate, it
is reasonable to rule out exact equality that would violate Condition [D]. At the

cost of some notational complexity, [D] could be entirely eliminated.

4 Method and Results

For normally distributed ¢;’s in (1), the log-likelihood as a function of € is

1
202

0,(0) = Sn(0) + constant ,

where S,(0) = Y7, [Y; — q(z;; 0)}2. In this case, maximum likelihood (ML) and
LS theories coincide. In the absence of normality, we maximize ¢,, but do not refer
to it as the ML function. Maximization of /,, is equivalent to minimization of S,
(i.e. LS estimation). The results in this section imply that ML and LS asymptotics
coincide even without the normality of the ¢;’s in the latter case. When a sample
yields multiple maximizers of ¢,, we take the LSE En to be the one selected
sequentially as follows: (i) pick out the one(s) with the least vector norm; (ii)

keep the one(s) with the least ; (iii) if necessary, select that with the least |7].



The following notation is used in stating the results:

oe, e, T
= E(G) , Uny(0) = 8_7(0) , Un(0) = (Unr(0),U,,(0))

V,(0) = VU, (0) (wherever defined) , 1,(8)= Cov,, [U,(8)] .

Um’(e)

Note that I, and U,, are analogous to the Fisher Information and the score func-
tion in ML estimation. With conditions [A] to [D], our only irregularity lies in a
Hessian, V,,, that is not well-defined everywhere. However, [D] preserves regularity
at By, and is used to establish the uniform convergence (in probability) of —V,, and
I, in a shrinking neighborhood of 8y (Lemma 3). Regular LS asymptotics follow.

Condensed proofs for the following key results appear in Section 6. Motiva-

tional and mathematical details are in Chiu (2002).

Lemma 1 (Identifiability) Take 6, and 611 from [A] and [B]. Suppose w, €
[To + Yo + 011, 00). Furthermore, (1) if 70 > 0 and wy € [0 — Yo + 1, 70 + Yo — 1],
then q(w;;00) = q(w;;0) for i = 1,2 implies @ = Og; (2) if vo = 0 and wy €
[T0 — /8,70 + 0/8], where § € (0,611/2), then q(w;;00) = q(w;;0) fori = 1,2

implies |0 — 0y| < 6.
Remark 1. This lemma is fundamental to establishing consistency.

Theorem 1 (Consistency) Consider LS estimation for model (1) as defined in

Section 1. Under conditions [A] and [B], 6, L5800 asn — oco.

Before stating our next theorem, we provide a fact about the “square-root”
matrix to avoid ambiguity. For a symmetric positive definite matrix A, there is a
unique symmetric positive definite matrix B such that A = B? = B’B (Golub and

1
Van Loan, 1996, Exercise P11.2.4.). We write B = A® | the “square root” of A.
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Theorem 2 (Asymptotic Normality) Consider LS estimation for model (1)
with as defined in Section 1. Under conditions [A] to [D] and vy > 0,

1. 11,(80) is positive definite for all sufficiently large n;

2. \/ﬁ[%ﬂn(ao)} %(571 — 90) converges in distribution to a standard bivariate

normal random variable;

3. PGO{%]IH (an)zs positive deﬁm’te} — 1,
L -~
4. \/ﬁ[%ﬂn(en)] ’ (Hn — 00) converges in distribution to a standard bivariate
normal random variable;

5. G, = z[en(én) -0, (90)], the deviance statistic, converges in distribution

to a x* random variable with 2 degrees of freedom.

5 Auxiliary Lemmas for Proving Theorem 2

First, note that the ith summands of U,,,(0) and U,,(0) are, respectively,

Urni0) =~ {a n deo’e(xi)} W) )= [ei " deo,g(x»] aqgg’“)
where  dy, 0,(2) = q(x;01) — q(x;05),
aqg(fi) Sk it ;_ ) Wz — 7| <At -Hai>r+9},  (3)
aqea(vxi) _ % [1_ Ti—T 2] o — | <) (4)

Thus, for each 4, both U, ; and U, are continuous surfaces over the (7, y)-plane,

but they have folds along the rays defined by

RH:{OEQ:'y:T—xi}, Ri_:{OGQZ’)/::L'i—T}.



