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ABSTRACT

This report presents a method of constructing a test for the detection of
nuclear material diversions over a series of n shipments. The available
data are the shipper-receiver differences (SRD's) which are assumed to be
multivariate normally distributed with known covariance matrix. Given a
specific diversion scenario the most powerful test is derived. The "least
favorable" scenario with respect to NRC detection is identified and the
most powerful test against this scenario is found. The power function of
this test depends only on the total amount diverted and not on the partic-
ular scenario chosen. This test maximizec among all level a tests, the
minimum power over all scenarios with total diversion at least m. For
various diversion scenarios, assuming independent SRDs, the power of the
max-min test is compared to that of tests that ire specific for each of
these scenarios. Assuming the SRD's are independent with unknown vari-
ances, the max-min test is modified using Satterthwaite's approximation.
The quality of this latter approximation is investigated for a range of
Jarameter sets.
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1. EXECUTIVE SUMMARY

The shipper-receiver difference problem is concerned with nuclear material
accounting discrepancies between a pair of licensees. The shipper sends a
group of containers, a shipment, with special nuclear material to the
receiver. The shipper measures the amount of material sent, and estimates
the variability in the measurement. The receiver similarly measures the
amount of material received and estimates the measurement variar . lity.
This process is repeated for a number of shipments.

The shipper-receiver difference problem is:
The shipper and receiver measurements differ. Is this difference due
to measurement error or loss/diversion of special nuclear material?

A statistical test is desired which is powerful in detecting material
loss. A test could be applied separately for each shipment, or aggre-
gately for the time history between the licensee pair.

If a large amount of material is taken from a single shipment (block
loss), a separate analysis of each shipment yields a high probability of
detection. If a small amount of material is lost from each shipment
(trickle loss), separate analyses of the shipments yield a low probability
of detection. A cumulative test on the shipper-receiver differences, how-
ever, has a much greater chance of detecting trickle loss.

A statistical test is desired which is powerful in detecting material loss
for a diverse set of material loss/diversion scenarios.

In this study we have restricted attention to a fixed set of n shipments.
A test is developed in Section 3 for correlated measurement errors with a
known covariance matrix. This test, called the max-min test, is optimal
against the least favorable diversion scenario as identified in Section
3.3. This test is evaluated for a number of diversion scenarios identi-
fied by NRC, and compared to optimal tests which require pricr information



on the diversion scenario. The max-min test is found to perform well
relative to these alternative tests.

Usually the measurement variances and covariances are unknown, but esti-
mates of these terms may be available. The max-min test is modified in
Section 4 under the assumption of independent errors to incorporate vari-
ance estimates. The distribution of the resultant test, TS' has no well-
behaved analytic solution. Of the procedures investigated for approximat-
ing this distribution, the Satterthwaite procedure is shown to perform
best in controlling the test's false alarm rate. This conclusion is
arrived at after performing a Monte Carlo study over a range of shipment
parameters. It is shown analytically that the power of the max-min test,
assuming either known or estimated variances, depends on the diversion
scenario only through the total diversion over a'l shipments. The only
other primary factor affecting the power of the test is the total measure-
ment variation of the shipper-receiver differences. The Monte Carlo pro-
gram developed permits the user to compute the probability of detecting
material diversion for any specified diversion scenario. The power of the
test is evaluated over a range of shipment parameters, including number of
shipments and allocation of measurement variability among shipments. It
is found that these shipment parameters have little effect on the power.

Implementation of the TS test is discussed in Section 5. Information
requirements and assumptions are specified for the case of independent
errors and for a specified structure of correlated errors.  Necessary
research for a sequential extension of this procedure is discussed in Sec-
tion 5. A sequential procedure permits controlling the overall false

alarm rate while allowing for decisions on material loss at earlier points
in time,



2. STATEMENT OF PROBLEM

2.1. Background

Nuclear material is sent by a shipper to a receiver. Each shipment is
measured by the shipper and the receiver, and the separate measurement by
each is recorded. The shipments may be sent at regular time intervals, or
at irregular intervals. The shipments are sequentially labeled by ship-
ment number, with a number of containers comprising each shipment. Atten-
tion in this study is restricted to only those containers with similar
nuc lear material.

Based on the amount of material measured and recorded separately by the
shipper and the receiver, one is interested in detecting loss or diversion
of nuclear material from the shipment. If the shipper records amount 51
shipped on the ith shipment and the receiver records amount R1 received,
then

Di = S1 - R1 for i=1, ..., n
represents the discrepancy between the shipper and receiver measurements
for the ith shipment. Di is the shipper-receiver difference for shipment
i. There are n such shipments between the shipper and receiver pair., If
D >0, then one might conclude that some of the nuclear material has been
1ost or diverted. However, one might also attribute the non-zero D value
to measurement errors in the separate analyses performed by the shippev
and the receiver. Statistical methods provide a mechanism for deciding
whether the observed Di may be attributed to random measurement error, or
whether it is too large to have been a likely value sampled from the mea-
surement error distribution. In order to make this type of assessment one

must have:

i) A realistic mathematical model of the process (see 2.3),



i) Knowledge or estimates of the parameters of the model (see 2.4,
3.0, 4.0).

One needs to determine the acceptable false-alarm rate, the probability of
incorrectly stating that material has been lost, when no material has been
lost. For this study, false-alarm rates of .10, .05, and .01 have been
used in the analysis. In order to evaluate the performance of a statisti-
cal procedure for detecting material loss, a mathematical representation
of the loss mechanism is determined (see 3.1, 3.3 and 3.6).

In current practice, Si’ R1 and their limits of error are reported. The
limit of error of S1 (Ri)’ LESi (LERi), is twice the standard deviation of
Si (Ri)' A normal (Gaussian) error structure is assumed. From this one
may construct the limit of error of D1

LED; = (LES? + LER?)®

If 01 > LED1 then one may conclude that there is evidence of potential
nuclear material diversion and the matter should be investigated. If

Di < LEDi
there is no significant statistical evidence of material loss. However,
material loss is still possible. For example, if a diverter were to take
small amounts of material from each shipment such that each observed Di
is, with a high probability, less than its limit of error, individual

tests on Di would not be very effective in detecting the material loss.
The following statistic, called the cumulative shipper-receiver difference

is sensitive to detecting small amounts of material diverted over several
shipments, as long as the total amount diverted is not negligible compared
to the standard deviation of CDi. For example this would be the case if



the total amount diverted from i shipments is of order i and the standard
deviation of CDi is of order Vi. As with 01. one compares CD1 to its
limit of error

i
LECD, = (& (LED,)®)™®
i j=1 h|

2.2. Problem to be Address~d

The statistical procedure developed is, as specified by NRC, to be power-
ful in detecting the following three material diversion scenarios:

i) Diversions proportional to shipment size
ii) A monotonic increasing sequence of diversions
iii) A cyclic pattern of diversions

A statistical procedure is derived for correlated errors with known covar-
jance matrix in 3.3. The performance of this statistical procedure is
compared to diversion specific tests for these three scenarios in 3.6 for
the restricted case of independent errors. Block loss is also of
interest, and is addressed in 3.6. The known variance procedure,
developed in 3.3, is independent of diversion scenario, depending only on
total amount of material diverted, not on the pattern of diversion. This
procedure when extended to independent errors with unknown variances,
Section 4.1, is again dependent only on total material diversidbn. No di-
version specific tests for unknown variances are developed for power com-
parisons. The results would, most likely, be similar to resuits for the
known variance situation. Power results for the unknown variance proce-
dure are presented in 4.3.4.

An alternative to a fixed framework of n shipments is to view the process
sequentially. Sequential procedures are inherently more complex than
fixed sample size procedures. Typically they are some modification of
fixed sample size procedures, the statistical properties of the latter
usually being well understood. Since the fixed sample problem (fixed num-



ber of shipments) in the present context has not yet been fully addressed
It appears to us appropriate to limit investigation to tie fixed sample
problem, Extensions of the procedure developed and additional research
are discussed in 5.5,

In developing a statistical procedure which is powerful for detecting di-
version according to any of the above scenarios, we generally restrict at-
tention to the basic information contained in the data from n successive
shipments. The data requirements are briefly addressed in 4.1, and dis-
cussed in detail in 5.2 and 5.3.

The approach taken provides a simple and natural extension to the single
shipper-receiver difference framework. Within this framework it is possi-
ble to detect small diversions over several shipments which are not effec-
tively detectable within the single shipper-receiver difference framework,

The diversion sensitivity of any reasonable procedure based on n shipper-

receiver differences will increase with n if the standard deviation is of

order /n, Thus it should be possible to adjust n in accordance with
deemed critical amounts of diversion per shipment in order to obtain pre-

specified detection power without compromising the false alarm rate.

2.3 Mathematical Model

~
-

For the ith shipment, the shipper receiver

o

between the amount reported shipped >; and the amount

= true amount

measurement




and ' = (Zy,...,Z,) 1s assumed to have an n-variate normal distribution
with mean vector 9 and non-singular covariance matrix C.

In matrix notation this model for the n shipper receiver differences
reads:

D=p+Z ., L ~N (20

with D' = (01....,0n) and 4 ' = (”]ﬁ""“n) the ' denoting the matrix
transpose.

This representation for D is derived in the following sections. In the
rest of this report, the analysis is performed on this model. In Section
5.2 information required by this approach is addressed.

2.3.1 Model Derivation

The ith shipment between the shipper-receiver pair is composed of "i con-
tainers. The shipper measurement, Sij' of material in the jth container
of shipment i is

Si3 " 945 * oy
where
6ij = true amount of material in container j from shipment i
when measured by the shipper.
eij = aggregate s.m of all contributing measurement errors

affecting container j from shipment i.



In order to understand the aggregate sum nature of 933 aid the correlation
structure of the €3 for varying i and j, we propose the following generic
model: In the course of all the measurements performed by the shipper
during the n shipments many distinct elemental errors, El""'EL , arise.

container j from shipment 1. A different set of elemental errors will
typically combine to form the aggregate error e,

Some of the elemental errors combine to form the aggregate error ij for

i for container j' from
shipment i' with (i,j) # (i',3'). However, there may be some overlap in
both sels of elemental errors, 1.e., some particular elemental errors may
appear 1in both aggregates ejj and eit:,. Such overlap is the result of
systematic errors. For example, z particular elemental error may be a

calibration error for a certain instrument. Between calibrations such

error, denote it by El , affects all container measurement errors in the
h

same fashion, i.e., the elemental error term E; will appear in all the
aggregate error terms eij for those containers.

This model is more clearly stated in mathematical *erms. Let El""‘E' be
-
independent random variables with mean zero and respective variances
2 2 > T
Wirerer @ . o each A1) there corresponds an index set

L5 “{1,...,L} for container j from shipment i. This index set P
indicates which of the elemental errors in E' = (Eys...,E, ) contribute to
- rs |

the total measurement error e.. for container j from shipment i, i.e.

ot

(2.3.1) . JE

"
s

rasnion.




According to the above model e; j and e j' will be independent whenever
1j N Ii'J' @ i.e., there are no common (systematic) elemental errors

contributing to both €5 and €jrgre

In a similar fashion the receiver measurement, RU’ of material in the jth
container from shipment i is modeled as follows:

where Aij = trye amount of material in container j from shipment i
when measured by the receiver.

fi:j = aggregate sum of all contributing measurement errors
affecting container j from shipment i.

Similarly as e1J was expressed in terms of elemental independent errors
E],...,EL we express f” as follows:

f1J = ’2 Fﬂ ’!|1J .E
24334

where F' = (F], aanh L.) are L' 1ndependent elemental error random vari-
ables with mean zero and variances )‘1 RpEr AL.Z respectively. The in-
dex set J, c{1,...,L'} indicates which of the elemental errors in F' =
(Fys...,Fl) contribute to the total measurement error fiJ for container j
from shipment i and lij' - (vijl""vijL') with Viig = 1 if “Jij and
Vi =0 if “JU'

Combining shipper and receiver measurement over the ith shipment we have:

N‘i N, Ny
=1 3= =1






aﬂd Z,{ 'U.ig-!.ii

Y LAY
with U = and V =

Y ¥
we can write
(2.3.2) Z=UE-VF

Making the reasonable assumption that the elemental error sets E and F of
shipper and receiver are independent we can conclude that Z has mean zero
and covariance matrix

c - U d‘lg(b)?.--.,uf)l"

(2.3.3)
2 2 s
+ Vdiag(AJ,eeen A0V

where diag(x]...,xk) denotes a k by k square diagonal matrix with diagonal
elements xl""xk‘ Note that by the structure of U,V and (2.3.3) all
elements of C are nonnegative.

The matrices U and V are structure matrices which indicate which elemental
errors contribute with what multiplicity to each shipper receiver differ-
ence error term Zi'

Let us illustrate this with a very concrete example in which we assume
that n=2 for notational convenience.

11
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addition we assume

var(E.-F.)
d J

and var (E¥-F¥) = ©

we find: var Z. = N. O

'

and COV':l,:O, = 0,

i.e., the covariance matrix of Z'

The significance of the presence ystematic error is underscored

by the multiplier NS in front of o

b
S
>

] " * ~
n contrast to

09'




2.3.2 The Normality Assumption

Finally, let us address the normality assumption concerning the distribu-
tion of Z. Any such distributional assumption can at best be of approxi-
mate nature. At issue is the correctness and quality of this approxima-
tion. There are two arguments support‘ng the normality assumption for 2.
The first is that the elemental measurement errors by their nature are
approximately normally distributed which by equation (2.3.2) entails
approximate normality of Z. The second argument is based on the central
limit theorem and uses the fact that by equation (2.3.2) each Z1 is the
aggregate sum of several if not many elemental errors which are indepen-
dert. Therefore the Z1 are approximately normally distributed even if the
elemental errors were not.

2.4. Approach

In this study we address the shipper-receiver difference problem for a
fixed number of shipments. Using the mathematical model in Section 2.3,
we first develor a test procedure for correlated errors with known covar-
iance matrix, Section 3.3. The performance of the procedure is evaluated
for several diversion scenarios under the restriction of independent
errors between shipments,

We next address the fixed number of shipments problem with independent
errors and variances unknown, Section 4. The known variance test proce-
dure is modified to incorporate variance estimates. A Monte Carlo simula-
tion program is used to determine the power of the test. This program
permits power calculations, the probability of detection, for any diver-
sion scenario, Section 4.3,

Areas for further work are discussed in Section 5.5.

14



RESULTS WITH KNOWN COVARIANCE MATRIX
3.1. Hypothesis Testing Framework

The observable data consists of n shipper-receiver differences 0q,...,0p

which are assumed to follow the following statistical model (see ?2.3).

where 31,...,Zq represent the measurement errors and Hy,..., K, represent

&

the true losses or diversions. It is assumed that 7' = ’Z,,...,Zn) has an

-

n-variate normal distribution with mean vector Q and known nonsingular

covariance matrix C. The unknown vector W' = (K, ,..., ) will ap-

propriately be called a diversion (or loss) scenario since it specifies
how the material diversions (or losses) are allocated over the n ship-
ments. In this report we will speak of diversions but that will mean
either material diversions or losses.

Our primary objective is to find a test that has good detection power a-
gainst a variety of diversion scenarios. To accomplish this goal we cast
the problem in an appropriate hypothesis testing framework and introduce

some relevant notation. Let

le diversion scenarios.

where




i=]

E may be thought of as representing all diversion scenarios which result

in a total diversion of one unit over the n shipments. The different
distinguish themselves from each other by the allocation

that one unit total diversion to the various shipments. We may think

as indicating the "direction" of the diversion. The factor m in the

me indicates the total amount of material diverted over n shipments.

diversion parameter 1S thus E_ B ’ng.

As a notational convenience we shall write Ilx,

respectively, as long as there is no cause for confusion.

3.2. The UMP Test Against a Specified Diversion Scenario (Direction e)

In this section we will show that there is a uniformly most powerful
level a test for testing the hypothesis of no material diversion

against the alternative K(e): M €A(

By the Neyman-Pearson lemma, Lehmann
a test of the simple hypothesis H:

K: B =me (m>0) rejects when




= exp (-% mz_e_'c'lg + mg’C'l_Q)

is too large or equivalently (since m > 0) when the test statistic

T(e) = _e_'c'l_D_ > kg,

where ko is chosen such that P(T(e) >k, lg-Q) =q.
Since under H:u = 0,

T(e) ~ N(O, h(e))
it follows that

hie),

Kot .o

where z, . is the l-aquantile point of the standard normal distribution

and
h(e) = e'cle .

Since the above test does not depend on the value of m>0, it follows that
the same test is the most powerful level a test for testing H: 4 = 0
against any K: 4 = me with m>0. Hence the test which rejects when
T(e) >k, is a UMP level o test for testing H: u = 0 versus K(e): 4 eA(e).

From the form of the test statistic T(e) above, it is clear that it in-
trinsically depends on the diversion scenario direction e €E. Thus there
cannot exist a uniformly mast powerful level « test for testing

H: g = 0 against K: 4 €A,

Next we derive the power function of the test based on T(e). Note that
since
Q - Nn(ioc)

17




the test statistic
T(e) ~N(e'clu , h(e)),
so that the power function is

B, () = P(T(e) >z, h*e) | w)

Te) - e'c’lu ecl p
he (e) e TR

=1- D(z_,-e'Clu /nie)

where @ is the standard normal distribution function. Bg(K) is the prob-
ability of detecting a diversion when the diversion scenario is K. In the
particular case when 4 = me (m >0), i.e., a scenario against which the
test is most powerful, then the power function simplifies to

(3.2.1) B, (m) = B, (me) = 1- ®(z,__ - m h(e)%)

which is an increasing function of m, the total amount diverted in the
direction of e.

3.3. The Least Favorable Scenario and the Optimal Test S Against It

In the previous section we derived the optimal test against any diversion
scenario direction and we found that the optimal test changed with the di-
rection, i.e., we could not find an overall UMP test against all direc-
tions (all diversion scenarios). It is thus natural to ask whether there
is a least favorable direction in the sense that it would be the hardest
diversion scenario for NRC to detect. To make this question meaningful
let us look at diversion scenarios which have a fixed total amount m of
diversion, i.e., 4 = me with e €E. The best power that can be achieved
against W = me is

18



Be (m =1- ®(zy_-m h¥(e))

and this power is minimized by that direction e for which h(e) is mini-
mized. To accomplish this minimization of h(e) over e €E let

e*=C1/(1'"C1l) where 1' = (1,...,1) (note e* ¢E)

then
hie) = e'cle = (e-e%)'C"l(e-e*) + 2 e*'cle - exicler

= (ee*)'C" (e-e%) + iy 2 gy = MleY)

which clearly is minimized by e = e*.

Thus when the material is diverted from the shipments according to the
scenario

B o=mer
NRC will have the least chance of detecting the diversion. For this least

favorable (to NRC) scenario, the UMP level o test for testing H:u =0
against K(e*):u €A(e") rejects when

T(e*) = er'c’lp = To,/1'C1
exceeds

Ka® 2. oh¥e") = 2, (1'C1)™
or equivalently which rejects when

>Hea

(1'c1)"




The UMP test S for g = 0 against the least favorable scenario ¥ = m_ef is a
CUSUM test. A characteristic property of this test is that its power over
A does not depend on the scenaric direction e but only on the total
amount m diverted. If 4 = me with e €E and m >0, then

s ~Nm (1'e) 7, 1)

Hence the power function Be*(ﬁ)’ (u=me), of the level a test based on S
is =

(3.3.1)  Brm = A(m) = 1-@(z;_-n (1'C)7H).

3.4, The Max-Min Property of the S-Test

The test based on S was derived by minimizing the maximum power, namely
for each direction e and given total diversion m>0 the test based on T(e)
maximized the power against K = me. This maximal power was then mini-
mized for the direction e=e* and the optimal test against it is based on
S. Because of the property that the power of the test based on S does not
depend on the scenario direction e it is also possible to show that the
test based on S is a max-min test for testing H: u = 0 vs. K:ueA.

Theorem:

For any fixed m>0 the level o test based on S maximizes the minimum
power over A = {u:u = re, ram, e €E} among all level & tests, and
this maximized minimum power is given in the previous section, equation
(3.3.1), by Bs(m).