Summing these surfaces over ¢ produces continuous U,, and U,, surfaces, each
with n pairs of folds indexed by the data xy,...,x, (Chiu, 2002, Figure 4.1). As
a result, the matrix V,, is well-defined everywhere on ) except along the R;.’s.

To avoid technical difficulties we define a “directional” Hessian:

V+

T4,1

.0 +
(0) = llm_Uj,i(T+ h,y) V. hl0 Oy

hlo OT It
foralli=1,...,n and j = 7,7. Of course, these V;"’s are merely regular deriva-

tives when evaluated at some 6 ¢ Ry, k =1,...,n. Now, we can replace V,, by

Vi0) Vi i(6)
v+w>w¢m]

VT8

n

Vi@) =Y

i=1

which is well-defined on €2, and coincides with V,,(6) except along the Ryi’s.

Lemma 2 For all 8 € (), we have

U, (0) =U,(6) + {/01 V*(6,1) dt} T(e —6) (5)

where, for all t € [0,1] and 6 € Q,
o [ Vi(o+tr =m0, w0 ) Vi(nttr-n). % )
vie.n =y | N
i=1 V%( T, iy — %)) V%( T L0ty - %))
Remark 2. Had the Hessian been continuous, all its components in the integrand

would have been simply (7o +¢(7 — 70),70 +t(Y — 7)) = 0o +£(8 — 6y). As V[ is

discontinuous, slightly different arguments are used, as given by V.

Lemma 3 Given are conditions [A] to [D], and a sequence 6,, | 0. Then,

. Vn+k(0) P
Vik=7r~y sup [1+-—"LL|—0 asn— oo (6)
0cos, I, j1(60)
where ©, = {0 : [0 — 0| < r} and V., denotes the (j,k)-th component of V,

and similarly for I, ;.



Lemma 4 (Corollary to Theorem 1) Under conditions [A] and [B], there ex-

1sts a decreasing sequence &, | 0 such that Pgo{‘an —00‘ < {n} — 1 asn — oo.

Remark 3. In proving Theorem 2, we concentrate on the behavior of the U,

surface over O, .

6 Proofs

In addition to the notation from Sections 4 and 5, write

n

1 2
T.(0) = n ; doq.0(i)|
S.(8) = 21: it oy o(@)| s Sul0) = —S.(0) . Ha(0) = E,,[S.(0)]
Proof of Lemma 1: See Chiu (2002). [

Proof of Theorem 1

This proof of consistency is mostly standard, with the exceptions that the pa-
rameter space is unbounded, and that the boundary value of 79 = 0 is handled
properly. Below, we highlight the crucial elements of the proof.

Claim 1: There exists M* > 0 such that P,,O{ /én — 00| > M*} — 0.

Proof: By conditions [A] and [B], there are My, My, N > 0 such that

: . 1
n>N = inf inf ~T,(0) > 60°.
¥ > My r<—-M N
T € [=My, M] 4 >0

This lower bound and the Strong Law of Large Numbers can then be applied to
show that inf, ;o . 5,(8) > S,(6,,) for all n > N, where M* = max{M,, My}.
Claim 2: For each ¢ € (0,011/2), there is an n > 0 such that liminf, .