Proof:

Let @ denote an arbitrary test and C ,the class of all level o tests for
testing H:y = 0 vs. K:4 €A. Let ﬂ¢(g) denote the power function of the
test ¢. ¢S is the level a test based on S derived in 3.3.
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The theorem above is then equivalent to

(3.4.1) max min g (k) = min max3¢(g) = Bs(m).
PEC,, uEA- u€An PeC ,

The second equality in (3.4.1) comes directly from the derivation of ¢S
in Section 3.3. To show tie first equality in (3.4.1) we note that:

(3.4.2) max min p¢(g)5 min max p¢(l_4) - S(m)
“Ca KE€A eadal PeC,,
since
B.(4) < max g (M)

¥ Pec,,

for all @e€C, and for all y4 €Ay, and thus

min g () < min max B (M)
weAn uery  Pec, .

for all  @e€C,, from which (3.4.2) follows immediately.

To show (3.4.2) with the inequality reversed, thus proving (3.4.1), we
note:

min B¢ (W) = Bs(m)
wed,

which implies

max min p¢(g) > min 5¢S (W) = ﬁs(m)
PeC, ety e
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and
3S(m) = max min ﬁ¢(lé)
PeC, ueA,

which proves the stated result (3.4.1).

This theorem and the results leading up to it were derived independently
of Avenhaus and Jaech (1981) whose priority is hereby acknowledged.

The nature of the max-min test is best understood in the context of a game
between two opponents A and B, see Lehmann (1959), chapter 8. Opponent A
tries to divert SNM according to a scenario 4 which he may choose from a
set l\,n of scenarios. Opponent B in turn tries to detect such diversion by
using a test @ which he may choose from the set Cyof level a iests.

The set l\“ consists of all those scenarios for which the total amount
diverted is m or more. The set Cy consists of all those tests which have
a false alarm rate of a or less. For a particular scenario y in A, and
test @ in C, let M(u, @) denote the probability of detecting the diver-
sfon w4 with the test @ (g (M) in the hypothesis testing notation).
The objective of opponent A is to minimize M regardless of the test chosen
by B. Opponent B on the other hand will try to maximize M whatever diver-
sion scenario A chooses.

If A knows which test @ B will employ then clearly the best action. for A
to take is to choose that scenario 4 = W _ which minimizes M( 4, @) over
B for this particular test ¢, i.e.,

M(K_, @) = min M(u, @)
B €A

The best way B may protect himself against this is to choose a test ¢ for

which M(u , @) is as large as possible. Denote the test that accom-
plishes this by ¢, i.e.,
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M(}t_;.g) = m;:z(‘”—d”'#) '
o

Choosing ; B takes the best action ir the face of the contingency that A
may know which test ¢ B will choose.

On the other hand, if B knows which scemario u in A opponent A will
choose then clearly the best action for B is to choose that test ¢ = ¢u
in C, which maximizes M(yu , @) over ¢ for this scenario u, i.e., o

"(ﬁ_,¢_,,_) - ';G: ';(e_.dv) :
o

The best way A may counter this is to choose a scemario u for which

-
M(u,¢ , ) is as small as possible. Denote such a scenario by u (pre-
viously called the least favorable scenario), i.e.,

.
M(u ’¢Il*) = min M(f_-¢y) .

In choosing the scenario y_* A takes the best ac’ion in the face of the
contingency that B may know which scenario # A wiil choose. The choices
ﬁ' for A and 3 for B both represent conservative attitudes on the part
of each player. As it turns out the two strategies of A and B lead to the
same result, namely the same probability of detection, i.e.,

M(g_;.Z) =ML, ) -

In the language of decision theory one then says that the game has a
value. A further consequence of the max-min property proved above is that
opponent A may gain no advantage by taking a so-called randomized strat-
egy, i.e., a strategy that randomly chooses one strategy u from the set
Am. Random diversion is addressed in Section 3.6.5.

B could improve his choice of ¢ if he had knowledge of A choosing a
strategy u different from the least favorable strategy L*- Similarly

23



opponent A could improve nis cholce of M
ing a test ¢ different from @ - Without S
each opponent will have

optimize nis payoff.
3.5. pefinition of Measure of gfficiency R(e)

We have shown that the test Ps pased On S is optimal against the least
f ayorable scenario and that it enjoys the max-min property as developed in
the previous section. Nevertheless it is of interest 10 investigate how
much power this test 10s€es potentia\\y for gcenarios & other than the
1east favorable scenario &% 1f we had known the diversion scenario was £

and not g* we could have used the Oi al test T(g) derived in 3.2.

sacilitate the compar ison of the power of the tests pased on S and

we recall their power functions for M = me sre given

B, (m) = 1-®1a" m u'm“’\, for S.
S -0 - -

One meaningfu\ comparison ‘wndependent of the chosen @ level) of these
twO power curves is as fol1OWS: Suppose Wwe wish to have 3 certain amount
of power B g of detection with either of the above rests. One May then
ask: For what amount m of material diverted would one achieve this power
with the test pased On Tagb and for what m would one achieve this same

power with the max-min test based on 57

\enote the rwo resulting m-values DY m(e) and Mg respect\ve\y.
oy 2




The ratio

m.-m(e) m

(3.5.1) R(g) =R =Sy = ater -1

may then be considered as a measure of relative efficiency loss of the
max-min test S relative to the UMP test T(e) for diversion scemario e. As
an illustration, suppose R(e)=.3 and the UMP test against the diversion
direction e detects a total diversion m=5 with probability 8 =.9. Then
the max-min test would require a 30% larger diversion of m=6.5 to yield
the same probability of detection. The larger the value of R, the larger
the efficiency loss when using S as the test statistic. Another way to
interpret the efficiency loss measure R is as follows: If the total di-
version over n shipments is m, that would amount to 4 = m/n diversion per
shipment. This A does not mean that the same amount 4 is taken out of
each shipment, rather A should be interpreted as some kind of rate. Sup-
pose now that this rate 4 of diversion per shipment is fixed, then the
number of shipments required to achieve a total m is n=m/4.

Thus
n(e) = m(e)/g and n, o ms/A

could be interpreted as the respective number of shipments required to
yield the same power ﬂo under a fixed diversion rate 4 with the two
tests considered above.

Thus

ns-n(_e_) ng
R(&) = T * 7@

Hence with a fixed diversion rate A per shipment and with a value of R=.3
the max-min test would require a string of Ng shipments against the string
of n(e) shipments necessary for the UMP test to achieve the same power

ﬂo, and ng would be 30% larger than n(e).
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The measure R of efficiency loss is particularly convenient since it is
easily computed:

By=1- oz 4 -nle) n(e)%
=1- oz 4 -n (1))
Thus
m(e) h(e)*® = m (1'c1)™™
and
(3.5.2) R(e) =R = (h(e) 1'C1)* -1.

Note that R, the efficiency loss, is independent of the level of the test
a, and the power Bo'

By the Cauchy-Schwarz inequality we further see that
(h(e) 1'c)® = (e'c™lc cle - 1e)¥zerclcr = 1
Thus R(e) > 0 with equality if and only if e = e*,
3.6. Performance of the Max-Min Test S for Specified Diversion Scenarios
In discussing the performance of the S-test with respect to specific

scenarios we make the following simplifying assumption. The shipper-re-

ceiver differences 01,...,Dn are independently distributed with unknown
‘ariances 0’12,...,a'n2, i.e., the covariance matrix C is a diagonal

matrix with 0'1.2 as the ith diagonal element.
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If measurement processes are recalibrated between shipments the above in-
dependence assumption is a reasonable one and entails mathematical sim-
plicity in studying the performance of various tests against specific di-
version scenarios of interest. Without this independence assumption the
range of possible covariance matrix structures becomes unwieldy and is not
conducive to the understanding of the effect of various diversion
scenarios of interest to NRC. Aside from the diagonal structure of C, no
other specific structures for C which hold specific interest could be
singled out for special attention. Thus the remaining discussion in this
section will assume the above independence.

One criterion that the statistical procedure developed must satisfy is
that it is to be powerful in detecting the following three diversion sce-
narios specified by NRC:

i) Diversions proportional to shipment size
ii) Monotone increasing sequence of diversions
ii1) Cyclic pattern of diversions

These scenarios are characterized, and the performance of the max-min test
is assessed in Sections 3.6.1, 3.6.2 and 3.6.4, respectively. The max-min
test should also have reasonable performance for other diversion scenar-
ios. The block loss scenario arises naturally when investigating the
worst case for e ficiency loss, and is addressed in 3.6.3. A random
diversion pattern is discussed in 3.6.5.

The max-min test is to perform well for the scenarios considered. Its
distribution is seen, in 3.3, to be independent of the diversion pattern.
Another compelling reason for employing the max-min test is its simplic-
ity. Furthermore, it is relatively easy and straightforward to modify the
max-min test to accommodate the situation when the <72 need to be esti-
mated. On the other hand to modify the UMP test as given in (3.6.1) by

replacing the <r? by estimates s? presents serious problems. We address

i
the problem of unknown variances in Section 4.1.
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3.6.1 Diversions Proportional to Shipment Size

If one removes a small amount of material from each container, then the
amount of material diverted per shipment is proportional to the size of
the shipment. Assuming that all containers are of the same size, this can
be characterized by

lli =cN1 for i=l,..., nand c >0

where Ni Jeasures the size of the ith shipment. From Section 2.3, the
mathematical model characterization, the variance af of the shipper re-
ceiver difference D1 is of the form:

£ . 2 - S
where ag is the random error variance (combined for shipper and receiver)
per container measurement and az is the systematic error variance (com-
bined) per container measurement. "1‘ denotes the number of containers in
the ith shipment,
If ag is quite small as compared to az, as would be the case through
proper and regularly applied calioration procedures, then the term N% az
may be deemed negligible and one might say that

g - 2

g ‘"i g,
1.85, a% is proportional to the shipment size Ni' Then the scenario
uizc N1 is approximately the least favorable one, where

c:a';,/z af
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Thus the max-min test is approximately the best test that one can employ

against the diversion scenario u,; = C N, Of course the best test
against this scenario is, according to Section 3.2 to reject H: u=0 when

N;D, N 2\
(3.6.1) 2 —-2— > Zl_a z(&—i— )
o
i

Against the scenario M; = C N; this test may be somewhat better than the
max-min test. Of course this will depend largely on how negligible the
systematic term in a? really is. Let us quantify this in terms of the
relative efficiency loss measure developed in Section 3.5.

The scenario "i X - Ni' i=1,...,n, corresponds to the following scenario

direction e:

e = N /N i=1,...,n where N = Z N; -

Let

P
X5 ’N1 as/oe , ¢ T

.:f/ui . ag (1+x,) i21, 0. yn




and

e
ne) = £ GH7 e Zey ol (14 x)7

o= ENe; 0% (1+x,)
so that, from (3.5.2),
(3.6.2) R(2) = (£ (2} 2 ged)ta
= (L ej(1+x)™ gpe(1+x)¥1
<(Z e (lxgx?) £ e (1x, )% 21
(- L ex;+ Zex?) (1+ £ex )t
=1+ Zoex®(Zex)?+ L ex? £ex)t-1l
<(Z e1x$ « K z:eixi)2 N eixf I ex)/2
where the first inequality above follows from
(1+XE°1 € lxei® for x 20

and the second inequality follows from

(14x)% <1+ x/2 for x >0.

Let k = max(xl....,xn) then (3.6.2) yields

R(e) < k°/8 + K3/2
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i < .1 o2 then R(e) < (.1)2/8 + (.1)%2 = 00175

Thus if N‘i wl & e

We see that the relative efficiency loss of the max-min test relative to
the best test against the scenario iti-cN1 is governed by the quantity k
which measures the size of the systematic component Ni"s against the ran-
dom component ag. For k-values which are reasonably small the efficiency
loss may be considered negligible. Then one may employ the max-min test
in that situation with a minimal detection penalty.

In summary, the scenario mi-cN1 is close to being least favorable. It is
a reasonable scenario for an intelligent diverter to choose since such a
person is likely to divert twice as much from a shipment that is twice as
large, i.e., the diverter will make his diversions proportional to the
shipment size. The max-min test is nearly optimal against such a strategy
and is further recommended by its simplicity.

3.6.2 Monotone Increasing Sequence of Diversions

The scenario of monotonic increasing diversions is mathematically charac-
terized by

py = C“’% for i=l,...,n and ¢ > 0.

This scenario, far from being least favorable as a diversion scenario, may
be a reasonable loss scenario. The cause of such loss might be some gen-
eral deterioration in the measurement process; e.g., the calibration of
instruments drifts slowly out of control.

The scenario direction e corresponding to this model is

. -

and the optimal test QSL according to Section 3.2 rejects H: u = 0 when




s 1 D1

AR
(i 01)

Since the scenario direction e is far from being least favorable one might
expect that ¢L is much better than the max-min test against this direc-
tion e. To quantify this difference we compute the relative efficiency
loss of the max-min test for this situation. We have, substituting into
equation (3.5.2),

(10 o\
o (2
(X 147%)

It is difficult to assess this efficiency loss for general choices for the
crf. To gain some insight into the magnitude of R(e) let us assume that

a‘?*crz for i=1,...,n. Then R(e) reduces to

5 42 5
R(e) = [ —— n -1
2 <(>: )2 >

()1

Below we give a table of R values for various values of n:

n|2 3 B 5 7 10 1§ 20 oo

R(g)|.054 .080 .095 .106 .118 .128 .137 .141 .155

It is seen that the efficiency loss deteriorates from .054 to .155, the
latter being a strict upper bound for all n. It appears then that the
inefficiency when we use the max-min test is minimal. At most 15.5% more
material diversion is required by the max-min test to have the same power
as the UMP test against the considered scenario €. However, we would have
to know the diversion scenario in advance to use the UMP test. It should
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be pointed out that these efficiency losses are computed under the assump-
tion of equal variances. If the variances are nearly homogeneous one

might expect similar results.

3.6.3 Block Loss

A natural question to ask is the following: For what kind of diversion
scenario will the max-min test incur its largest efficiency loss? To an-
swer this question let the measurement error variance crg be the smallest
among o'§, P a'i. Then R(e) is obviously maximized byog'- & where

- =1 and € * 0 for 1#j°.

OJ0

For that case
Rlg,) = (£ ¢ d/af )% a1
2 J j jO

and if all variances are roughly equal, then R{e,) ~1\/n -1, which at
first glance may seem unacceptably large. The diversion scenario direc-
tion e, amounts to a block loss in that shipment for which the measurement
error variance is smallest. Note that this particular block loss scenario
constitutes the least favorable scenario for the diverter if the usual in-
dividual SRD test is performed.

The efficiency loss of the max-min test against block loss in the ith
shipment, denote this scenarin by e, is

R (g) = (T od/ad)t -1
J
which still appears unacceptably large.

The fact that the max-min test incurs such a large efficiency loss against
block loss diversions relative to the UMP test for that block loss is de-



ceiving, since the application of the UMP test based on 7(21) presupposes
knowledge of the shipment label i during which block iass takes place.

Of course this criticism may be blunted somewhat by using a test that
guards specifically against block loss in any shipment without assuming in
which shipment the block loss takes place. An intuitive test which accom-
plishes that, rejects when

01 Dn

M = max (Fl-,..., ?-) > 8,
n

where k , is determined by

a-P(M>ka|g=Q)-1-P(M5ka|g-9_)

0;
=1 - npqgskolu,-m

1-@" (k)
Thus

®1((1- o)1),

Ka

The power functicn of this test, denoted by ¢’M' against any diversion
M EU s

0
By, (&) =1 - nP(;:-s kKo | uy)

K
=1- @k, - A )
In particular against a block loss diversion of size m in shipment i,
1.0y, Ky (m) =m e; =m0,..,0, 1, 0,...,0) (with a 1 in the ith posi-
tion), the power is
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n-1

n
(3.6.3) B¢,M (By M) =1-(-0c) Olky - gi)
whereas the power of the max-min test ﬁs for this bluck loss diversion is

(3.6.4) Bg(m =1- @z, -n(T oP™
On the other hand the power function of ¢" against the least favorable

scenario g =m e* is
n

mo
(3.6.5) B84 (net) =1 - 1n1 ® (k, - -;—;% )
. J
j

whereas the power of "SS is the same as given in (3.6.4). Bs(m) remaing
unchanaed since it depends only on m.

A comparizin of tnese power functions (3.6.3, 3.6.4 and 3.6.5) for the
case n=10, a =,05, and cr% -...-a-fo-l is given in Figure 3.1. As is evi-
dent from this figure the result is mixed. On the one hand the ¢, test
perforns much better than the max-min test ¢. against block loss alterna-
tives and on the other hand the ¢, test performs much worse than the @

test against the least favorable scenario e*.

A7 attempt to combine the two tests in some fashion would result in a
degradation of B¢y (Li("‘)) but improvement of Bg(m) in the case of
block loss alternatives whereas in the case of the least favorable scenar-
io the power function of the combined test would lie between BS and
B‘PH (m e*.) What this comparison tells us and what is evident from the
max-min proper:; of the test ¢S is that we cannot improve over the power
properties of és without some loss of power against the least favorable

alternative,

It should also be noted that a block loss scenario was not one of the
identified scenarios against which the chosen test should perform well.
The reason the bleck loss scenario was considered here was that it came up
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naturally when we fidentified the case of highest efficiency loss of the
max-min test. The remainder of *he discussion of the block loss scenario
as given above should serve as an illustration of the problems invoived

when trying to improve on the max-min test.

3.6.4 Cyclic Pattern of Civersions

Suppose that material is diverted only every kth shipment starting with
the ith shipment., To be precise, assume the following general periodic

scenario:

for j=i, i%k,..., 1#(r-l)k

#y = %

“j =0 for all other § = 1,...,n

Here it is assumed that n=rk and the aj represent unknown diversions in
the jth shipment if such diversion takes place. The above starting index
i is some number between 1 and k.

If one knows the period k and the starting index i then one may as well
restrict attention to the sufficient statistic

(D4 Dgyyoe=sDya(ra1)

for the unknown parameter (a1, LIPS ‘1+(r-1)k)' With that reduction
from n shipper receiver differences to just r difference’ wsically are
back in the original situation with no assumed structure fo ¢ diversion
scenario. DOrawing on the results in the previous sections we may conclude
that the least favorable scenario with total diversion of m for this re-
ducec problem is as follows:

*

Ly "BR

where
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ey =@l for gui, 1ok, i4(re1)k ¢; >0

=0 else

Y"l 2
with C; = J§o ciqk o

The UMP test against this scenario direction e*; rejects H: u = o0 when

l‘il
D
i+jk
T1 - —d%0 : > Y.a
V<5

The power function of the test based on ‘r1 depends on the ay,
‘1+k"“"1+(r—1)k only through their sum, namely

371 (L) =1 - D2, - me,™

We see that this tes’ uses specifically the knowledge of the starting
point i as well as tlie cycle length k which puts it at  some advantage
over the max-min test based on S. It is more reasonable to compare the
max-min test S to a statistic based on knowledge of k, but not on the
starting point i. One may look at Tl’”" Tk simultaneously,

The test statistics Tl”"'Tk are independent since they are formed from
nonover lapping 01. A very plausible way to combine the test statistics
Tl....,Tk is to reject H: 4 =0 when

Mk ‘MQX(TI.--OQTk) > ka

where ko, 1s determined by
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o= PM >k, |L=0)=1-PM Sk | £=0)

k
c1. T PT Sk, [ x=0)

=1 @k, )"
Thus

k. = @ 1(1-0)1%

o

The power functiop of this test against a periodic diversion of period k
commencing with the ich shipment and with a total diversion amount m is

k
By (m =1- T P(Ty < ko | &)

=]

c1- Dky)*! Pk -me™H

-1
c1-(1-0)F @k, -me;™

The power function for S as given in (3.3.1) does not depend on e. For
illustration purposes assume n=24 which allows for the following possible
periods: k=2(r=12), k=3 (r=8), k=4 (r=6), k=6 (r=4), k=8 (r=3), k=12
(r=2). Further assume o =.05 and o*...= crnsl, thus c,=r.