infaeDd{Hn(O) — Hn(OO)} > 1, where Ds = {0 10 <10 -6y < M*}

10



Proof: Define T (wg, wy,0) = |d9070(w0)|2 + ’deo,g(wl)‘z and

w € { [T0 =70+ 01,70+ 7 — 01] if >0
Csr =< (wo, wy) : [70 — /8,70 + 0/8] if v =0 :

wy € [T+ + 011, R)
for some R € (179 + 70 + 2M*,00). By Lemma 1, a compactness argument can
show that 7, , = inf{T*(wO,wl,O) 20 € Ds, (wo,wy) € C’(;,R} > 0. Next,
pick € € (0,6/4) and define ¢* = min{c* , co(e*), ¢, } > 0. Then, choose from
the dataset {z1,...,x,} pairs of design points (zoj,z1;) € Cs = limg oo Cs k-
Conditions [A] and [B] imply that there are at least nc* such pairs for all n > N
for some N;. Moreover, it can be shown that n, , = n,, for all K > R. Take

n=mn,,c". Then,

1 n 1 nc* 1 nc*
Tn(e) - EZ|d907o(xi)’2 2 EZT*(ZEOJ"IIﬁO) Z EZ{I?;T*} Z 775,1% C* =n.
=1 j=1 7=1

This lower bound is positive and @-free. Then, inf, . ,, 7,,(8) > n for all n > N;
for the given Ds. Since T,,(0) = H,,(0) — H,,(6y), the claim follows.

Claim 3: For all € > 0, P, {sup, co, 5,(0) — H,(0)] < e} — 1.

Proof: We employ a standard chaining argument, using the fact that the basic

bent cable q(z;; 0) satisfies the Lipschitz condition
‘Q(% 601) — q(x; 92)’ = ‘del,eg(a?)} <B,0,-0 V6,,0,€0, YzeR, (7)

where r < M*, and B, is a positive constant that can be derived using (3) and

(4). The remainder of the proof is straightforward. [ |

11



Proof of Lemma 2

Each summand of U,, is piecewise continuously differentiable as a function of

either 7 or 7. Thus, for example, integrating V"

n, 7T

over T gives

Unelri2) = Uneo) = [ S

0 =1

— T—TO/Z TTZ(TO—f-tT—To) >dt.

The algebra is similar for integrating ij over v and for other VJr & s. Then, since

Unj(0) = Unj(70,70) + [Unj(7,7%0) = Unj(70,%0)] + [Uni(7,7) = Unj(7,7)]
for all j = 7,7, the lemma follows by routine algebra. |

Proof of Lemma 3

We examine the components of VI and I,,. To simplify the algebra, write

Oéh':l{lii>7'+’}/} s 06212%;_7)1{|x1_7—‘§7}

1
0432':1 1—

all of which are functions of @ (but the argument is suppressed in the notation).

2
xl;T ]1{‘5132'—T|§’7} y Q4 =Ty — T

Now, 0ge(x;)/0T = ai; + ag; and Jqe(z;)/0y = —ag;, and the directional

derivatives for the summands of U,, are

1
V5i0) = L+ 207 {81' + deo,a(ﬂfz’)] {r—y <z <7+7}
Y5 i i
‘/’rt/,z(e) = IT’}/’L + WZLO.Q -Efz‘ + dgoyg(xi)- ]_{T -y <z <T-+ fy}
45 [ i
Vvtz(e) - ‘[T’}/'L + % E; + dgo’g(xi) 1{|$z — T| S fy}
’ 2v2o* | |
+ af | ]
Vw,i(e) -[ry’yz + W g + d90’9<xi) 1{|:(]Z — 7'| < ’7}

12



where the summands of the components of I,, are

ay; + a3 Qi Oi3; ad;
L,4(0) = -2 [,(0)=——"=1..0), L,:(0)=—=. (8

o o o2

By conditions [A] and [B], one can show that there are N and Mj, > my, > 0,

J, k = 7,7, such that n > N implies
1 .
mjr < Efn,jk(GO) < M Vi, k=17. (9)

That is, for all j,k = 7,7, I, jx(0o) is bounded between two non-trivial multiples

of n for all sufficiently large n. Thus, to prove the lemma, it suffices to show

sup |n,5(0)] = o(n) (10)
6 €O,
sup |A,(0)] = 0,(n) (11)
96@(;”

for each pair of (j,k), where n,1(0) = I1,;x(0) — I,,;x(0y) and A, ;x(0) =
V+

n,jk

and (c) 7 # k. We do only Case (a).