Then
k-1
By (m) = 1 - (.95) K @k gg-m/v/T)

sl ael/k
where k.OS ™" (.957")

Figure 3.2 presents these power curves for Mk for k=2, 3, 4, 6, 8, 12 when
the diversion scenario is cyclic. The Mk test is more powerful than the
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max-min test for all k. Thus if you know that the diversion is cyclic,
and you know the cycle length k, the "k test is preferable to S. If k is
very large, the "k test does much better than the max-min test. This is
not surprising, for when k=12, we know that all but two of the 24 ship-
ments have no diversion. For the c>se when k=24, the cyclic scenario be-
comes the block loss, where the max-min test does worst (see Section
3.6.3). At k=2, we know that every other 4, is zero. At k=1 we are back
at unconstrained diversion, and as we saw in 3.3 und 3.4, the max-min test
is the best one can do with no information about the diversion strategy.

From Figure 3.2, one also notes that when the diversion scemario is the
least favorable, as defined in 3.3, the "k test does increasingly worse as
k increases. This also is not surprising, since as k increases, one is
basing the test on a larger set of parameter assumptions.

3.6.5 Random Pattern of Diversion

The last diversion scenario to be discussed is that of random diversions.
Consider again our basic statistical model

(3.6.6) Di N Zi i=l,...,n
where the unknown parameters "1' cees Mg (20) represent the diversions
during the n shipments and Zl' ..., L are independent ncrmally distrib-

n
uted measurement errors with mean zero and variances c'%. . 0'2‘.

In a random diversion scenario one considers the diversions ”1’ ceea M
as nonnegative random variables. To emphasize this different interpreta-

tion we write Mi in place of e Qur statistical model becomes

(3.6.7) 0; = M, + Z, fol e
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where the ZI, vons Zn are as before and Ml' o "n are nonnegative random

variables which are distributed independently of 21, .o Zn. The "1'
sy "n are allowed to be dependent random variables. For example, it may
be that the total diversion m is fixed by the diverter, S,
m = "1 ® ous @ "n so that only the allocation of the amount m over the n
shipments is random. Let G denote the Joint distribution of "1’ 54 up Mn.

If ¢ is any test then its power function under model (3.6.6) is denoted by
B¢ (#) whereas under model (3.6.7) the power function of ¢ is computed as

(3.6.8) By (6) = Eg(B, (M)

where EG denotes the expectation or average over the random vector
M= ("1""’Mn)' which is distributed according to G.

For example, for the max-min test ¢S we have:

(3.6.9) Bp (L) =1 - B2y ,- = Fi(zaﬁ)'l’)

whereas
(3.6.10) é¢s(e) = Eg(1 -®(zy_, - = Mi(zag)"’)).

Let us discuss the distinction between B¢ () and B.d,(G) in detail.
B¢ (#) represents the long run frequency with which the test ¢ would
detect a diversion when applied repeatedly under the same diversion sce-
nario u . [§¢ (G) also represents a long run frequency with which the test
¢ would detect a diversion when applied repeatedly, however this time
under randomly changing diversion scenarios.

During any given cycle of n shipments the diverter selects randomly the
diversion Ml’ PR Mn according to some distribution G. Denote the par-

ticular realization of Ml’ ey Mo for this cycle by Mps weey Moo For all
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practical purposes the Mys eesy M are unknown numbers and the probability
of detecting a diversion during this particular cycle using the test ¢ is
ﬁ%b(g). Depending on the values of 1 = (ml....,mn) this probability
B¢(@_) may either be small, moderate, or very large. In (3.6.8), by
averaging over the values of m according to G, we average the good per-
formance of ¢ for some m with the bad performance of ¢ for some other
m. This is not so much a fault of the test ¢ but points to a flaw in
measuring the performance of a test ¢ in the face of random diversions

by the criterion (3.6.8).

To clarify this further consider the max-min test and suppose that the
joint distribution G of M stipulates that M will be chosen randomly such
that 2M1 = 0 with probability 1 - p and that 'J:NI1 = 3 with probability
p. The average total diversion is then

Eg(ZM;) = 0(1 - p) +ap=ap.

By choosing a very large and p very small we can have this average
total diversion take on any value we like. However, according to(3.6.10),
the probability of detecting diversion is

B (@) = (191 B2y ) + 01 -z - A(E o)™
< (l-pla+p

which for small p may become arbitrarily close to « , the false alarm
rate. We thus have the following situation: In the long run the expected
total diversion per cycle of n shipments can be quite sizable whereas the
diversion detection probability is hardly better thar the false alarm
rate. This example should make clear that it doesn't make much sense to
consider (3.6.8) as a reasonable test performance measure when we average
over random total diversions which may take on very small and very large

values.




If, however, we restrict ourselves to random diversions M for which the
total diversion 2"1 is fixed at m, i.e., "1' i Mn are random but

P(Z M =m =1,

then the power of the max-min test is not affected at all since it only
depends on the total diversion and not on the way the diversions are allo-
cated over the n shipments. This explains the comment made earlier that
the diverter may gain nothing against the max-min test by selecting his
diversion scenario randomly from Ane
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4, RESULTS WITH UNKNOWN VARIANCES

The max-min test is extended in Section 4.1, under the restricticn of in-
dependent errors between shipments, to incorporate variance estimates.
The resulting test statistic is shown to be a generalized version of the
Behrens-Fisher type. A correlated error problem with unknown variances is
addressed in Section 5.3. The Satterthwaite procedure is shown in Section
4.3 to provide a critical value for the test statistic with an a level
closest to that intended. The a level and power of the test are shown to
be relatively unaffected by changes in population parameter values,

Section 4.3.

4.1. Problem Background

The max-min test is developed in Section 3.3 under the assumption of known
covariance matrix C. The framework of Section 3.1, with

01 =W+ Zi for 1sl,..., N

is still assumed, where “i are the unknown true material losses, By 20,
except

Zi are independent N(O,cr?) for i=1l,... n,

The null hypothesis H of no material diversion, and the alternative K of
some diversion only involve u:

(4.1.1y H:p=0 Vs K: B €A

and ag, P aﬁ are nuisance parameters which are not necessarily equal.
We assume that estimates s% of the af are available such that

i
with fi known, for i=l, ..., n

i) fi sflcrz is a chi-squared variable with fi deg-ees of freedom,
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ii) s%,..., sﬁ, 01,.... Dn are mutually independent

For n=2, with the unknown variances not assumed equal, the problem above
(4.1.1) is referred to as the Behrens-Fisher problem. With unknown nui-
sance parameters af, the straightforward Neyman-Pearson theory used in 3.2
no longer applies. This problem has defied attempts at an exact solution.
Linnik (1968) has shown that no well behaved exact solution is possible.
The problem has received considerable attention, with much of the research
focused on obtaining practical solutions to the problem. This is the ap-
proach we also have taken.

For known covariance matrix C the max-min test S appears to be the best
test. Under independence the S test rejects H: g = 0 when

B,
(20’?); l-a

The obvious modification of this test is to replace the af by their esti-

mates s%. The test is then to reject H when
(4.1.2) T —7—,-‘—}:U1 >t

This modification is in the spirit of the practical solutions for the
Behrens-Fisher problem (n=2). The place where these practical solutions
differ is in the choice of the critical value t,. For a discussion of the
approaches see G. K. Robinson (1982), Lee and Gurland (1975) and Scheffe’
(1970). The basic problem is that the distribution of the statistic TS
depends on the values of the unknown nuisance parameters o-g, ...,aﬁ. Even
if the variances are known, the distribution of TS would be difficult, if
not impossible, to derive. Thus we have focused attention on determining

the critical value ty such that

(4.1.3) P(Tg >ty | =0 =a

over a range of parameters n, fl,...,fn, and o%,...,ai.
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Note that from (4.1.2) we have

b))
i D/ o
(4.1.4) TS = o s
am @D 1622 )"
@ vy
where
02 = 20?
D = XD

Under H (4.1.1) the numerator of TS' /e, is a N(0,1) random variable.
The denominator, however, involves an algebraic function of independent
chi-squared variates, which is not in general a chi-squared variate. Thus
TS is not a Student's t variable, and (4.1.2) is an n population extension
of the Behrens-Fisher problem, necessitating an approximate solution to

(4.1.3).
4.2. Procedures Investigated

The statistical literature was searched tor practical solutions for deter-
mining t in (4.1.2) for n>2., Based on this review, four procedures were
selected for evaluation. Each of the procedures involves straightforward
computations. The first three invoive using the s? and fi for determining
t,. The fourth procedure was originally thought of as a "quick and dirty"
procedure which permits benchmarking the Monte Carlo program, Section 4.3.

The procedures given in 4,2.1-4.2.4 are:

i) Satterthwaite
ii) Banerjee

ii1) Cochran

iv) Sum
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4,2.1 Satterthwaite

The Satterthwaite procedure, see Brownlee (1965), is based on approximat-
ing the dictribution of an algebraic function of chi-squared variates
fi sf/«r? by a chi-squared variate divided by its degrees of freedom fs.

Substituting s% for the unknown¢r§ gives
. (S.Sf)2
S s(siey)

where
i <

min f, < fs < Zf}.
Note that fS will usually be non-integer. Using this approximation in
4.1.4 we have under H: 4 = 0 that TS is approximately a Student's t vari-
ate w'th fractional degrees of freedom fg. Under K: u = me then Tg fis
approximately a non-central t with fs degrees of freedom and non-central-
ity parameter

(4.2.1) A = w/(20?)% = w/o.

The Satterthwaite critical value tg , for testing H (4.1.1) is te o the
y So

J-a quantile for Student's t with fS degrees of freedom. To compute

critical values for fractional degrees of freedom, inverse interpolation

is used between neigrboring integers fo, fl’ which gives a reasonable

approximation:

(1/fg - 1/f,)
's,a " g0 ¥ a 'TI7?"'"T7?‘7 (t¢ o™ b))

where

fo g ek

S 1
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4.2.2 Banerjee

Baner jee (1960) proposes comparing TS to t;  where

L ]

s ! - O P b
ta,a = .E(S.;/Zsj) t‘p“)

This procedure is guaranteed to have level « or less, which isn't true for

Satterthwaite or Sum and hasn't been shown for Cochran. Note that

Cochran

4

In the Cochran procedure, Snedecor and Cochran (1976), T. is compared to

t where:
ol

2
t = 2(s;/ZTs%) ¢t
C,x SRS - f.,e

This uses as a critical value for TS' a weighted average of the critical

vatues for testing each of the D,. Note that t. _ satisfies a similar
g

inequality to tp (4.2.3)
-

min tf‘,a <t

<max t
- C,» = fj.a

When the f. are all equal, the Banerjee and Cochran procedures are identi-

cal, using the common degrees of freedom fo for the critical value, tf o

A fourth procedure included in the Monte Carlo evaluation, Sum, compares

-

to t, , where A is the sum of the degrees of freedom, A = SfT. If the

n variances are equal, and the f, are all equal to fJ then T. is a Stu-

’ <
v

.

dent's t variate with nfo degrees of frz2edom. This follows directly from

equation (4.1.4) since a sum of chi-squared variables is chi-squared.




Note that the denominator in 4.1.4 is always an estimate of the standard
deviation of Di' The variance estimates are not being pooled.

The Sum procedure is "quick and dirty" in that the critical value tA X is
’

not a function of the s?. This procedure permits an accuracy check of the

Monte Carlo program, 4.3, since the distribution of TS is known for¢72 ao%

i
and f; = f , i=1,..., n, both when » = 0 and when & # 0.
4.3. Monte Carlo Analysis

The distribution of the test statistic TS (4.1.2) does not have a well
behaved analytic solution, as mentioned in 4.1. Four procedures for com-
puting a critical value t, for TS are given in 4.2, In order to evaluate
the performance of these procedures a Monte Carlo simulation program has
been developed, Section 4.3.1 and Appendix A. This program generates
realizations of Ts for the mathematical model given in 2.3 and 4.1.
Shipper-receiver system parameters are inputs to the program; a levels or
power values for the test procedures are outputs.

4.3.1 Model Implemented

The Monte Carlo simulation program generates realizations of the shipper-
receiver model described in 2.3 and 4.1. The user describes system param-
eters. These are:

i)  The number of shipments n (number of variance estimates s%)
ii) The true variance values a%, Nr oﬁ
ii1) The degrees of freedom values for the n variance estimates, fl,
NP,
*'n

iv) The true material diversions *1? vors B

The user also specifies N, the number of samples to generate for estimat-
ing the desired probabilities.

The test statistic TS, as given by (4.1.4), is
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L g 0/ [
DY (Sei/e 1) 2g )
:

The numerator, D/o, is a single normal variate with mean X\ = XA‘ikr and
variance 1, where 02 = 247%. The denominator is &an algebraic function of
n chi-squared variates. To generate a single realization of Tq we thus
need to generate a single normal variate and n chi-squared variates and
combine them appropriately. To compute critical values tS,a' tB,a and
tc,a the chi-squared variates are again used (see Sections 4.2.1, 4.2.2
and 4.2.3). The realization of TS is then compnared to the critical values
for each of the procedures. This process is repeated N times.

The fraction of times where TS exceeds the critical value is then an un-
biased estimate of the probability

P(T.> ¢t )

X,

S

for each of the procedures. This is done for « = .10, .05, .025, .0l and
.005. If » = 0, this probability is, hopefully, close to «, the intended
false alarm rate. If 4 = me, this probability is the power of the test.

For each parameter set evaluated, N=40,000 realizations are used to esti-

mate «. [f the true « is .10, .05, .01, or .005, the accuracy of the
estimates (two standard deviations) are

l .1000 .0500 .0250 .0100 .00S0

2Vea(l-«) /40,000 ' .0030 .0022, .0016 .0010 .0007

4.3.2 Parameter Sets Investigated

The model parameters input to the Monte Carlo simulation program are n,
2 \

@1y ceev o)y (Froeeanf ) and (#y,...,4). The simulation permits




i) Evaluation of the relative performance of the four procedures
given in 4.2 for determining critical values of size «.

i1) Determination of the power of each of the four procedures
4,3.2.1 Parameter Sets for n=2
For n-Z.' Lee and Gurland (1975) evaluated the Satterthwaite, Banerjee and
Cochran procedures for «a=.05, fl-d, fz.-B and a range of values for
vf/(c% +cr§). We evaluated all four procedures for variance parameters

2 g -
al/(a{ +a3) = .05, .1, .2, ..., .8, .9,.95

with observed alpha values close to those obtained by Lee and Gurland,
giving some verification of the Monte Carlo program.

4,3.2.2 Parameter Sets for n > 2

We compared the four procedures of Section 4,2 for n = 6, 12 and 18 and
for a range of the other parameters. The degrees of freedom f. used for
s% were 4 (low), 10 (medium), and 20 (high). The choices for degrees of
freedom were:

i) f‘ T fn = 4 (all Tow)

i1) \‘1 iy ® fn = 10 (all medium)

) fy = .= f =20 (a1l high)

iv) fl = ,,, = fn/2 =4 (first half of shipments low degrees

faj2 41 % «o» =%, =20 of freedom, second half high)
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v) f1 s 8 fn/3 = 4 (first third low degrees of freedom,

f"/3 417 00 T on/3 = 10 second third medium,

on/3 R fn = 20 last third high)

Examining (4.1.4) we note that the behavior of TS is only a function of

g S
a, 01/0
where

02 = 20%.

Thus we need only specify the relative magnitude 3 of the variances. The
cases evaluated were:

i) 3 = ... =2 (all variances equal)

ii) 3 = ..w = A, = 1/2n (variance >f second half 3
/241 = ver T T 3/2n times variance of first half)

iii) 3 = e T A, E 3/2n (same as ii but with roles
8 /241 = eee T, T 1/2n reversed)

iv) 3 = =a,3" 1/2n (variances in ratio of 1 to 2
an/3+1 e aZn/3 = 2/2n to 3 for first third, second

third, and last third of the

shipments)

53



v) = e T3 g0 3/2n (same as iv with roles
31/341 = v+ = dpp43 = 2/2n reversed)
azn/3+1 B o0 ® an - 1/2"

It was felt unlikely that one shipper-receiver difference 01 would have
more than three times the variability of another shipment between the same
pair of facilities. For the hypothesis of no material diversion, H:p=0,
the true alpha values are estimated, for N=40,000 runs. The test plan,
* Figure 4.1, comprised of 15 parameter sets for a given n, was run for n=6,
12, and 18. The computer output is given in Tables B.1 - B.45 and
discussed in Section 4.3.2.

Variance Structure

i ii ifi iv v
Degrees i X X
of ii X X
Freedom iii X X
iv X X X
v X X X

Figure 4.1 Test plans for comparing procedures, repeated for n=6, 12 and 18

4.3.3 Comparison of Procedures

4.3.3.1 General Remarks

The Satterthwaite procedure gives an « level closest to the intended
value. Based on the test plan in 4.3.2, Satterthwaite performs best of
the four procedures, showing minimal effect with changes of number of
shipments, degrees of fre_c™m and variance pattern.
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The Satterthwaite and Sum procedures compute degrees of freedom f and then
use the appropriate Student's t critical value tf q. Banerjee and
Cochran, however, take a function of n Student t values, tfy,a0 0"
tfn‘a, for their critical values (see 3ection 4.2). For a set of s7 and
fi, we can take the Banerjee and Cochran critical values, tg o and t¢ o
and find the degrees of freedom fg and f; which would give these critical
values. This permits comparing the four procedures on the same scale.
Let fg and fp be the degrees of freedom for Satterthwaite and Sum. Then

min f, <fg Sfc < max fi <f,

and

min f. gfs <fa
Thus

%.a 2%.a 2t%,a
and

2t

tS,a A, a

Thus the observed alpha levels will satisfy for all «
ap Sac _<_aA

and

We believe, but have not shown, that




<
fB fc < fS "fA
which would imply
a.L a, < fa

A1l cases investigated support this.

4.3.3.2 Results n=2

The case n=2 is interesting for several reasons. The variance c% of D1 is

the sum of the shipper variance °’S 1and the receiver variance o'§ i To
test a single 01. we need to combine estimates of these two variances. We
then use the test (4.1.2) with n=2 in the denominator. As mentioned
earlier, the results for n=2 have been studied for the first three proce-
dures of 4.2, Lee and Gurland (1975), permitting verificaticn of the simu-
lation results. The results for a = .005 to .05, f1-4, f2-8 are given in
Figures B.46-B.55 and summarized in Figure 4.2 for a = .05, The first
variance estimate, s%. is less precise then the second vanance estimate,

sg, giving unsymmetric results with respect to C-cll(d’ + crz)

From Figure 4.2, Satterthwaite performs less favorably when the true vari-
ances are equal, C=.5, or when 95% of the variation of D is from the sam-
ple with the smalle~ degrees of freedom, C = .95. The true a level oscil-
lates around .05, giving a slightly conservative test for C=.5 and a
liberal test at C=,95.

The Banerjee and Cochran procedures give nearly identical results. The
observed a level is always less than .05. These procedures do better for
C close to 0 or 1, performing less favorably at C=.5. When C is close to
0 or 1, the test (4.1.2) converges to the one-sample t-test, and the
Banerjee ind Cochran critical values converge to the correct degrees of
freedom. These procedures degrade and give a less precise approximate
test, as a decreases.
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Sum has the least accuracy at C=,1 and C=.95, the extreme cases run. At
C=.95 Sum gives the largest divergence, with a false alarm rate « 40%
larger than intended. As mentioned above, as C goes to O or 1 the test
(4.1.2) converges to a one-sample t-test and f, or fz degrees of freedom
should be used for the critical value, whereas Sum uses t"1 + f2' Sum per-

forms best at C=.5.