(0) + I,,1(0). There are three cases: (a) j = k =7, (b) j =k = 7,

First, consider (10). Given any 0 € Os, , apply (8) to get

o’ }nn;r‘r(e)’ < Z’@%i - Oé%i,o‘ + Z’agi - O‘%i,o (12)

where ay; o (K = 1,2,3) is the value of ay; with 8 replaced by 6.

For the second sum in (12), partition the index set {1,...,n} into the four
sets 7, = {z ey — 7| >y, | — 10| > 70}, I, = {z oy =T <y, | — 10| < 'yo},
Iy={i: |oi—7| <7 |wi—70| >}, and Iy = {i: |2, — 7| > 7, [zi — 70| < 70}
Then, use (7) to show that sup, E@Jyn‘a%i — a§i70| = O(4,) over Z; and Z,. For

i € I3UTy, note that |a3; —a3; 4| < 1. Now, define K, = [70+70 — 0n, To+ 70 + 01

13



and K,, = [19 — Y0 — On, To — Yo + 6], which shrink to the join points 79 & o as

n — oo. Then, apply condition [C] to see that for all sufficiently large n,

n

2 2 _ 2 2
E :‘0421' - 042i,0| = n0(0,) + E |042i - 0421',0‘
i1

1€Z3UTy

This bound is O-free. A similar argument applies to the first sum in (12), with a

suitable partition of the index set. Therefore, nn,TT(0)| is uniformly bounded by
o(n) over ©;,. (For Cases (b) and (c), not having “accumulation” at the joints
To£70 is crucial in keeping the matrices I,,(6) and L,,(8y) close everywhere on ©s, .)

To show (11), Case (a), first, define a, ,,(0) = (27)7' D dg,.0(x;) L{T — 7 <
z; < 7+v}and B, .. (0) = (27)' D&, 1{r—y < x; < 7+7} sothat 62 A, ., (0) =
n7r(60) + By (0). By (7), one can show that sup, ., |anﬂ(9)| = o(n). Now,
relabel the data so that z; < x5 < ... < z,, and define the martingale M,, =
21'11 g, 1 <m < n. For each 8 € Oy, there are integers s and t, 1 < s <t < mn,

such that Y | & 1{7’ —y <z <17+ ’y} = M; — M,. Hence,

}Mt—/ws|§|M,f\+|Ms}S 1

B'I'LTTO -
[Br.r(6)] 2y 2y Yo = On

This @-free bound is O,(y/n) by the Doob-Kolmogorov inequality (see Breiman,

1968, p. 89, Problem 2). Thus, sup, . o, |2+ (0)] < o(n) + O,(Vn) = 0,(n).
Note that for Cases (b) and (c), each summand of B, ,(0) or B, ,,(0) has

the form e; w;(@), and the martingale tactic above does not apply. Instead, the

reader can verify that a routine chaining argument suffices in these cases. |

Proof of Theorem 2

Part 1: Denote the eigenvalues of the covariance matrix n—* I,(60) by A\,1 and

14



An2, where 0 < \,; < Ao, With the upper bounds of (9), it remains to show
Jinteger N and € > 0 s.t. n>N = A\ >e€. (13)

One can prove (13) by relating A,; and A, to the trace and determinant of
n~'1,(0y), then applying conditions [A] and [B]. We omit the details.

Part 2: By eigenvalue properties, Lemma 3, and Part 1 of the theorem,
1
P,, {—V:{(O) is negative definite for all 6 € @&} — 1. (14)
n

Now, we introduce a lemma about the concavity of a once-differentiable func-
tion. Its first assertion is due to Theorem 4.4.10 in Stoer and Witzgall (1970),

and the second, the definition of concavity. We omit the proof.