In comparing the four procedures over this restricted parameter set, we
conclude that Satterthwaite performs best overall. The observed « level
is closest to the target value over the range of C, and the « values
studied. Banerjee and Cochran give virtually equivalent results. The
observed « level is always less than the target value, and is always less
accurate than the Satterthwaite procedure. Furthermore, as « decreases
the performance of Banerjee and Cochran decreases. Sum performs slightly
better than Satterthwaite for C=.3, .4 and .5. Satterthwaite, however,
performs considerably better over the other C values.

c Satterthwaite Banerjee Cochran Sum
1 .0507 .0447 .0448 .0538
2 .0503 0411 .0413 .0523
3 .0478 .0384 .0387 .0497
.4 .0492 .0382 .0385 .0513
5 .0470 .0348 .0350 .0503
.6 .0475 .0361 .0363 .0525
7 .0488 .0372 .0375 .0546
8 .0501 .0401 .0402 .0587
9 .0509 .0425 .0426 .0650
.95 .0521 .0470 0471 .0713

Figure 4.2 Comparisor of observed « values when intended value is
.05, for n=2, f1-4, f2-8 and C -c'il(cri +o'§)
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4.3.3.3 Results n >2

Equal variances and equal degrees of freedom

The equal variances and equal degrees of freedom correspond to the first
three cases in column 1 of Figure 4.1. The corresponding output is given
by Figures B.1-B.9 and summarized in Figure 4.3.

Sum Satterthwaite Baner jee-Cochran
and
o f=4 f=10 f=20 f=4 f=10 =20
.10 .1000 .1002 .0113 .0704 .0872 .0943
n=6 .05 .0480 .0492 .0503 .0214 .0371 .0442
.01 .0082 .0101 .0099 .0005 .0040 .0059
.10 .0988 .0988 .0998 .0656 .0847 .0933
n=12 .05 .0481 .0495 .0505 .0192 .0367 .0432
01 .0091 .0097 .0io04 .0001 .0032 .0064
40 .0987 .0991 .0993 .0664 ,0856 .0929
n=18 .05 .0491 .0503 .0483 .0177 .0357 .0415
.01 .0095 .0103 .0095 .0002 ,0031 .0060

Figure 4.3 Comparison of a values for equal variances and equal degrees
of freedom. Sum is exact, agreeing with a desired

The Satterthwaite procedure shows no significant effect as n increases.
The observed a values show some slight improvement as fi increases.

The Banerjee and Cochran procedures are identical when the fi are equal

(see 4.2.3). They give very conservative results for fi=4’ doing appre-
ciably worse with decreasing a. As n increases they show some decrease in
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size. The effect of fi is quite significant, with the conservatism de-
creasing drastically as f, goes from 4 to 20.

The Sum procedure is exact for these cases, see 4,2.4, Thus its perform-
ance is best for equal variances and equal degrees of freedom. The Sat-
terthwaite procedure gives good agreement with the target values, while
the Banerjee and Cochran procedures are unduly conservative unless the
degrees of freedom are large.

Equal variances, degrees of freedom not equal

The equal variances but unequal degrees of freedom correspond to the last
two cases in the first column of the test plan, Figure 4.1. The computer
results are given by Figures B.10-B.15 and summarized in Figure 4.4.

Satterthwaite shows no appreciable effect as n increases, or the fi pat-
tern changes. Again, it performs best in attaining an « level closest to
the desired level. Sum, performing next best, shows a slight improvement
with an increase in n. Banerjee and Cochran again exhibit extreme con-
servatism for«=,01, This conservatism increases with n.
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Degrees of Freedom Degrees of Freedom

Pattern iv (1‘i 4 and 20) Pattern v (fi 4,10 and 20)

R Satterthwaite Baner jee Cochran Sum Satterthwaite Banerjee Cochran Sum

.10 .1009 .0831 0835 .1034 .1006 .0833 .0836 .1023

n=6 .05 .0520 .0323 L0333 .0545 .0505 .0344 .0350 .0522
.01 .0097 .0016 .0018 .0111 .0103 .0023 .0027 .0116

.10 .0991 .0786 0791 .1005 .1019 .0849 .0852 .1031

n=12 .05 .0509 .0300 0307 .0522 .0510 .0314 .0319 .0523
3 .01 .0102 .0014 0016 .0109 .0092 .0016 .0018 .0099
.10 .1008 0776 .0780 .1018 .0987 .0795 .0799 .0995

n=18 .05 .0488 .0271 0278 .0498 .0495 .029 .0302 .0502
.01 .0094 .0010 L0012 .0101 .0090 .0013 .0016 .0096

Figure 4.4 Comparison of « values for equal variances, unequal degrees of freedom patterns iv and v (see Figure 4.1)



variances unequal (ratio 1 to 3)

Figure 4.5 summarizes the performance of the four procedures for degrees
of freedom pattern iv, variance patterns ii and iii. The first half of
the variance estimates have f1-4. the second half have f1-20. The true
variances are in the ratio of 1 to 3 in the first case, with the larger
degrees of freedom associated with the larger variances estimated. In the
second case, variances 3 to 1, the larger variances are estimated less
precisely, have the smaller fi. Figure 4.6 presents the results for vari-
ances in the ratio of 1 to 3, pattern iii, for equal degrees of freedom.
The complete results are given in Figures B.16-8.30.

The Satterthwaite procedure slightly outperforms Sum, with Banerjee and
Cochran continuing to show conservatism which increases dramatically with
decreasing «. After examining Figure 4.5, Satterthwaite shows no appreci-
able effect from flip-flopping the degrees of freedom. Sum appears to
give a larger a value as the f, are interchanged, while Banerjee and
Cochran perform considerably worse when the larger variance has the
smaller degrees of freedom. '

The Satterthwaite procedure, from Figure 4.6, appears to be relatively
unaffected by increasing n or f,. It again slightly outperforms Sum.
Banerjee and Cochran again show extreme conservatism for small f1 and
small «. As fi increases, the observed a approaches the desired level.
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29

n=6

n=12

n=18

¥

.10

.10
.05
.01

Variance Pattern ii
«rf ratio 1 to 3)

Satterthwaite Banerjee Cochran Sum

.0959
.0465
.0092

.0991
.0504
.0105

.1005
.0511
.0100

Figure 4.5 Comparicon of a values for degrees of freedom pattern iv, fi=4 and 20,

.0833
.0339
.0028

.0848
.0362
.0026

.0856
.0355
.0026

.0836
.0344
.0032

.0851
.0369
.0030

.0861
.0360
.wza

.0965
.0470
.0095

.0994
.0506
.0106

.1010
L0511
.01G2

S'tterthwaite Banerjee

.0981
.0486
.0096

.0769
.0279
.0014

.0730
.0246
.0010

.0706
.0219
.0006

for vaciance ratios 1 to 3, pattern ii, and 3 to 1, patiern iif

Variance Pattern iii
(af ratio 3 to 1)

Cochran Sum

0771
.0285
.0017

0753
.0251
.0011

.0712
.0223
.0007

.1049
.0552
.0134

.1033
.0540
.0115

.1012
.0500
.0103



.10
.05
.01

.10
.05
.01

.10
.05
.01

sat.

.0954
.0486
.0095

.0981
.0489
.0091

.0980
.0475
.0089

Bane: jee
Cochran  Sum
0723 .1029
.0231 .0523
.0008 0115
0671 .1006
.0202 .0513
.0002 0104
.0641 .0995
0179 .0493
.0003 .0097

.0105

Baner jee
Cochran Sum
.0878 .1009
.0393 .0509
L0041 L0115
.0865 .0996
.0370 .0508
.0036 .0104
.0908 .1057
0377 .0518
0032 .0108

.0102

.0963
.0482
.0097

Baner jee
Cochran Sum
.0962 .1022
.0433 .0507
.0066 .0096
.0928 .0993
.0430 .0504
.0064 0102
.U899 .0965
.0410 .0483
.0063 .0097

Figure 4.6 Comparison of « values for variance pattern iii, ratio of 1 to 3,
for equal degrees of freedom, patterns i, ii and iii



Variances unequal (ratio 1 to 2 to 3)

Figure 4.7 summarizes the results for degrees cf freedom pattern v and
variance patterns iv and v. The first third of the variance estimates
have fia4, the second third f;=10 and the last tiird f1~20. The variances
<Y$ are in the ratio of 1 to 2 to 3 where the larger variances have the
larger degrees of freedom in the first case, and the smaller degrees of
freedom in the second case. The complete simulation results are given in
Figures B.31-B.45,

The Satterthwaite procedure is slightly favored over Sum. Banerjee and
Cochran show a decrease in a level as the larger variances are associated
with the smaller degrees of freedom, consistent with the results from
Figure 4.5,
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Variance Pattern iv

Variance Pattern v
arf in ratio 1, 2, 3)

«rf in ratio 3, 2, 1)

Satterthwaite Banerjec Cochran Sum Satterthwaite Banerjee Cochran Sum

.0871 .0873 .1006 .1008 .0821 .0825 .0160
.0501 ~.0373 .0377 .0506 .0507 .0329 .0332 .0549
.0099 .0034 .0036 .0101 .0096 .0018 .0021 .0124
.0987 .0849 .0852 .0990 .0991 .0760 .0763 .1017
.0500 .0344 .0348 .0502 .0490 .0275 .0281 .0512
.0099 .0026 .0029 .0100 .0096 .0012 .0015 .0114
.1011 .0868 .0872 .1012 .0968 .0750 .0754  .0985
.0483 .0337 .0341 .0486 L% .0258 .0262 .0500
.0098 .0025 .0027 .0099 .009% .0012 .0013 .6102

Figure 4.7 Comparison of « values for degrees of freedom pattern v, fi'4’ 10, 20,
for variance ratios 1 to 2 to 3, iv, and 3 to 2 to 1, v



4.3.4 Power Results

Power results are only presented for the Satterthwaite procedure. For all
the para::ter sets we have investigated we have found

[t is not appropriate to compare the power of two procedures if they don't
have the same « value. The four procedures are all trying to achieve the
desired « value, but differ greatly in their achieved level.

The test statistic (4.1.2)

v 20,
S B
(2s)"

is seen from (4.3.1) to be of the form

Frs v gews &
(26 x,i)”

when the diversion is W , where Z is normal (0,1) and
2\h
A= El-‘i/a-' (Z “1)/(2 71)

The power, as has been noted earlier, is a function of the total diver-
sion, and not the diversion pattern. For a given a level, the power is
determined by the total diversion, 2“1' and the total variation, Za
which are combined to form A. If we double n, the number of shipments,
have the cr? for the second n shipments repeat the pattern of the first n
shipments, we must increase the total diversion by 41% for )\ to remain
constant and have the same probability of detection.

The power of the Satterthwaite TS test is evaluated for the 45 parameter
sets given in Figure 4.1, fora=.10, .05 and .0l. The general shape for

66



the power curves is given in Figure 4.8. The results are summarized in
Figures 4.9-4.17. The power is seen to be a function of only the « level
desired, and )\, the standardized cumulative diversion parameter. The
power is virtually unaffected by changes in n, f and gz. Thus Figure 4.8

may be used for computing approximate power of the test for a diverse set
of parameter values, much larger than the set investigated.
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A - material diversion parameter

n f1 pattern ¢1f pattern 0.0 0.5 1.0 1.5 24 .5 3.0 35 40 45 5.0
6 |1 4 I EQUAL .1000 .2130 .3783 .5733 .7504 .8773 .9503 .9840 .9959 .9992 .9999
6 Il 10 | EQUAL .1002 .2154 .3884 .5855 7636 8887 .9585 9873 9972 .9995 9998
6 111 20 1 EQUAL .1003 .2183 .3892 .5838 .7641 .8861 .9564 .9868 9964 9992 9939
6 IV 4,20 1 EQUAL .1009 .2146 .3843 .5774 .7523 .8795 .9523 .9846 .9963 .9994 |.N000
6 V 4,10,20 | EQUAL .1006 .2174 .3880 .5815 .7570 .8814 .9533 .9854 .9961 .9993 .9999
12 1 4 1 EQUAL .0988 .2134 .3826 .5780 .7535 .8801 .9523 9844 .9959 .9993 9999
12 11 10 1 EQUAL .0988 .2144 3867 .5820 .7584 .8839 9552 9858 .9964 .9992 9999

< 12 111 20 1 EQUAL .0998 .2168 .3878 .5837 .7622 .8878 9565 .9866 9968 9993 .9999

12 Iv 4,20 I EQUAL 0991 .2127 .3872 .5799 .7595 .8841 .9563 .9863 .9968 .9995 9999
12 v 4,10,20 | EQUAL .1019 .2190 .3885 .5839 .7607 .8854 .9578 .9862 .9960 .9993 9999
18 1 4 1 EQUAL .0987 .2118 .3819 .5786 .7577 .8833 .9553 .9856 .9965 .9992 93999

18 11 10 I EQUAL .0991 2127 .3858 .5816 .7592 .8854 .9560 .9863 .9962 .9993 .9999

18 111 20 I EQUAL .0993 .2173 .3908 5883 .7642 .8889 9569 9867 .9969 .99%4 1.0000
18 IV 4,20 I EQUAL .1008 .2192 .3916 .5897 .7631 .8874 .9546 .9864 .9967 .9994 9999

18 Vv 4,10,20 | EQUAL .0987 .2153 .3848 .5807 .7599 .8840 .9549 9866 9962 .3991 9998

Figure 4.9 Power values for Satterthwaite procedure for .10 o level, equal variances
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A - material diversion parameter

Figure 4.10 Power values for Satterthwaite procedure for .10

a level, unequal variances

n f, pattern o2 pattern 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
6 | - 11 1.3 .0994 2104 .3753 .5706 .7462 .8738 .9493 9833 .9958 .9992 9999
6 11 10 1l 1.3 0998 2175 .3889 .5815 .7568 .8842 9554 L9851 .9964 .9994 9998
6 Il 20 11 1,3 .1018 .2199 .23920 .5904 .7633 .8870 .9559 .9867 9963 .9992 9999
6 IV 4,20 ] 1.9 0959 2136 .3845 .5797 .7603 .885! .9548 .9855 9961 .9993 1.0000
6 v 4,20 iI¥f 3.1 .0981 .2127 .3779 .5749 .7507 .8808 .9522 .9844 .9961 .9991 9999
12 | B 11 .3 .0981 .2143 .3797 .5739 .7525 .8794 9509 .9843 .9957 .9991 9998
12 11 10 1 1.3 .0990 .2189 .3889 .5861 .7617 .8850 .9551 .9863 .9967 .9993 .9999
12 111 20 il 1.9 .0990 .216€ .3878 .5858 .7622 .8888 .9573 .9858 . 9965 .9994 9999
12 1V 4,20 11 1.9 .0991 .2138 .3851 .5831 .7594 .8833 .9542 .9854 .9962 .9993 . 9999
12 1V 4,20 15} 3.1 .0992 2123 .3813 .5779 .7586 .§848 .9545 8857 9956 .9990 9998
18 | 4 11 1.3 .0980 .2142 .3818 .5774 .7587 .8846 .9539 .9855 .9964 9993 9999
18 11 10 I Va9 L1055 .2210 .3893 .5874 .7632 .8882 .9568 .9859 .9964 .9994 9999
18 I1Il 20 11 1,3 .0963 .2128 .3837 .5837 .7605 .8868 .9573 .9866 .9962 .9993 .9999
18 1V 4,20 I 1.3 1005 .2170 .3849 .5798 .7609 .8885 .9569 .9868 .9968 .9995 |.0000
16 1V 4,20 I 3,1 .0990 .2150 .3858 .5806 .7589 .8839 .9549 9856 .9962 .9991 .9998



1

A - material diversion parameter

Figure 4.11

Power values for Satterthwaite procedure for .10 a level, unequal variances

n f,pattern o2 pattern 0.0 0.5 1.0 1.5 20 25 3.0 35 40 45 5.0
6 | 4 v 1.2.3 0990 .2122 .3756 .5672 .7446 .8747 .9497 .9843 9952 9988 .9998
6 |1 10 v 1.2.3 1018 .2191 .3872 .5806 .7599 .8853 .9558 .9460 9963 .9992 .9999
6 111 20 v P 0968 .2148 .3857 .5840 .7591 .8849 .9554 9855 .9965 .9993 9999
6 V 4,10,20 1V 1.8.9 0999 .2151 .3834 .5802 .7569 .8853 .9545 9855 .9962 9991 9998
6 V 4,10,20 V 3.2.1 .1008 .2165 .3816 .5742 7507 .8801 .9509 .9839 .9956 .99%0 1.0000
12 1 B v .29 1014 .2120 .3812 .5750 . 554 .8842 .9534 .9855 .9964 .9994 9999
2 I3 10 Iv 1.8.,3 1000 .2169 .3880 .5858 7594 .8841 .9552 .9857 .9967 .99932 .9999
12 111 20 1V 1.2,3 0999 .2171 .3886 .5866 .7614 8867 .9555 .9857 .9967 .9991 0000
12 V 4,10,20 1V 1.2.9 0987 .2144 .3855 .5834 .7592 .8843 .9562 .9874 9966 .9994 9999

12 V 4,10,20 V 3,2,1 0991 .2123 .3832 .5786 .7547 .8840 9535 9853 .9957 .9993 .9999
18 1| Bl Iv 1.2,3 0989 .2141 .3841 .5811 .7557 .8834 .9544 9857 ,9964 .9994 .9999
18 11 10 v 1.2.9 0994 .2161 .3887 .5870 .7628 .8887 .9578 .9868 .9964 .9995 9999
18 111 20 1V 1.2.3 0946 .2150 .3881 .5857 .7632 .8873 .9574 9869 ,9967 .9992 .9998
18 V 4,10,20 1V 1.2.3 1011 .2182 .3897 .5870 .7639 .8883 .9571 .9862 .9967 .9995 1.0000
18 V 4,10,20 V 9.2,1 0968 .2139 .3818 .5791 .7584 .8829 9548 .9861 .9966 .9991 1.0000



el

A - material diversion parameter

n f, pattern o%patten 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
6 1 “ I EQUAL .0480 1213 .2454 .4192 .6095 L7775 .8935 .9572 .98652 .9967 . 9995
6 11 10 I EQUAL .0492 1237 .2534 .4376 .6335 .7992 .9101 .9677 .9904 .9980 . 9997
6 11l 20 | EQUAL .0503 .1259 .2608 .4391 .6333 8018 .9095 .9670 .9903 .9974 .9995
6 1V 4,20 | EQUAL .0520 .1236 .2%17 4281 .6203 .7838 .8994 .9610 .9878 .9973 9995
6 V 4,10,20 | EQUAL .0505 1252 .2559 .4323 .6252 .7888 9018 .9629 9887 .9974 9995
12 1 4 I EQUAL .0481 1209 2487 4294 .6206 .7863 .8997 .9614 . 9880 .9970 5995
12 11 10 I EQUAL .0495 1247 .2556 .4371 .6344 7981 .9065 .9662 .9893 .9975 .9995
12 111 20 | EQUAL L0505 .1253 .2611 .44906 .6338 .8009 .9118 .9679 .9%07 .9978 . 9996
12 1V 4,20 I EQUAL .0509 .1225 .2545 .4354 .6295 .7958 .9072 .9659 9903 . 9979 9997
12 V 4,10,20 | EQUAL .0510 .1261 .2585 .4383 .6327 .7959 .9081 .9672 .9900 .9970 . 9996
18 1 4 | EQUAL .0491 1226 .23505 .4300 .6262 .7944 .9058 .9652 9893 9975 9996
18 11 10 I EOUAL .0503 .1245 .2541 .4367 .6319 .7981 .9081 .9667 .9903 .9976 . 9995
18 111 20 I EQUAL .0483 1253 .2604 .4447 .6381 .8041 .9117 .9675 9905 .9980 .9995
18 1|V 4,20 I EQUAL .0488 .1267 2601 .4425 .6388 .8006 .9092 .9661 .9902 .9978 9996
18 V 4,10,20 1 EQUAL .0495 1248 2551 .4362 .6303 .7967 .9076 .96549 .9897 .9974 .9994

Figure 4.12

Power values for Satterthwaite procedure for .05 a level, equal variances
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174

2

A - material diversion parameter

n f; pattern o pattern 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
6 | 4 v P 0482 .1195 .2408 .4110 .6012 .7705 .8888 9567 .9862 .9958 . 9988
6 11 10 v 1.2,3 (0511 1266 .2583 .4360 .6251 .7942 .9076 .9649 9890 .9973 . 9994
6 IIl 2C v P B 0482 .1229 .2548 .4378 .6343 .7965 .9079 .9655 .9898 .9975 9995
6 V 4,10,20 1V 1.2,3 -0501 1241 2526 .4311 6291 .7940 .9064 9648 9895 9975 9992
6 V 4,10,20 vV 3,2,1 .0507 1244 .2506 .4224 .6130 .7799 .8960 .9581 .9871 .9964 .9993
12 | 4 v 1.2.3 .0503 .1235 .2491 .4253 .6192 .7887 .9034 .9630 .9886 .9974 9995
12 11 10 v 1,2.3 .0508 1257 .2589 .4389 .6331 7964 .9070 .9659 9902 .9977 9996
12 111 20 v 1.2.3 .0510 1252 .2572 .4412 .6362 .7996 .9110 .9661 .73902 .9977 .9996
12 V 4,10,20 1V 1.2,93 .0500 .1243 2550 .4368 .6363 7978 .9078 .967) 9909 .9976 .9995
12 v 4,10,20 V 3.2.1 .0490 .1223 .2509 .4289 .6207 .7910 .9044 .9629 .9886 .99c9 9995
18 1 4 v 1.2,3 .0493 .1240 .2512 .4314 .6271 .7911 .9048 .9647 .9893 9977 9296
18 11 10 v 1,2.3 .0487 1244 2572 .4393 .6349 .7997 .9120 .9681 9907 .9976 .9997
i8 11l 20 v 1, 2:9 .0495 .1259 .2564 .4395 .6375 .8014 .9102 .9683 .9907 .9977 .9995
18 V 4,10,20 1V 1.2.3 .0483 1268 .2592 4424 .6368 .8G14 .9108 .9670 .9904 .9978 9996
18 V 4,10,20 V 3.2.1 .0485 .1227 .2535 .4314 .6275 .7935 .9044 .9654 .9900 .9973 .9992

Figure 4.14 Power values for Satterthwaite procedure for .05 a level, unequal variances
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5. CONCLUDING REMARKS

The test Ts given in Section 4.1 may be directly used to test n shipper-
receiver differences. In Section 5.1 we address the impact of incorrectly
applying the TS assuming independent errors when a correlated structure
exists. Section 5.2 gives the information required for the TS test when
the errors are independent, and Section 5.3 modifies this for correlated
errors. Section 5.4 addresses issues raised in a recent technical journ-
al. Extensions and further research are discussed in Section 5.5.

5.1 Correlated Error Structure

In Section 3 the max-min test was derived under general correlated error
structure for the vector D of shipper receiver differences, i.e.

D ~ N, (u, C) .

If "1j represents the ijth element of C and assuming the error structure
presented in Section 2.3.1, we recall that 03j > 0 for all ij as was
pointed out in connection with equation (2.3.3).

The max-min test rejects the hypothesis of no diversion when

2
$. > 24

(5 =
ij 1
If instead we ignore the correlation aspect and falsely assume that
UU = 0 i#j then we would reject when




Since T 2 0 for all ij implies

0 0.
i i

z

oL e b4 e
o ’i & o ’!

(F °n) (5 )

we see that the false assumption of zero correlation would lead to a high-

er false alarm rate than indicated by a. How serious this increase in

the false alarm rate is, depends directly on the relative discrepancy be-

) JY Z :
tween - 0” and i3 aij’ i.e., on

v

z 0.~ X
20 - i1 ij r T4
Z o
ij i

If RD is reasonably close to 0 not much harm is done in assuming an un-
correlated error structure. If RD is significantly larger than 0 the
false assumption of uncorrelated errors will lead to a false alarm rate
considerably greater than that intended. This may diminish confidence in
the safeguards process. It should be noted that unidentified positive
correlations between container measurements within a single shipment will
create an identical problem for a SRD test on a single item, giving an
inflated false alarm rate.

5.2 Information Required, Independent Errors

The Satterthwaite test TS may be directly implemented to test for special
nuclear material diversion. The test procedure developed in Section 4 for
independent errors is to reject the hypothesis of no material diversion or
loss H: ¥ =0 when

201.

Te = - t
s (25??“ f
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Recall from 2.3 that D1 is the difference between the shipper and receiver
reported values

Di'si'Ri
2

The unknown varianceai of Di is the sum of the variance of Si and the
variance of Ri’ since Si and R1 are independent

. 2
ot T T W Yath W

2

E of the oy are available.

In 4.1 we assumed that independent estimates 55
If there are n shipments, we now assume that there are n pairs of esti-

mates, uf and v%, with fi and 9; degrees of freedom. Let
2 2
uj estimate 05,1
for i=1, ...,n
v2 estimate 0'2
i R,i

These u? and v2 are still assumed to be mutually independent. We assume

i
that fi u%/asf is a chi-squared variable with 1’1 degrees of freedom,
b

with a similar result for v?.

Thus the numerator of TS is a sum over the n differences and the denomina-
tor involves a sum over 2n terms

3%
(E(u? + v8))*

TS'

In the analysis, the numerator has been treated as a univariate, with in-
vestigation focusing on behavior of the test over ranges of the a%, fi and
the number n of variance estimates. Thus our conclusions are still appli-

cable.

In order to apply the test procedure for a set of n shipments, we need:
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From the shipper

i) 51""’Sn - the shipper reported values for the amount shipped
for the n shipments

ii) u%,...,ui - independent estimates of the variance of the n S5

such that fiufhy é i is approximately a chi-squared variable with
fi degrees of freedom

iii) fl,...,fn - the degrees of freedom associated with the estimates

2

Yy

From the receiver

i) Rl""' Rn - the receiver reported values for the amount re-
ceived for the n shipments

ii) vz, ...,v2 - independent estimates of the variance of the n R
such that 91”1/"R ; 1s a chi-squared variable with g; degrees
of freedom

iii) 9ysevealy - the degrees of freedom associated with the estimates

2

'

5.3 Information Required, Correlated Errors

In Section 4 the max-min test for assumed known variances and uncorrelated
error structure for the shipper receiver differences D1 was modified to
allow for using estimates of the variances still retaining the uncorrelit-
ed error structure. It was shown that Satterthwaite's procedure gave the
most satisfactory modification procedure of those that were examined.
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Here we wisr to point out that these results alsc have a direct bearing on
the more genera' case when the correlated error structure cannot be
ignored. Recall from Section 2.3 that the error covariance matrix C is of
the following form:

¢ = U diag(wd,...,wd)U?
+V diag(/\f.--.}‘f-)v'

where U and V are certain known structural matrices. Let U'l = a =
(a,...,3)" and V'1 = b = (by,...,b ,)" then

1'C1 = a' diag (ui,...,uf) a
+ b diag (A%,....af0 0
s 2 2 ,2

Thus if we have independent unbiased estimates w% and !f of thz elemental
error variances (with known degrees of freedom) we may again estimate

1' C1 by
2 2 2 2.2
3 oajwi+ IbyoayeT

and approximate rz by an appropriate multiple of a chi-squared variable

with appropriate degrees of freedom, i.e, approximate

'rz by k - x%
such that E(r?) =k - g
and var (rz) = k2 . 2 fs 4

which is nothing but Satterthwaite's procedure.
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Assuming w% ~ w? x’z. /1’i and j% ~ XE xg /91
i i

we have (2 a%w% + Ibf j%)z

fs=

4 4 4 ,4
after having replaced Wis Aj by Wy and ‘1 respectively.

The resulting modified max-min test rejects the hypothesis of ro diversion
when

D
N,
T S

In order to apply the test procedure for n shipments we need the informa-
tion specified in 5.2 with w% and 1% replacing u% and v% and we must
specify the error structure matrices U and V.

5.4 Rejoinder

As pointed out previously the max-min theorem was derived independentiy by
Avenr .us and Jaech (198l) in a different context. Here we draw attention
to the discussion by Littell and Downing (1982) of Goldman et al. (1982).
There Littell and Downing, with reference to Avenhaus and Jaech (1981),
propose two tests as alternatives to the max-min S-test. One is based on
Fisher's method for combining P-values and the other is the likelihood
ratio test. Both these tests show remarkably little power loss against
the least favorable scenario, but show much power gain relative to the S-
test against block loss. This gain against block loss is to be viewed,
however, against the continuing practice of performing individual tests
for each shipper-receiver difference regardless of whether a cumulative
procedure is implemented or not.

84



In defense of the S-test it should be pointed out that a correlated error
structure poses no probiems aand due to the central limit theorem effect on
s D1 the false alarm rate as well as the power are reasonably robust to
violations of the normality assumption for the error structure. Fisher's
method depends crucially on the independence and the normality assumption.

The likelihood ratio test may be modified to account for correlations pos-
ing, however, some fairly non-trivial computational problems, cf. Barlow
et al. (1972) Chapter 4, and it is not clear how it is affected by viola-
tions of the normality assumption.

5.5 Extensions and Further Research

So far the problem addressed and solved concerns shipper-receiver differ-
ences during a fixed window of n shipments. The size n of the windew is a
matter of choice. A long window allows good detection power against a low
diversion rate over a larger period of time. A short window has the same
detection power only against a more substantial diversion rate. However,
the advantage of a short window is the possibility of a more timely
response in case of an alarm. This suggests that the size n of the window
should not be fixed in advance but should be influenced by the prevailing
diversion rate. This points to a dynamic or sequential view of the
problam and invites the use of methods in Sequential Analysis as developed
by Abraham Waid. For example, among all tests with the same bounds on the
false alarm rate and false no-alarm rate the sequential probability ratio
test (SPRT) has on average the shortest window length, see Ghosh (1970).
The SPRT deals with the problem of testing a simple hypothesis against a
simple alternative and corresponds in spirit to the Neyman-Pearson test in
the fixed window case.

One sequential approach to the SRO problem could exploit the above analogy
by trying to parallel the fixed window solution path. One complication is
that the power functions of SPRT's are not very tractable and one may need
to use approximations instead.




Another sequential approach could be based on the fact that the max-min
test for a fixed window of size n is based on the cumulative sum

n
c.= £ p,,.
Cumulative sum tests which monitor successive sums Cn, n=l, 2, ... are
described in Van Dobben de Bruyn (1968). There the variances of the SRD's
01 are assumed to be homogeneous. Thus further work is needed to extend

that methodology to the case of nonhomogeneous variances.

In any case it is advised to solve the problem as far as possible for the
case of known variances just as was done in the case of the fixed window.
The performance of any method wherein known variances are estimated by
sample variances should then be assessed through computer simulations.

86



6. REFERENCES

Avenhaus, R., and Jaech, J., 1981, "On Subdividing Material Balances
in Time and/or Space," Nucl. Mater. Manage. X(3), pp. 24-33.

Banerjee, S. K., 1960, "Approximate Confidence Intervals for Linear
Functions of Means of K Populations when the Population Variances are
not Equal," Sankhya, Vol. 22, pp. 357-358.

Brownlee, K. A., 1965, Statistical Theory and Methodology in Science
and Engineering, 2nd ed., Wiley, pp. 235-239.

Ghosh, B. K., 1970, Sequential Tests of Statistical Hypotheses, Addi-
son-Wesley Publishing Company, Reading, Mass.

Goldman, A. S., Picard, R. R. and Shipley, J. P., 1982, "Statistical
Methods for Nuclear Materials Safeguards: An Overview." Technome-
trics, Vol. 24, No. 4, pp. 267-275.

Kinderman, A. J., and Monahan, J. F., 1977, ACM Transactions on
Mathematical Software, Vol. 3, No. 3, pp. 257-260.

Lee, AF.S., and Gurland, J., 1975, "Size and Power of Test for
Equality of Means of Twc Normal Populations with Unequal Variances,"
J. Amer, Statist. Assoc., Vol. 70, pp. 933-941.

Lehmann, E. L., 1959, Testing Statistical Hypotheses, Wiley, p. 65
and chap.er 8.

Linnik, Y. V., 1968, Statistical Problems with Nuisance Parameters,
Trans. of Math. Man., Vol. 20, American Mathematical Society.




10.

11.

12.

13.

14,

6. REFERENCES (Continued)

Littell, R. C., and Downing, D. J., 198%Z, "Discussion of Statistical
Methods for Nuclear Materials Safeguards: An Overview, by
A. S. Goldman, R. R. Picard and J. P. Shipley." Technometrics,
Vol. 24, No. 4, pp. 277-279.

Robinson, G. K., 1982, "Behrens-Fisher Problem," Encyclopedia of
Statistical Sciences, Kotz, S. and Johnson, N. L., Wiley, editors,

Vol. 1. pp. 205-209.

Scheffe, H., 1970, “Practical Solutions of the Behrens-Fisher Prob-
lems," J. Amer. Statist. Assoc., Vol. 65, pp. 1501-1508.

Snedecor, G. W., and Cochran, W. G., 1967, Statistical Methods, Iowa
Press, pp. 115-116.

Van Dobben de Bruyn, C. S., 1968, Cumulative Sum Tests, Theory and

Practice, Hafner Publishing Company, New York.

88



APPENDIX A
Monte Carlo Simulation Program

Section Page
INTRODUCTION A-2
A.1 PROGRAM DESCRIPTION A-3
A.1.1 Overview of Program Flow A-4
A.1.2 SRD Simulation A-4
A.1.3 Compare Test Statistic to Critical Values A-8
A.2 ALGORITHMS AND FUNCTIONS A-8
A.2.1 Critical Values for Procedures A-8
A.2.2 Function CHISQR A-12
A.2.3 Function FRACDF A-13
A.2.4 Random Number Generators A-13
A.3 INPUT FILES A-16
A.3.1 Run Parameters with User-Specified Diversion A-16
A.3.2 Seed for Random Deviate Generator RANF A-17
A.3.3 Table of Critical Values for the t-Distridution A-17
A.4 OUTPUT FILES A-18
A.4.1 Simulation Results A-18
A.4.2 Seed for Random Deviate Generator RANF A-18
A.5 SOURCE LISTINGS A-18
A.6 USER'S GUIDE A-31

A-1



INTRODUCTION

The Monte Carlo Simulation program is an implementation of the mathemati-
cal model described in Section 2.3. Shipper-receiver system parameters
are input to the program. They are the following:

a) The number of shipments n

b) The true variance values 021, raibg °'§

c) The degree of freedom values '1, ++ey f, for the variance esti-
mates

d) The true material diversions K1s sevs fip (versions of the program

were also written with internally-supplied relative diversion i)
The user also specifies N, the number of samples to generate (simulation

replications) for estimating the desired probabilities. Input files are
discussed in A.3.

The test statistic TS is calculated for each simulated shipment scenario
and the probability

P (TS > tx,a)

is estimated for each procedure (X = Satterthwaite, Banerjee, Cochran, or

Sum) by performing N simulation replications. The details are presented
in Section A.2.

Output files are described in Section A.4. Section A.5 contains source
listings. Section A.6 serves as a User's Guide.

A-2



A.1 Program Jescription

An overall description is given first, ther thé “onte Carlo Simulation and
the output statistics are described.

A Tist of the subprograms used is given in Figure A.l.

Module Purpose
PROGRAM SRD Main program. Contains the simulation loop

and writes simulation results.
SUBROUTINE GETDAT Reads shipment scenaris from TAPES.

FUNCTION CHISQR Generates chi-squared random variate for
even degrees of freedom.

FUNCTION FRACDF Computes fractional deor2es of freedom for
Satterthwaite procedure.

SUBROUTINE COMPAR Compares test statistic to critical values.
FUNCTION RANFN Generates random variate from a normal dis-
tribution

Figure A.1 Subprograms in SRD Programs
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A.1.1 Overview of Program Flow

The function of the SRD programs is to perform repeated Monte Carlo simu-
lations (Figure A.2) for each input parameter case. The program reads the
number N of simulation replications and the shipment scenario.

It then simulates N (measured) shipper-receiver difference scenarios.
Each simulated SRD consists of n measured differences

2
01 e N(uiya‘{)

ard variance estimates

where n = the number of shipments, u = true diversion, g? = measurement

variances, and f = degrees of freedc~ for the variance estimates.
The test statistic is computed as
A 2%
and then compared to the critical value tx a of each test procedure. The
fraction of times TS exceeds the critical value is then an unbiased esti-

mate of the probability P(TS > ty a)‘

A.1.2 SRD Simulation

To evaluate the performance of the test statistic TS each shipment sce-
nario is repeatedly simulated (Figure A.3). The input to the simulation
step consi:ts of the control parameter (N = number of replications; and
the scenario data (n = number of shipments, M4 = true diversion,
gz = measurement variances, and f = degrees of freedom for the variance
estimates).
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START

READ seed and
‘(‘o')

READ Run
Parameters

Perform
Repeated
Simulation

Figure A.2 Monte Carlo Simulation of SRD
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Figure A.3 Monte Carlo Simulation Loop



The program makes initial calculations for all repetitions and a loop of
random perturbations of the test scenario comparing the test statistic TS

to the critical values tx a*
L ]

The following representation of the test statistic is used for reasons of

efficiency

" 201
: (2s21);

IN(Ky Of)
= __2._-!_— l‘

o
i .t
./ T

2#1 . ZN(O,Uf) & 0?
= ere ¢, = ——
((z:,r)(zc‘ xgi))“ ! f, -Zaf
Ipu./(202)% + N(O,1)
= : 7 l’
(2‘.c1 fi)
= M 1 where A= .—2—'2‘1

Original
definition

are normalized
coefficients

Using this equation, values of A nd ¢ = (¢y, ..., C ) are determined
hefore entering the loop, and 1 normal variate and n chi-squared variates

are generated for each replication.
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The test statistic TS is compared to the critical values (Subroutine
COMPAR) which increments entries of the array NOVER(« -index, test index)
If Te exceeds the relevant critical value ttest.a'
"he output from the simulation step is the array NOVER of the number of
times the test statistic of a simulation exceeded the various critical
values.

A.1.3 Compare Test Statistic to Critical Values

Subroutine COMPAR is called each pass through the simulation loop. The
test statistic for the simulated shipment scenario is given as input, with
data necessary to calculate critical values for the test procedures. OQut-
put from COMPAR ic the array NOVER of the number of times the tes* statis-
tic exceeded the respective critical value (Figure A.4).

The critical values tS o tB o tC ' A « 3re defined in Section 4.2,

The algorithms used to implement them are described in the following Sec-
tion A.2.

A.2 Algorithms and Functions

A.2.1 Critical Values for Procedures

The critical values for each procedure are defined in Section 4.2. The
algorithms used to implement them are described here.

Satterthwaite

The critical value for the Satterthwaite procedure is » Student's t vari-
ate with fractional degrees of freedom




EXTER
with 'I's

Inftial Calculations
SUMDF - f1 2
SUMT(a) = z (t(‘tf') + 31 )
som(a) = I (ti(a.fy) +5,%)
FOF = FRACDF
OLON = [FOF]
DHIGH = [FOF] + 1
DELTA = FOF - DLOW

For @ = , 10, .05, .025, .01, .00§

00
'frs )ts'a.wlﬂOM('o 1)
1frs>:..‘.m1nm4(-.2)
wrs>zc'a.w1um(-.3)

17 Tg >ty o+ add 1 to NOVER (-, 4)

with

Figure A.4 Subroutine COMPAR
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i (2:sf)2

FOF = —5—
Z(S,/fi)

The value t(FOF,« ) is approximated by inverse interpolation using neigh-
boring integers

DLOW = INT(FDF)
DHIGH = DLOW + 1

and the array TCRIT(5,360) of input t-values. The approximation is as
follows:

TLOW = TCRIT (IALPHA, DLOW)
THIGH = TCRIT (IALPHA, DHIGH)
TDELTA = THIGH + DLOW + (DHIGH/FOF - 1) - (TLOW-THIGH)

If FDF exceeds the largest fnput degrees of freedom 360, TDELTA =
TCRIT(IALPHA, 3560) s used.