Lemma 5 (1) Let N be a subset of [0,1] consisting of isolated points. Suppose
that a differentiable function f :[0,1] — R has a continuous second derivative,
[, in [0,1] N~ N. Then, f is strictly concave on [0,1] if f"(t) < 0 for all but
those isolated values of t € N. (2) A differentiable function g : ©¢, — R is
strictly concave if and only if h(t) = g(6:1 + t(02 — 84)) is concave on [0,1] for

each 01,0, € O, , where 68, # 0,.

For our problem, we study h,,(t) = £,(01 + t(6> — 6;)) for 61,05 € O, ,0; #
0, ,t€]0,1]. In what follows, we restrict our attention to the event defined in (14).
First, consider 8, and @5 which do not both lie on Ry for any k. They define

a line segment along which /¢,, is piecewise twice differentiable. By the chain rule,
1 " T 1

~hy(t) = (6:—61)" |-V, (61 +t(6—01))| (02— 6,) (15)
1

= (0,—6,)7 [EVI(& +t(0y — 01))} (0, —6,) < 0 (16)

15



for all but isolated values of t € [0,1]. By Lemma 5, it follows that n=! 4, hence,
l,, is concave along this line segment.

We are left to examine the case where 8, and 05 both lie on a ray. By sym-
metry, we need only to consider, say, the 45-degree Rjy.’s. Here, the chain rule
cannot be applied to yield (15), since V,, is not defined at 6, + t(0; — 0,) for any
t € [0,1]. Instead, one can expand h,(t), differentiate it twice, and verify, after
some lengthy algebra, that n='h,,(t) indeed equals the expression in (16) for all but
isolated values of ¢t € [0,1]. These isolated values correspond to the intersections
of the line segment (joining 6, and 0, on Ry ) with the 135-degree R; ’s.

Thus, we have shown that every cross-section, and hence, the entire surface,

of ¢,, over O, is strictly concave on the event defined in (14). By consistency,
Pgo{an is the unique maximizer of ¢,, over @5n} — 1.

Now, this unique @n can be substituted into the Taylor-type expansion of Lemma 2.
Finally, asymptotic normality of /én results from standard matrix manipulation by
noting that the summands of U,,(6y) satisfy the Lindeberg Condition, and thus
Part 1 and the Lindeberg-Feller Central Limit Theorem ensure that [I,,(6o)] "2
U, (0,) is asymptotically standard normal.
Parts 3 and 4: The results follow respectively from Parts 1 and 2 due to con-
sistency and (10).
Part 5: Since ¢, is once-differentiable, we can write

0,(8) = £,(8) + (6 — 6))" /01 U, (6 + (60 — 00)) dt . a7)
By Lemma 2, we have, for all ¢ € [0, 1],

T

U, (60+t(0—6,)) = U, (6)+ Ulvg(eo +1(0 — 09),s)ds| t(0—6;). (18)

16



Substitute (18) into (17) and apply Lemma 3 and Part 2 to complete the proof. B

7 Concluding Remarks

We have given some structurally simple conditions on the design. These pro-
vide a practical guideline for data collection when considering basic bent-cable
regression. We have shown that these few regularity conditions suffice to compen-
sate for the intrinsic irregularity of the problem due to non-differentiability of the
model’s first partial derivatives. In particular, they ensure that the I,,(6y) matrix
is asymptotically well-behaved, in the sense that the amount of information about
the unknown parameter @y contained in all sufficiently large datasets is no less
than a non-trivial multiple of the sample size. Furthermore, as —V;(8) is the
negative (directional) Hessian of £, its uniform closeness to I,(6y) on O, ensures
that its discontinuities are asymptotically negligible, leading to an ¢,-surface that
is uniformly well-behaved on this ever-decreasing neighborhood of 8,. This is
the basis of the “regularity” of our problem, despite U,, surfaces that are folded.
Thus, standard asymptotic results apply.

With slightly modified conditions, our results here can be extended to the full
bent-cable model with non-normal errors and unknown constant variance. The

details are to appear in a future article and are currently available in Chiu (2002).
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q(z;7,7)

Figure 1. The basic bent cable ¢(x;7,~), with the dotted quadratic bend. (The

solid line is the broken stick.)
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