Baner jee

The critical value for the Banerjee procedure is

IB(tz . sf) ~
¢ - i,&
B,a < ;f >

55

This is calculated as follows:
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SUMTZ = 0
WHILE SHIPMENTS
D0
SUMT2 = SUMT2 + TCRIT(IALPHA,DF(I))**2 . VAREST(I)
ENDDO
C2 = SQRT(SUMT2/TVARES)

Cochran

The critical value for the Cochran procedure is

2
ztfpasi

t l-——7—
G Z s

This is implemented as follows:

SUMT = 0
WHILE SHIPMENTS
00

SUMT = SUMT + TCRIT(IALPHA,DF(I)) * VAREST(I)
ENDDO
C3 = SUMT/TVARES

SuM
The critical value for the Sum procedure is
tf.a , where f = 21'1

This is implemented as follows:
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ISUMDF = Q
WHILE SHIPMENTS
DO
[SUMDF = ISUMDF + ur 1 HIP)
ENDDO
ISUMDF = MIN(ISUMDF, 360)
C4 = TCRIT(IALPHA, ISUMDF)

A.2.2 Function CHISQR  Given f,

2
Yields xfi

Generates a xg random deviate with even degrees of freedom f, using RANF
i

to supply a U(0,1) variable,

f
Method: Stepl X5 - U(o0,1) , j=1, ..., 21
f1/2
Step2 P = X5
1
Step3 xii =-2*1n?P
= -2 * 3 1Inx

J

This is implemented as follows:

N = INT ( DEGFR / 2)
PRCDX = 1.0
D0 100 I =1, N
PRODX = PRODX * ( RANF() )
100 CONTINUE
CHISQR = -2.0 * ALOG ( PRODX )
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A.2.3 Function FRACOF Given k, f‘ {1o),.0..K)s

sf(i-l....k).is%
Yields FDF

Uses the Satterthwaite formula
s4
FoF = (£s3)% / (2 r:-)

Function FRACDF is entered with
NSHIP = n
DF (NSHIP) = f
VAREST(NSHIP) = s°
TVARES = 55

and returns FRACDF calculated by
SUMD = 0.0

DO 100 ISHIP = 1, NSHIP
SUMD = SUMD + VAREST(ISHIP)*VAREST(ISHIP) / DF(ISHIP)

100 CONTINUVE
FRACDF = TYARES * TVARES / SUMD

A.2.4 Random Number Generators

The subprograms RANF, RANGET and RANSET are vendor supplied. The source
code for RANFN is given here and included in the program.

RANF, RANFN, RANGET, RANSET - Random Number Generators

PURPOSE RANF and RANFN generate sequences of, respectively,
uniformly and normally distributed random REAL num-
bers. RANGET and RANSET get and set the seed upon
which the random number sequences depend.
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METHCD

RANF uses the multiplicative congruential method to
generate a sequence of uniformly distributed random
numbers contained in the open interval (0,1). The
sequence depends on two numbers re .rred to as the
multiplier and the seed. The multiplier, which is
fixed and equal to 1207264271730565 (octal), has been
shown to have good statistical properties. RANF has
a built-in initial seed or subroutine RANSET can be
used to establish a seed. Each reference to function
RANF yields the next number in the sequence and up-
dates the seed. RANF is vendor supplied and is im-
plemented with in-line code under FTNS.

RANFN uses RANF and the ratio of uniforms method,
Kinderman and Monahan (1977), to generate a sequence
of normally distributed random numbers with mean 0
and variance 1. Since RANFN uses RANF, the output
from RANFN depends on the seed used by ...NF and on
whether RANF is used independently. Each reference
to function RANFN yields the next number in the se-
quence.

Function RANF - Generate Uniformly Distributed Random Numbers

USAGE

QUTPUT

RU = RANF()

RU  Next random number of the uniformly distributed
sequence, 0 < RU < 1,

Function RANFN - Generate Normall y Distributed Random Numbers

USAGE

QUTPUT

RN = RANFN()
RN Next random number of the normally distributed
sequence.
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SOURCE CODE:
REAL FUNCTION RANFN()
RANFN RETURNS A NORMAL (GAUSSIAN) RANDOM VARIABLE

C

c WITH MEAN = O AND STANDARD DEVIATION = 1

c

¢ THIS IS THE FTNS VERSION. THE UNDERLYING

c UNIFORM GENERATOR IS RANF (VENDOR SUPPLIED).

C

C REFERENCE - KINDERMAN AND MONAHAN, ACM TOMS
VOL. 3, NO. 3 (1977) PP. 257-260

c

C

10 U = RANF()
X = ( 1.7156*RANF() - .8578 )/U
IF( X*X .GT. -4.*ALOG(U) )GO TO 10
RANFN = X
RETURN
END

Subroutine RANGET - Get Current RANF Seed

USAGE CALL RANGET (ISEED)

QUTPUT ISEED Current seed which will be used by RANF to
generate the next number in the uniform se-
quence. This value may be saved and later
reset, using RANSET, to restart or continue a

sequence.

Subroutine RANSET - Set RANF Seed

USAGE CALL RANSET (ISEED)
INPUT ISEED Quantity to become the new seed for RANF.
ISEED should be either an odd integer in the
range 1 to 248-1 or a value previously ob-
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tained using RANGET. If ISEED is not odd,
RANSET will force an odd value by adding 1.
If ISEED 1is greater than 2‘8-1. the excess
high order bits are ignored.

A.3 INPUT FILES

The input file of run parameters for SRD, the file with the seed for RANF
and the file of critical values of the t-distribution are described.

A.3.1 Run Parameters with User-Specified Diversion

This file contains the simulation data for SRD including the number of
simulation replications desired for statistical calculations and the
shipment scenarios. Several cases may be input together by listing the
run parameters sequentially.

The following format is recuired for each case:

Line Data Constraints Format
1. N = number of replications 0 < N< 100000 IS
of simulation run
2. n = number of shipments 0< n<s0 I5
3. By 121, ...y n 10.F8.d
= diversion of each
shipment continued on
subsequent
lines if
n >10
4+ [."_.] °i2, 198, isin B 0 < 012 same as above
é 10 = variance of each
' shipment
é#[Zn] foo 51,0000 25 f, <360 same as above
10 = degrees of freedom

of each shipment
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A.3.2 Sced for Random Deviate Generator RANF

This file contains 1 number on line 1. It is used by Subroutine RANSET to
become the initial seed for RANF. It should be an odd integer in the
range 1 to 248-1 (if it is even, RANSET will add 1; if it is greater than

248-1, the excess high order bits are ignored).
The format is as follows:
line 1 ISEED 2X,118

See Section A.2.4 for discussion of Subroutines RANGET and RANSET.

A.3.3 Table of Critical Values for the t-distribution.

The values t(a ,f) for one-tailed « values « = .10, .05, .025, .01, .005
and for degrees of freedom f = 1, 2, 3,..., 360 are included in this file.

The format expected for this file is

line
1 t(a,f),«=,10,.05,...,.005 ~%,5F10.5
f=1
2 t(a,f),«=.10,.05,...,.005 5X,5F10.5
f=2
360 t(a ,f),«=.10,.05,...,.005 5X,5F10.5
f=360

The values used were computed using BCSLIB Subroutine HSPIT.
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A.4 Output Files

Program output consists of simulation results and the final seed for the
random deviate generator RANF,

A.4.1 Simulation Results

For each input case 1 page of output is written. First is a header con-
taining the run parameters. The estimated probability of the test statis-
tic exceeding the critical value for each of the four procedures is listed
next. For each procedure (Satterthwaite, Banerjee, Cochran, Sum) values
are given for five values (.10, .05, .025, .01, .005). An example of
the output is given in Figure A.7.

Also the initial seed for RANF is written on a first page and the final
seed is written on a last page. The fina! seed is returned to the program
through Subroutine RANGET. It may be used as the initial seed of a subse-
quent simulation run. Section A.2.4 discusses Subroutines RANGET and
RANSET.

A.4.2 Seed for Random Deviate Generator RANF

The input file giving the initial seed (Section A.2.3) is rewound and the
final seed is written in the same 2X, 118 format.

The file may be used to input the seed to a subsequent simulation run
(Section A.3.3).

A.5 Source Listings
A copy of the source code for SRD program and the interactive input pro-

gram are included. They ail follow ANSI FORTRAN 77 standard (X3.9-1978)
except for the PROGRAM card which is a CDC feature.
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PROGRAM SRDIN ( INPUT, OUTPUT, TAPE!, TAPES:=INPUT, TAPEG=OUTPUT )

c PURPOSE: [INTERACTIVE PROGRAM T GET DATA FOR PROGRAM SRD
c PUTS DATA ON TAPE!
INTEGER NRUNS

INTEGER NSHIP, ISHIP
REAL MEAN(S0)
REAL VAR(50)
CHARACTER*2 ANS, RESP
INTEGER OF(30)
INTEGER MAXDF

ANS = 'NO’
MAXDF = 360
ICASE = O

C READ NUMBER OF RUNS
10 CONT | NUE
PRINT 5, *° ««= CABE °, ICASE+!, * ==='
PRINT =, 'ENTER NUMBER OF SIMULATION RUNS DESIRED °
READ(S, s, END=900) NRUNS
IF ( NRUNS .LE. 0 ) THEN
PRINT =, "NUMBER OF RUNS MUST BE GREATER THAN O’
GO TO 10
END!F

20 CONT I NVE
PRINT =, ‘ENTER NUMBER OF SHIPMENTS - 1 TO 30°

READ =, NSHIP
IF ( NSHIP .LT 1 .OR. NSHIP .GT. S0 ) THEN
PRINT =, 'NUMBER OF SHIPMENTS , NSHIP,
1 * MUST BE BETWEEN ! AND S50’
GO TO 20
ENDIF

C READ SHIPMENT S-R DIFFERENCES

30 CONT I NUVE
PRINT =, "ENTER S-R DIFFERENCES OF ', NSHIP, ° SHIPMENTS’

READ *, (MEANC(ISHIP), I[SHIP=1 NSHIP )

C READ SHIPMENT VARIANCES

40 CONT | NUVE
PRINT =, °"ENTER VARIANCES OF , NSHIP, ° SHIPMENTS’

READ =, ( VAR(ISHIP), ISHIP=1, NSHIP )
DO 300 ISHIP = 1, NSHIP

iF ( VAR(ISH(P) .LT. 0.0 ) THEN
PRINT =, "VARIANCE ', VAR(ISHIP), ° OF SHIPMENT °’

1 * MUST BE NON-NEGATIVE’
GO TO 40
ENDIF
300 CONTINUE

C READ DEGREES OF FREEDOM OF SHIPMENTS
70 CONTI

-
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NUE
PRINT =, "ENTER DEGREES OF FREEDOM OF , NSHIP, ° SHIPMENTS’



400

READ =, ( DF(ISHIP), ISHIP=1 NSHIP )
DO 400 ISHIP = 1, NSHIP
IF ( DFCISHIP).LT.2 .OR. DF(ISHIP).GT MAXDF ) THEN
PRINT =, ‘DEG OF FREEDOM ‘', DF(ISHIP), OF SHIPMENT
ISHIF, ' MUST BE BETWEEN 2 AND , MAXDF

IF ( DFCISHIP) .NE. (DF(ISHIP)/2)=2 ) THEN
PRINT =, "DEG OF FREEDOM , DF(ISHIP), OF SHIPMENT
ISHIP, ' MUST BE EVEN
GO TO SO
ENDIF
CONT I NUE

C WRITE TO TAPE)

1010

1030

1040

1050

WRITE(1,1010) NRUNS
FORMAT( 1S )

WRITE(1,1010) NSHIP

WRITE(1,1030) ( MEAN(ISHIP), ISHIP=1, NSHIP )
FORMAT( 10 F8.4 )

WRITE(1, 1040) VARCISHIP), ISHIP=1 ,NSHIP )
FORMAT( 10 F8.4 )

WRITE(1,1080) ( DFCISHIP), ISHIPs1 ,NSHIP )
FORMAT( 10 I8

B~

C UPDATE CASE NUHBER AND CONTINUE INPUT

1060

soe

ICASE = ICASE + i

PRINT =, ‘DO YOU WISH TO CONTINUE INPUTTING DATA?’
PRINT =, °* ( NO OR CR TO TERMINATE )’
READ(S, 1060, END=300)RESP

FORMAT(A2)

IF( RESP .EQ. ANS ) GO TO 900

GO TO 10

CONT I NUE

PRINT =, ICASE,  PARAMETER CASES ENTERED’

RETURN
END
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PROGRAM SRD ( INPUT, OUTPUT, TAPE!, TAPEZ2,
1 TAPES=INPUT, TAPEG=QUTPUT )

C INPUT
INTEGER NRUNS, [RUN
INTEGER NSHIP, ISHIP

INTEGER OF (50)
TCRIT(S,360)

REAL
INTEGER [SEED

C INTERMEDIATE CALCULATIONS
REAL TMEAN

REAL TVAR
REAL LAMBDA
REAL COEFF(50)
REAL Z

REAL VAREST(S0)
REAL TVARES
REAL TESTST

C NUMBER OVER CRITICAL VALUE
c S ALPHA VALUES, 4 TESTS
INTEGER NOVER(S, 4)

REAL POVER(S, 4)

CHARACTER=18 TSTNAM(4)

c S ALPHA VALUES
INTEGER NALPHA
REAL ALPHA(S)
INTEGER MAXDF
DATA ALPHA /.1, .0S, .02%, .01, .00S /
DATA NALPHA /S/
DATA MAXDF /380/

cceeeceeecccececceccecccececcecccececcee

C BEGIN EXECUTABLE CODE
TSTNAM(1) = 'SATTERTHWAITE’

TSTNAM(2) = "BANERJEE’
TSTNAM(3) = ‘“COCHRAN'
TSTNAM(4) = ‘SUM OF DE~ FREEDOM’
gceceeecceceecceecceccececcececct: cec
C READ SEED FOR RANF FROM TA .2
READ(2,2000) ISEED
2000 FORMAT( 120 )

CALL RANSET ( ISEED )
WRITE(6,6010) ISEED
8010 FORMAT ( "OSEED FOR RANF = ', | 20 )

cceceeecececeececececececccceccecececcceccecececccccececcccecccececececee
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C READ CRITICAL VALUES OF T-DIST FROM TAPE!

20

C READ INPUT DATA

1

6000 FORMAT(1H1,

DO 20 IDF = 1, MAXDF

READ(1,1020) (TCRITC( 1|,
1020 FORMAT( SX, S F10.5 )

CONT INUVE

EOF = 0O
CONT I NUE

GIVING MAXDF

IDF ),

I=1, NALPHA)

CALL GETDAT ( NRUNS, NSHIP, MEAN, VAR, DF, MAXDF, EOF )

IF( EOF .NE. 0 ) GO TO
WRITE(6, 6000)

900

"SHIPPER - RECEIVE

PRINT =, 'NUMBER OF RUNS

PRINT =, "NUMBER OF SHIPMEN'S =
PRINT =, "MEANC.) = ’  (MEAN(iSHI
PRINT =, "VARIANCES = ', (VAR(ISH
PRINT =, ‘DF(.) = *, (DF(ISHIP),

PRINT =, "ALPHAC(.) = *, (ALPHA(I)

b
|
|

)
P
S
l

R DIFFERENCE TEST STATISTIC / )
*, NRUNS

NSHIP

)
H
=

ISHIP=1 NSHIP)
, ISHIP=1,NSHIP)
IPe1,NSHIP)

1, NALPHA)

CCCCCCCCCCCCCCCCLCCCCCLCCCCCCCCCCClCCCCCCeCeeeeee

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCLCCCCCCeeeeceeeee
C NORMALIZE

100

110

TMEAN = 0.
TVAR = 0.

D7 100 ISHIP = 1, NSHIP

TMEAN = TMEAN + MEAN(IS
TVAR = TVAR + VAR(ISH

CONT I NVE

LAMBDA = TMEAN / SQRT(
DO 110 ISHIP = 1, NSHI

H
|

TVAR)
P

IP
P)

)

?OEFF(ISHIP) = VAR(ISHIP) / ( DF(ISHIP)»TVAR )

CONT I MUE

CCCCCLCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCLCCCCCCeeee
CCCCCCCCLCCCCCLCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeCeeeee

C PERFORM

c
c

120

c

NRUNS SIMULATIONS

INITIALIZE NOVER( . .) = O
00 120 | = 1, NALPHA
00 120 J = 1, 4
NOVER(1,J) = O
CONTINUE
DO 200 IRUN = 1, NRUNS

GENERATE N(O,1)
Z = RANFN()

VARIANCE ESTIMATE (VAR)=(CHISQR)/(DEG.FREEDOM)
NORMALIZED BY DIVIDING BY SUM(VARIANCES)

TVARES = 0.
DO 210 ISHIP = 1,

NSHIP
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VAREST(ISHIP) = COEFF(ISHIP) = CHISQR(DF(ISHIP))
TVARES = TVARES + VAREST(ISHIF)
210 CONT I NUE

c TEST STATISTIC
TESTST = ( Z + LAMBDA ) / SQRT(TVARES)

CALL COMPAR ( TESTST, NSHIP, DF, VAREST, TVARES,
1 TCRIT, NALPHA, MAXDF,
2 NOVER )

200 CONTINUE
reccececeercececeececcececcecccecccecceccccccececceccecccecceceecee

ccecececececeeceeeeececeecceecececcececcecccccceecceccecccecec

C CALCULATE RESULTS
DO 300 | = 1, NALPHA

DO 300 J = 1, 4
POVER(1,J) = FLOAT(NOGVER(1,J)) / FLOAT(NRUNS)

300 CONTINUE

DO 400 ITEST = 1, 4
WRITE(6,6400) ITEST, TSTNAM(ITEST)

65400 FORMAT('OPROCEDURE “,12, SX, A18 )
WRITE(6,6410) (1, ALPHA(1), POVER(I,6ITIST), I=1,6NALPHA)
6410 FORMAT(1H , 10X, “ALPHA", 10X, °PROB. OF EXCEEDING’
1 / , 11X, “LEVEL’, 10X, 'CRITICAL VALUE’
2 -/, (68, 12, 2X, F6.4, 13X, F6.4 ) )
400 CONTINUE
G3 ™M1

CcCcccccceecccececenccececceccecccccececcecceecceeccceeecee
900 CONTINUE

C WRITE F'NAL ISEED FOR RANF ON TAPE2
CAL. RANGET ( ISEED )
REWIND 2
WRITE ( 2,2000 ) ISEED
WRITE ( 6,6010 ) ISEED

STOP
END
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SUBROUTINE GETDAT ( NRUNS, NSHIP, MEAN, VAR, DF, MAXDF, EOF )

C PURPOSE. READS INPUT DATA FROM UNIT S
C INPUT
INTEGER MAXDF
READS

INTEGER NRUNS
INTEGER NSHIP, ISH!P
REAL MEAN(S0)
REAL VAR(50)
INTEGER DF(S0)

INTEGEK ERRFLG

ERRFLG = 0
C READ NUMBER OF RUNS
READ{S,5100, END=800) NRUNS
S100 FORMAT(!S)
IF ( NRUNS .LT. O ) THEN
PRINT =, "NUMBER OF RUNS ', NRUNS, ' MUET RE GREATER THAN 0°
ENOIEWLG s 1

READ(S, 5200, END=900) NSHIP
5<00 FORMAT(1S)
IF ( NSHIP .LT. 1 .3R. NSHIP .GT. S0 ) THEN
PRINT =, °"NUMBER OF SHIPMENTS ', NSHIP,
1 ‘MUST RE BETWEEN 1 AND SO’
ERRFLG = 1
ENDIF

READ(S,S5300) ( MEANCISHIP), ISHIP=1, NSHIP )
S300 FORMAT(10 F8.0)

READ(S,S300) ( VAR(CISHIP), ISHIP=1, NSHIP )
DO 300 ISHIP = 1, NSHIP
IF ( VARCISH!P) .LT. 0.0 ) THEN
PRINT =, "VARIANCE ', VARLISHIP), ' OF SHIPMENT *, ISHIP,
1 * MUST BE NON-NEGATIVE’

300 CONTINUE

READ(S,5400) ( DF(ISHIP), [SHIP=1 NSHIP )
5400 FORMAT(1018)
DO 400 ISHIP = 1, NSHIP
IF ( DFCISHIP) . LT.2 .OR. DF(!SHIP) . .GT.MAXDF ) THEN
PRINT =, ‘DEG CF FREEDOM ‘', OF(ISHIP), * OF SHIPMENT *
! ISHIP, * MUST BE BETWEEN 2 AND ', MAXLF
ERRFLG = |
ENDIF
IF ( DFCISHIP) . NE. (DF.ISHIP)/2)=2 ) THEN
PRINT =, ‘DEG OF FREEDOM *, OF(ISHIP), ° AF SHIPMENT *,
1 ISHIP, * MUST BE EVEN °
ERRFLG = 1

’
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ENDIF
400 CONTINUE

PRINT =, “INPUT ERROR - STCPPING’
STOP " INPUT ERROR’
C END-OF-FiLE ENCOUNTERED

800 CONTINUE
WRITE(6,6800)
6800 FORMAT( 1END OF FILE ON INPUT FILE - LAST CASE"}

PRINT =, “END-OF-FILE ON INPUT FILE - STOPPING’
STOP ' INPUT ERROR’

910  CONTINUVE

RETURN
END

A-25



FUNCTION CHISQR ( DEGFR )
C GENERATE RANDOM VARIABLE FROM CH! SQUARED DISTRIBUTION

c WITH EVEN DEGREES OF FREEDOM OF = 2N
C METHOD X(.) DISTRIBUTED utg, 1)
c =LN(X(.)) DISTRIBUTED GAMMA(1,1)
c =SUMILN(X(.))) DISTRIBUTED GAMMA(N.1)
c =2*SUM(LN(X(.))) DISTRIBUTED GAMMA(N,2)=CHISQGR(DF=22N)
C INPUT
INTEGER DEGFR
INTEGER N, 1|

REAL PRODX
N = INT ( DEGFR / 2 )
PRODX = 1.0
DO 100 1 = 1, N
PRODX = PRODX = ( RANF() )
100  CONTINUE
CHISOR = -2.0 = ALOG ( PRODX )

RETURN
END
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FUNCTION FRACDF ( NSHIP, DF, VAREST, TVARES )

C INPUT
INTEGER NSHIP, ISHIP
INTEGER DF (NSHIP)
REAL VAREST(NSHIP)
REAL TVARES

C INTERMEDIATE VALUES
REAL sSuMD

C cUTPUT
REAL FRACDF

SUMD = 0.0
DO 100 ISHIP = 1, NSHIP
SUMD = SUMD + VAREST(ISHIP)=VAREST(ISHIP) / DF(ISHIP)

100 CONTINVE
FRACOF = TVARES = TVARES / SUMD

RETURN
END
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SUBROUTINE COMPAR ( TESTST, NSHIP, OF, VAREST, TVARES,
1 TCRIT, NALPHA, MAXDF,
< NOVER )

COMPARE TEST STATISTIC TO T VALUE
4 PROCEDURES
1. SATTERTHWAITE
2. BANERJEE
3. COCHRA

HRAN
4. TOTAL DEGREES OF FREEDOM = SUM( DF(.) )

INPUT
REAL TESTST
INTEGER NSHIP
INTEGER DF (NSHIP)
REAL VAREST(NSHIP)
REAL TVARES
REAL TCRI T (NALPHA , MAXDF)
INTEGER NALPHA
INTEGER MAXDF

C INTERMEDIATE VALUES
REAL FOF

INTEGER OLOW, DHIGH
REAL DELTA

REAL TLOW, THIGH
REAL TDELTA
REAL SUMT(S)
REAL SUMT2(S)
REAL suMv

REAL SUMDF

REAL c2, C3, c4

OQUTPUT
INTEGER NOVER(NALPHA,K 4)

INTEGER !

cccecceeeececcecececcecececeeccceceeoceccee
C INITIAL CALCULATIONS FOR ALL 4

SUMDF = 0.

DO 10 [ALPHA = 1, NALPHA
SUMT(IALPHA) = O,
SUMT2(1ALPHA) = 0.

10 CONT I NUE

DO 20 ISHIP = 1, NSHIP
SUMDF = SUMDF + DF(ISHIP)

DO 30 [ALPHA = 1, NALPHA

SUMT(IALPHA) = SUMT(IALPHA) +

0O OoO0O0000

O

1 TCRIT(IALPHA,DF(ISHIP)) = VAREST(ISHIP)
SUMT2( |ALPHA) = SUMT2(|ALPHA) +
1 TCRIT(IALPHA DF(ISHIP))x22 = VAREST(!SHIP)
30 CONTINUE

20 CONTINUE
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IF ( SUMDF .GT. MAXDF ) SUMDF = MAXDF

cceceeececceceecececececececcececeeceocececceccececececeecoccececececcerncece
C FOR !. SATTERTHWAITE

FDF = FRACODF ( NSHIP, DF, VAREST, TVARES )

DLOW = [NT ( FDF )

DHIGH = DLOW + 1

DELTA = FOF - DLOW

CCCCCCCCCCCCCCCCCCCCC"CCCCCCCCCCCCCCCCCCCCPCCCCC
c PROCEDURES FOR EACH ALPHA VALUE

DO 100 | = 1, NALPHA

c 1. SATTERTHWAITE
IF ( DLOW .LT. MAXDF ) THEN
TLOW = TCRIT( I, DLOW )
THIGH = TCRIT( I, DHIGH )
TDELTA = THIGH + DLOW = ( (DHIGH/FDF) - 1 )

! = ( TLOW - THIGH )
ELSE
TDELTA = TCRIT « [, MAXDF )
ENDIF
IF ( TESTST .GT. TDELTA ) NOVER( [, 1 ) = NOVERC I, 1 ) + 1
c 2. BANERJEE

C2 = SQRT( SUMT2(1) / TVARES )
IF ( TESTST .GT. C2 ) NOVER( |, 2 ) = NOVER( I, 2 ) + 1

c 3. COCHRAN

€3 = SUMT(1) / TVARES

IF ( TESTST .GT. C3 ) NOVER( I, 3 ) = NOVER(I],3) + 1
c 4. TOTAL DF

C4 = TCRIT( I, SUMDF )
IF ( TESTST .GT. C4 ) NOVER( [, 4 ) = NOVER(I],4) + 1

100 CONTINUE

RETURN
END
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OO00O0O0O0O00

REAL FUNCTION RANFN()
RANFN RETURNS A NORMAL (GAUSSIAN) RANDOM VARIABLE
WITH MEAN = O AND STANDARD DEVIATION = 1

THIS IS THE FTNS VERSION. THE UNDERLYING
UNIFORM GENERATOR IS RANF (VENDOR SUPPLIED).

REFERENCE - KINDERMAN AND MOMAMAN, ACM TOMS
VOL.3, NC.3 (1977) PP.2%7-260

10 U = RANF()
X ® (1 7196=RANF() - .8578 )/U
IF( X=X .GT. -4 =ALOG(VU) )GO TO 10
RANFN = X
RETURN
END
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A.6 User's Guide

The shipper-receiver difference (SRD) progrim utilizes three fiies for in-
put. These files' names and associated contents are: TAPEl - table of
critical values for the t-distribution, TAPE2 - seed for the random devi-
ate generator, TAPES - run parameters. The first two files are generated
once and used for subsequent executions of the SRD program. The last file
is built by the user through the interactive input program (SRDIN).

Building the run parameter file throuch SRDIN and subsequent execution of
the SRD program is accomplished by us ng the job control procedure file
RUN which should be resident on the users account in the direct access
file PROCFIL. This procedure performs three functions which are:

1) Output description header
2) Execute program SRDIN

3) Build file SRDRUN which contains the job control lanquage neces-
sary to execute the SRD program for the user specified input.

(See Figure A.6 for a copy of procedure "UN.) This procedure is executed
at the interactive level via the command BEGIN,RUN. Following is an
example of a teruwinal session during which the procedure RUN is used to
build the procedure file SRDRUN which contains the necessary job control
language and run parameters input to execute via batch the SRD program for
two run parameter cases. User input is preceeded by either N> or I>.

In the following example a user is interested in evaluating a specified
scenario of five shipments. A false alarm rate of 5%, alpha = .05, is to
be evaluated. For Case 1 the error variances for the five shipper-
receiver differences are .80, .40, .40, .40 and .40. The estimates of
these variances have 4, 10, 10, 10 and 10 degrees of freedom. The analyst
wants to know what is the probability that the shipper-receiver test TS
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will correctly identify a material loss of 3.C units? The user must
irput five S-R differerces vhich total 3.0. The size and order do not
affect the test since fS ‘S a LUSUM test. Thus in Case 1, the problem has
been specified with &11 Che material diverted from shipment one.

Usually there will be a shipper error and an independent receiver er-or
which make up the error for D.. There will also be separate independent
estimates for the shipper and receiver error variances (see 5.2), each
with an associated degrees of freedom. [n Case 2 the user evaluates the
same scenario as Case 1 except the variances for Di are divided equally

into a shipper and a receiver term. DMote the user must specify ten ship-
ments in order to input the ten variance terms.




EXAMPLE:

N>BEGIN,RUN
12.27.24.PROCEDURE RUNK ON FILE PROCFIL.

PROGRAM TO ANALYZE POWER OF CUSUM SHIPPER-RECEIVER TEST FOR
SPECIFIED SCENARIO

ENTER RUN PARAMETEKS FOR SIMULATION ( NUMBER OF SIMULATION
RUNS, NUMBER OF SHIPMENTS, SHIPPER-RECETVER DIFFERENCES,
VARIANCES AND DEGREES OF FREEDOM)

ENTER PARAMETER VALUES SEPARATED BY BLANKS Ci CUMMAS
REPEATED VALUES MAY BE SNTERED AS INTLGER*VALUE

== CASE 1 ---

ENT-R NUMBER OF SIMULATION RUNS DESIRED

1>10000

ENTER NIMBER OF SHIPMENTS - 1 TO 50

I>5

ENTER S-R DIFFERENCES OF 5 SHIPMENTS (U<Difference < 999.999,
[>3.0 4*C - Difference less than .0001 truncated to 0)
ENTER VARIANCES OF 5 SHIPMENTS

[>.8 4*.4 (.0001 < Variance < 999.9999)
ENTER DEGREES OF FREEDOM OF 5 SHIPMENTS

>4 2*10 - (2 < DOF < 99,999,999, YOF even only)

DO YOU WISH TO CONTINUE INPUTTING DATA?
( NO OR CR TO TERMINATE )

I>YES

== CASE 2 ---

ENTER NUMBER OF SIMULATION RUNS DESIRED
1>19000
TENT[-:R NUMBER OF SHIPMENTS - 1 TO 50
1>10

ENTER S-R DIFFERENCES OF 10 SHIPMENTS
[>3.0 9*0

FNTER VARIANCES OF 10 SHIPMENTS
[>.2%.4 §£*.2

EWTER DEGREES OF FREEDOM OF 10 SHIPMENTS
[>2%4 °*10

0O YOU WISH TO CONTINUE INPUTTING DATA?
( NO OR CR TO TERMINATE )
I>NQ
2 PARAMETER CASES ENTERED
12.28.55. TO SUBMIT RUN ENTER ROUTE, SRORUN,DC=TN, UN=XXXX

Figure A.5 Input Example



.PROC,RUN,PRI=P06 ,0UT=""00UT.
TYPE.PROCEDURE RUN ON .LE PROCFIL.
RETURN, TAPEL.
IF(. NOT. FILE(SRDIN1B,.LO))GET,SRDIN1B. = (SRDIN BINARY FILE)
COPY, INDAT,OUTPUT,
SRDINIB INPUT ,OUTPUT, TAPEL
REHIND.TAPEI.
PACK, TAPEL.
*

REWIND, SRORUN.

COPY,COM, SRDRUN.

COPY, TAPE1, SRDRUK.

TYPE. TO SUBMIT RUN ENTER ROUTE, SRORUN, DC=IN,UN=XXXXXX.
.DATA, INDAT.

PROGRAM TO ANALYZE POWER OF CUSUM SHIPFER-RECEIVER TEST FOR
SPECIFIED SCENARIO

ENTER RUN PARAMETERS FOR SIMULATION (NUMBER OF SIMULATION
RUNS, NUMBER OF SHIPMENTS, SHIPPER-RECEIVER DIFFERENCES,
VARIANCES AND DEGREES OF FRESDOM)

ENTCR PARAMETFR VALUES SEPARATED BY BLANKS OR COMMAS
REFZATED VALUES MAY BE ENTERED AS TNTEGER*VALUE

.Em

.DATA,COM.
SRDRUN,CM77000,T12G,PRI,
USER, ACCOUNT ,PASSWORD.

*

*SHIPPER-RECEIVER DIFFERENCE
*

CET, SRU1B. (SRD BINARY FILE)
GET TVALDAT. CRITICA! VALUES OF T DIST.

5 ALPHA VALUES, 360 DF
GET SROSEED. SEED FCR FUNCTION RANF

MAP'OFF.
SRD1B, INPUT,0UT, TVALDATA, SRDSEED.
*

EXIT,U.

REPLACE,GUT.

COPY ,OUT,0UTPUT.
REPLACE,SRDSEED. NEW SEED
*

EXIT,U.
DAYFILE,SRDDAY.
REPLACE, SRDDAY.

Figure A.6 Procedure Run

A-34



SRDRUN,CM77000, T120,P06.
USER,ACCOUNT,PASSWORD.
*

*SHIPPER-RECEIVER DIFFERENCE

GET SRD1B.
GET TVALDAT. CRITICAL VALUES OF T DIST.
5 ALPHA VALUES, 360 DF

Following is a listing of the file SRORUN built through the use of the
procedure RUN for the example illustrated previously.

GEf,SRDSEED SEED FOR FUNCTION RANF
*

MAP=0FF .

SRD1B, INPUT, SRDOUT, TVALDAT, SROSEED.
.

EXIT,U.

REPLACE, SRDOUT.
COPY,SRDOUT,QUTPUT.
REPLACE,SRDSEED. NEW SEED
*

EXIT,U.

DAYF [LE, SRDDAY,

REPLACE, SRDDAY.
10002

3.0000 0.0000 0.0000 C.0000 0.0000
.8000 .4000 .4000 .4000 .4000

E 10 10 10

10000
10

10

3.0000 .0000 .0000 .0000 .0000 .0000 .0000 .0000 .0000 .0000
.4000 .4000 .2000 .2000 .2000 .2000 .2000 .2000 .2000 .200C

B 4 10 10 10

10 10 10 10 10

To execute the SRD program for the user specified run parameters route the

file SRORUN to the batch input queue.

See Figure A.7 for a list of the

output generated by the SRD program for this exam e,
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 10000

NUMBER OF SHIPMENTS = 5

MEAN{.) = 3. 0. 0. 0, 0.
VARIANCES = .2 .4 .4 4 4
DF(.) =4 10 10 10 10

ALPHA(.) = .1 .05 .025 .01 .005

PROCEDURE 1

AL PHA
LEVEL
.1000
.0500
.0250
.0100
.0050

PROCEDURE 2

ALPHA
LEVEL
.1000
.0500
.0250
.0100
.0050

PROCEDURE 3

ALPHA
LEVEL
.1000
.0500
.0250
.0100
.0050

PROCEDURE 4

ALPHA
LEVEL
. 1000
.0500
.0250
.0100
.005C

O B WM = O B W M - U B WM -

O B WM -

SATTERTHWAITE
PROB. OF EXCEEDING
CRITICAL VALUE
7377
.5876
.4569
.3076
2211

RANERJEE
PROB. OF EXCEEDING
CRITICAL VALUE
.7034
.5149
.3366
.1597
.0783

COCHRAN
PROB., OF EXCEEDING
CRITICAL VALUE
.7043
.5163
.3390
.1649
.0848

SUM OF DEG.FREEDOM
PROB. OF EXCEEDING
CRITICAL VALUE
.7451
.6039
.4788
.3336
.2473

Figure A.7 SRD Output
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 10000
NUMBER OF SHIPMENTS = 10

MEAN(.) = 3. .0

.0.0.0.0.0.0.0.0

V/RIANCES = .4 .4 .2 .2 .2 .2 .2 .2 .2 .2
DF(.) =44 10 10 10 10 10 10 10 10
ALPHA(.) = .1 .05 .025 .01 .005

PROCEDURE 1

ALPHA
LEVEL
.1000
.0500
.0250
.0100
.0050

PROCEDURE 2

ALPHA
LEVEL
. 1000
.0500
.0250
.0100
.0050

PROCEDURE 3

ALPHA
LEVEL
.1000
.0500
.0250
.0100
.0050

PROCEDURE 4

ALPHA
LEVEL
.1000
.0500
.0250
.0100
.0050

U B WM GV & WM e L L N S

D H WM

SATTERTHWAITE
PROB. OF EXCEEDING
CRITICAL VALUE
.7444
.6043
.4769
.3265
.2403

BANERJEE
PROB. OF EXCEEDING
CRITICAL VALUE
.6987
.5172
.3279
.1371
.0588

COCHRAN

PROB. OF EXCEEDING
CRITICAL VALUE
.6989
.5193
.3313
.1426
.0654

SUM OF DEG.FREEDOM
PROB. OF EXCEEDING
CRITICAL VALUE
.7478
.6125
.4904
.3403
.2590

Figure A.7 SRD Output (Continued)
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APPENDIX B. MONTE CARLO OUTPUT

The test TS is used to test for material loss when variances are esti-
mated. Four procedures are described in Section 4.2 for determining the

critical value for TS. These procedures are compared for the parameter
sets given in Section 4.3.2. The Monte Carlo program described in Section
4.3.1 and Appendix A generated the following output in support of the
analysis in Section 4.3.
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000

NUMBER OF SHIPMENTS = 6
VARIANCES = 1. 1, 1, 1. 1, 1,
DF(.) = 4 4 4444

ALPHRA(.) = .1 .05 .025 .N1 .008
TOTAL DIVERSION = _M8C = 0.

PROCEDURE | SATTERTHWAITE
© ALPHA PROB. OF EXCEEDING
LEVEL ITICAL VALUE
1 . 1000 . 1000
2 .0S00 .0480
3 .02%0 .0228
< .0100 . 0082
S .00S0 . 0038
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .Q704
2 .0S00 .0214
3 . 02%0 . 0081
= .0100 . 0008
S . 0050 . 0001
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .Q704
2 .0%00 .0214
3 . 0250 . 0081
@ .0100 .000S
S . 0080 . Q001
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDRING
LEVEL CRITICAL VALUE
1 . 1000 . 1022
2 .0S00 . 0503
3 . 0230 . 0247
« .0100 . 0096
S 00S0 . 0049

Figure B.1 Comparison of a Values, Cqual Variances, f.

1=4,n-6
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000

NUMBER OF SHIPMENTS = €
VARIANCES = 1. 1. 1. 1, 1. 1.
DF(.) = 10 10 10 10 10 1D
ALPHA(.) = .1 .05 .02¢ .01 .00S
TOTAL DIVERSION * LMBD = O

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 1002
2 . 0800 .04e2
3 . 0250 .0248
- .0100 .0101
S .00S0 .00S0
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
I.EVEL CRITICAL VALUE
1 1000 .0872
2 .0500 .0371
3 .02%0 .0181
4 .0100 . 0040
S .00%S0 .Q0186
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0872
2 . 0500 .0371
3 .02%0 .0181
¢ .0100 . 0040
S .00%0 .0016
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 1006
2 . 0500 0496
3 . 0250 . 0251
B .0100 .0108
] .00S0 .00S1

Figure B.2 Comparison of a Values, Equal Variances, f, = 10, n = 6
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = §
VARIANCES = 1. 1. 1. 1. 1. .
N()HZOZOZOZOZOE’D
ALPHA(.) = .1 .05 .025 .01 .00S
TOTAL DIVERSION-U‘D-O.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 1003
2 .0S00 . 0803
3 .02%50 . 0250
4 .0100 . 0099
S . 0050 . 0044
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0943
2 .0500 . 0442
3 .02%0 .0198
< .0100 . 0058
-] . 0080 .0o22
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0943
2 . 0500 . 0442
3 .02%0 0198
@ .0100 . 0089
S . 00S0 .0022
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1020 . 1008
2 .0S00 .0504
3 . 0250 . 0281
4 .0100 .00%s
S . 0050 . 0045

Figure B.3 Comparison of a Values, Equal Variances, f,=20,n=6
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000

NUMBER OF SHIPMENTS = 12

VARIANCES = 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1.1,
DF(.) = 4 444444444434

ALPHA(.) = .1 .05 .025 .01 .00S

TOTAL DIVERSION = LMBD = O.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LFVEL CRITICAL VALUE
1 . 1000 .0988
2 .0%00 . 0481
3 . 0250 . 0240
< .0100 . 0091
S . 00S0 . 0043
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0656
2 .0S00 .0192
3 .02%0 . 0039
4 .0100 . 0001
S . 0080 . 0000
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0656
e .AS00 .0192
3 . 0250 . 0039
- .G?00 . 0001
S 0J%s0u . 0000
PROCEDURE 4 S$UM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVZIL CRITICAL VALUE
1 . 1000 . 0999
2 . 0500 . 0498
3 0250 . 0282
a .0120 .0i01
S . 0080 . 00S%0

Figure B.4 Comparison of a Values, Equal Variances, f, = 4, n = 12
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SHIPPER - RECEIVER JIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000

NUMBER OF SHIPMENTS = 12

VARIANCES = 1. 1. 1, 1. 1.1, 1.1, 1. 1, 1.
DF(.) = 10 10 10 10 10 10 10 10 1C 10 10 10
ALPHA(.) = .1 .CS .02%5 .01 .00S

TOTAL DIVERSION = LMBD = 0.

1.

PROCEDURE | SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0988
2 . 0800 . 0498
3 . 0250 . 0247
4 .Q100 . 0097
S . 00sQ . 0048
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0847
& . 0500 . 0367
3 .02%0 .0138
< .0100 . 0032
] . 0080 .0010
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0847
2 .0%00 . 0367
3 . 0250 .C136
4 .0100 .0032
S . 0080 .0010
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0930
2 . 0500 . 0497
3 .02%0 . 0248
< .0100 .0098
S . 0050 .008C

Figure B.5 Comparison of o Values, Equal Variances, f, =10, n=12
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 12

VARIANCES = 1. 1. 1. 1. 1. 1. 1. %, 0. 1.1, 1.
DF(.) = 20 20 20 20 29 20 20 20 20 20 20 20
ALPHA(.) = .1 .08 .02% .01 .00S
TOTAL DIVERSIGN = LMBD = O.
PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0998
2 .0S00 .0%0S
3 . 0250 . 0283
4 .0100 .0104
5 . 0080 . 0051
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0933
2 . 0500 . 0432
3 . 0250 .0192
4 .0100 ., 0064
S .C0S0 .0023
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0933
2 . 0%00 . 0432
3 . 0250 .0182
B .0100 . 0064
S . 00S0 .0023
PROCEDURE 4 SUM OF DEG.FREEDGOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0998
2 .0S00 0506
3 . 02%0 . 0298
“ .0100 .0104
S .00S0 . 0081

Figure B.6 Comparison of a Values, Equal Variances, f, = 20, n =12
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000

NUMBER OF SHIPMENTS = 18

e e S PR O TR DA TR TR TR U (RN DR R SR PREL TR O RS Ce
OF(.) » 4 4444444444494 4944434

ALPHA(.) = .1 .05 .02% .01 .00S

TOTAL DIVERSION = LMBD = O,

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 .1000 . 0987
2 .0S00 . 0491
3 .02%0 . 0234
4 .0100 . 009%
S .00% . 0044
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 .1000 . 0644
2 .0%300 .0177
3 .02%0 . 0033
4 .0100 . 0002
S .00S0 0.0000
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 .1000 . 0644
2 .0%00 .0177
3 .02%0 .0033
4 .0100 . 0002
S .00%0 0.0000
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 .1000 . 0996
2 .0%00 . 0504
3 .02%0 . 0246
4 .0100 . 00983
S .00%0 . 0048

Figure B.7 Comparison of a Values, Equal Variances, f1 =4, n=18
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SHIPPER - RECE! 'ER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000

NUMBER OF SHIPMENTS = 13

VARIANCES = 1. . 1. 1. 1. 1. 1. 1.1, 1.1, 1. 1.1.1, 1.1, j I
DF(.) = 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10
ALPHA(.) = .1 .05 .02% .01 .00S

TOTAL DIVERSION = LMBD = O.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0991
2 .0%S00 .0503
3 . 0250 .0258
- .Q100 .0103
S .00S0 . 0081
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0856
2 .0500 . 0357
3 . 0230 .0143
- .0100 . 0031
S .00S0 . 0008
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0856
2 . 0500 . 0357
3 .02%0 .0143
“ .0100 . 0031
S . 0080 .Jooe
PROCEDURE < SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0993
2 .0S00 . 0504
3 . 0280 . 0260
4 .0100 .0104
5 .00S0 .00s2

Figure B.8 Comparison of a Values, Equal Variances, f'1 = 10, n =18
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000

NUMBER OF SHIPMENTS = 18

b s i (P TR (R0 PO, UL R TR PR R TRt B TN | P S P
W(.)'202020202020202020202020202020202020
ALPHAC.) = .1 .05 .025 .01 .00%

TOTAL DIVERSION = LMBD = 0.

e

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0993
2 . 0500 . 0483
3 . 0250 . 0246
“ .0100 . 0098
S .00S0 .00S3
PROCEDURE 2 BANERJEC
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 08239
2 .0S00 .0418
3 . 02%0 .0184
< .0100 . 0060
S . 0080 . 0022
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0929
2 .0S00 .0418
3 . 0250 .0184
4 .0100 . 0060
S .00%0 . 0022
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0994
2 . 0500 . 0484
3 . 02580 . 0246
B .0100 . 0098
S . 0050 . 0083

Figure B.9 Comparison of « Values, Equal Variances, fi = 20, n =18
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SHIPPER - RECE!VER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 6
vmmccss- I e P 1.1. ¥.
DF (. - 4 4 4 20 20 20

ALPNA( ' .1 .08 .02% D‘l . 008
TOTAL DIVERSION'LP'D- .

PROCEDURE 1 SATTERTHWAI TE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 .1000 . 1009
2 .0532 . 0820
3 .0250 . 0246
4 .0100 . 0097
s .0050 . 0045
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 .1000 . 0831
2 .0%00 .0323
3 .02% .0103
4 .0100 .0016
s 0080 . 0004
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 .1000 0838
2 .0S00 .0333
3 0250 .0108
4 .0100 . 0018
s .00%50 . 0005
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 .1000 . 1034
2 .0%00 . 0545
3 .02%0 . 0268
4 .0100 0111
s .00S0 . 0056

Figure B.10 Comparison of a Values, Equal variances, f, = 4,20, n = 6
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = &

VARIANCES = 1. 1. 1, 1, 1, 1,
DF(.) = 4 4 10 10 20 20
ALPHA(.) = .1 .05 . 025 .01 .005
TOTAL DIVERSION = LMBD = O.
PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 10086
2 . 0500 . 0805
3 . 0280 . 0253
« .0100 .0103
S . 0030 . 0082
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0833
2 .0S00 . 0344
3 .02%0 L0124
4 .0100 . 0023
S . 0080 . 0008
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0836
2 . 0500 . 0350
3 . 02%0 .0129
4 .0100 .0027
S . 0030 . 0009
PROCEDURE 4 SUM OF DES.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 100C 1022
2 . 0500 0522
3 . 0250 . 0269
< .0100 .C116
S . 00S0 . 0087

Figure B.11 Comparison of a Values, Equal Variances, ‘; = 4,10,20, n = 6
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SHIPPER - RECSIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 12

VARIANCES = 1. 1. 1, 1, 1. 1. 1.1, 1. 1.1. 1.
DF(.) = 4 4 4 4 4 4 20 20 20 20 20 20
ALPHA(.) = .1 .05 .025 .01 .00S

TOTAL DIVERSION = LMBD = OQ.

PRCCEDURE ! SATTERTHWAITE
ALPHA PROB. OF EXCEEDING

LEVEL CRITICAL VALUVE
1 . 1000 . 0991
2 .0S00 . 0509
3 . 0250 . 0256
4 .0100 0102
S . 0050 00s2
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .07886
2 . 0800 . 0300
3 . 0230 . 0089
4 .0100 .0014
S .00%0 . 0003
3 COCHRAN
ALPHA PROE. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0791
2 .0S00 . Q307
3 .02%0 . 0096
4 .0100 .0016
S .00S0 . 0003
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 1008
2 . 0500 .0822
3 . 0250 . 0269
« .0100 .0109
S .00%0 . 0088

Figure B.12 Comparison of a Values, Equal Variances, f, = 4,20, n = 12
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 12
VARIANCES = 1, 1, 1,
DF(.) = 4 4 4 4 101

S DYy PN TN N T
10 10 20 20 26 20
.00S

ALPHA(.) = .1 .05 .02% .01
TOTAL DIVERSION = LMBD = 0.
PROCEDURE 1 SATTERTHWAITE
ALPHA PROE. OF EXCEEDING
LEVEL CRITICAL VAL'E
i . 1000 .1019
2 . 0500 .0810
3 . 0250 . 0249
< .0100 .00%2
S .00S0 . 0050
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0849
2 .0S00 .0314
3 . 02%0 . 0089
i .0100 .0018
S .00S0 . 0004
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0882
2 . 0500 .0319
3 . 0250 L0101
4 .0100 .0018
S .00S0 .000S
PRECEDURE 4 SUM OF DEG.FREEDGM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VAI UE
1 . 1000 103
2 . 0500 .0823
3 02%0 . 0289
B .0100 . 0099
S .00S0 . 0083

Figure B.13 Comparison of a Values, Equal Variances, f.
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 18

VARIANCES » 1. 1, 1. 1. 1. 1. %, 3. 8, 3. %, 0, 0. 1. 0, 0, V. 0,
DF(.) = 4 444444442020 20 20 20 20 20 20 20

ALPHA(.) = .1 .28 .025 .01 .00S
TOTAL DI!VERSION = LMBD = O.
PROCEDURE | SATTERTHEWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 1008
2 ., CS00 .0488
3 . 0250 .0241
< .9100 . 0094
S .00S0 . 0048
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .Q776
2 . 0500 . 0271
3 . 0250 .0077
4 .0100 .0010
S . 0080 . 0002
PROCEDURE 3 COChRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1020 0780
2 . 0500 . 0278
3 0230 .0081
4 .0100 .0012
S .00S0 . 0003
PROCEDURE 4 SUM OF DEG.FREEDCM
ALPHA PROE. OF EXCEEDING
LEVEL CRITICAL VALUE
1 .10C0 1ul8
2 .0SQ0 . 0498
3 . 0250 . 0248
4 .0100 .0101
S . 0080 . 0054

Figure B.14 Comparison of a Values, Equal Variances, 1‘1 = 4,20, n =18
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 18
VARIANCES = 4. 4. 4. 4. 4. 4. 4, 4. 4, 4. 4, 4. 4, 4,
DF(.) = 4 4444410101010 10 10 20 20 20 20 20 20
ALPHA(.) = .1 .05 .02% .01 .00%

TOTAL DIVERSION = LMBD = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0987
2 .0S00 . 0438
3 .02%0 . 0246
“ .0100 . 0090
S .00S0 . 0043
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .Q739%
2 . 0500 . 0296
3 . 02%0 . 0089
4 .0100 .0013
S . 0080 .0003
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .Q798
2 . 0%00 . 0302
3 . 0250 . 0092
< .0100 .0016
S . 0030 .0003
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0998
2 . 0500 . 9502
3 . 0250 .02%2
< .0100 . 0086
S . 00S0 . 0048

Figure B.15 Comparison of a Values, Equal Variances, f, =4,10,20, n = 18

B-16



SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 6

VARIANCES = 1. 1. 1., 3. 3. 3.
DF(.) = 4 4 4 20 20 20
ALPHA(.) = .1 .05 .025 .01 .00S
TOTAL DIVERSION = LMBD = O,
PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0988
2 . 0500 . 0465
3 . 0250 . 0236
< .0100 . 0082
5 .00S0 . 0045
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 .1C00 . 0833
2 .0500 . 0339
3 . 0250 .Q123
< .0100 . 0028
S .00%0 . Q008
PROCEDURE 3 CGCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 08386
2 . 0500 . 0344
3 . 0250 .0127
B .0100 . 0032
3 . 0080 .0011
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITIZAL VALUE
1 . 1030 . 096%
2 .0%00 . 0470
3 .02%0 . 0244
< .0100 . 0098
S . 00S0 . 0048

Figure B.16 Comparison of a Values, Variance Ratio 1 to 3, f1 =4,20,n=6
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SHIPPER - RECCIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = §

VARIANCES

= 3,

- N P

DF(. = 4 4 4 20 20 20
.1 .0% .02% .01
TOTAL DIVERSION = LMBD = O,

ALPHA(,) =

PROCEDURE

AaLN—

FROCEDURE

aArnon -~

PROCEDURE

AN~

PROCEDURE

arwn -~

1
ALPHA
LEVEL
. 1000
. 0800
.02%0
.0100
. 0050

SATTERTHWAI TE
PROB

OF EXCEEDING

CRITICAL VALUE

BANER.EE

. 0981

. 0486
. 02335
. 0096
. 0049

PROB. OF EXCEEDING
SRITICAL VALUE

CCCHRAN

. 0769
.C279
. 0091
.0014
. 0003

PROB. OF EXCEEDING
CRITICAL VALUE

Q771
. 0285
. 0094
.0017
. 0003

SUM OF DEG.FREEDOM

PROE .

OF EXCEEDING

CRITICAL VALUE

=18

. 1049
. 05852
. 0292
.0134
. 0074

Figure B.17 Comparison of a Values, Variance Ratio 3 to s f1 = 4,20, n=6



SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000

NUMBER OF SHIPMENTS = 12

VARIANCES = 1. 1, 1. 1, 1.1, 3. 3. 3. 3. 3. 3.
DF(.) = 4 4 44442020 20 20 20 20

ALPHA(.) = .1 .05 .025 .01 .00S

TOTAL OIVERSIUN = LMBD = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
i . 1000 . 0991
2 . 0500 . 0504
3 . 0250 . 0263
4 .0100 .0108
S . 00S0 . 0081
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0848
2 . 0800 .0362
3 . 02%0 .0129
B .0100 . 00286
S .00%0 . 00086
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0881
2 . 0500 . 0369
3 . 0280 .013%
4 .0100 . 0030
S . 0080 . 0008
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0994
2 . 0500 0506
3 . 02350 . 0267
Bl .0100 .0106
S . 0080 . 0082

Figure B.18 Comparison of a Values, Variance Ratio 1 to 3, f1 = 4,20, n =12




SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMEMTS = 12

VARIANCES = 3.

WL S Lgh WS- TH PRG el Fo TR §

DF(.) = 4 4 4444 2020 20 20 20 20

ALPHAC(.) = 1
TOTAL DIVERSION

.08

.028 .01
= LMBD = 0.

.00%

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0992
2 . 0500 .0S00
3 . 0250 . Q240
< .0100 . 009z
S .00S0 .0042
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .Q730
2 . 0500 . 0246
3 . 0280 . 00862
4 .0100 .0010
S . 00S0 . Qo1
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0738
2 . 0500 . 0281
3 . 0250 . 0064
B .0100 .0011
S .C0S0 . 0002
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 1033
2 . 0800 . 0S40
3 .02%0 . 0274
4 .0100 .0118
S .00S0 .00S8

Figure B.19 Comparison of a Values, Variance Ratio 3 to 1, fi = 4,20, n =12

8-20



SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000

NUMBER OF SHIPMENTS = 18

VARIANCES = 1. 1. §. 1. %. 1. 1.1, 1. 3. 3.3 .3 3.3 3. 3 3.
DF(.) = 4 4 4444444202020 20 20 20 20 20 20

ALPHA(.) = .1 ,08 .025 .01 .00S

TOTAL DIVERSION = LMBD = O.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 1008
2 . 0500 L0811
3 .02S0 . 0259
< .0100 .0100
5 . 0080 . 0050
PROCEDURE 2 SANERJEE
ALPHA PROB. OF EXCERDING
LEVEL CRITICAL VALUE
1 . 1000 . 0856
2 . 0500 . 0388
3 . 0280 01 2%
4 .0100 . 0026
S .0Cso . 0008
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0861
2 . 0800 . 0380
3 . 0250 c131
4 .0100 . 0028
S .00S0 . 0008
PROCEDURE 4 SUM OF DEG FREEDOM
ALPHA . OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 L1010
2 .0500 L0811
3 . 0250 . 0261
« .0100 .0102
S .00S0 . 0081

Figure B.20 Comparison of a Values, Variance Ratio 1 to 3, f1
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000

NUMBER OF SHIPMENTS = 18

VARIANCES = 3. 3. 3. 3. 3. 3. 2. 3. 3. 1. 1.1, 1.1, 1. 1. 1. 1,
DF(.) = 4 4 4 4444442020 20 20 20 20 20 20 20

ALPHA( ) = .1 .08 .025 .01 .00S

TOTAL DIVERSION = LMBD = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0920
2 .0S00 . 0471
3 . 0280 . 0228
- .0100 . 0087
S . 0080 . 0044
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0706
2 . 0500 .0219
3 .02%0 . 00583
d .0100 . 0006
S . 0080 . 0000
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0712
2 . 0800 . 0223
3 . 0250 . 0056
B .0100 . 0007
S . 00S0 . 0001
PROCEIARE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 1072
2 .0S00 . 0500
3 . 0230 . 0246
“ .0100 .0103
S . 0080 . 0054

Figure B.21 Comparison of a Values, Variance Ratio 3 to 1, 1‘1 = 4,20, n =18
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000

NUMBER OF SHIPMENTS = &
VARIANCES = 1. 1. 1, 3. 3. 3
DF(.) = 4 4 4 4 4 4

ALPHA(.) = .1 .05 .02% .01 .00S
TOTAL DIVERSION = LMBD = 0.

PRICEDURE | SATTERTHWAITE

ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1000 0894

0300 0486

02¢C 0234

0100 009S

00S0 0048

PROCEDURE 2 BANERJEE

ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1000 0723

0S00 0231

02S0 0064

0100 0008

00S0 0001

PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1000 0723
0800 0231
02S0 0064
0100 0008
0050 0001

PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1000 . 1029
0500 0S23
0230 0268
0100 0118
00S0 o062

Figure B.22 Comparison of a Values, Variance Ratio 1 to 3,




SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000

NUMBER OF SHIPMENTS = 6
VARIANCES = 1. 1. 1, 3. 3. 3.
DF(.) = 10 10 10 10 10 10
ALPHA(.) = .1 .08 .02% .01 .00%S
TOTAL DIVERSICN = LMBD = O.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0998
2 .0S00 .0S00
3 . 0250 . 0261
B .0100 .0108
S .00S0 . 0081
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0878
2 .0S00 .0393
3 . 0250 .0166
N .0100 . 0041
S .Q0S0 .0014
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0878
2 . 0500 . 03983
3 . 0250 .0166
< .0100 . 0041
S . 0050 .0014
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 1009
2 .0S00 . 0809
3 . 0230 .0272
< .0100 .0118
S . 0080 . 0087

Figure B.23 Comparison of a Values, Variance Ratio 1 to : fi =10, n=6
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS =« 6

VARIANCES = 1. 1|

1. 3. 8. 3

DF(.) = 20 20 20 20 20 20
ALPHA(.) = .1 .08 .025 .01 .00S
TOTAL DIVERSION = LMBD = 0.

PROCEDURE 1

ALPHA

LEVEL
] 1000
2 0500
3 02%0
< 0100
S 00S0

PROCEDURE 2

ALPHA
LEVEL
1000
0S00
. 0250
.0100
.00S0

PROCEDURE 3
ALPHA
LEVEL
1000
0300
0250
.0100
.00S0

PROCEDURE 4
ALPHA
LEVEL
1000
0S00
0250
0100
00S0

Figure B.24 Comparison of

a

SATTERTHWAITE
PROB. OF EXCEEDING
CRITICAL VALUE
1018
0S01
0236
. 0093
0047

BANERJEE
PROB. OF EXCEEDING
CRITICAL VALUE
0962
0433
.0193
00686
0027

COCHRAN
PROB. OF EXCEEDING
CRITICAL VALUE
0962
0433
0193
0066
0d27

SUM OF DEG.FREEDOM
PROB. OF EXCEEDING
CRITICAL VALUE
1022
0507
. 0239
0096
0048

Values, Variance Ratio

1
-

to 3, fi




SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 12

VYARIANCES = 1. 1. 1. 7. 3. 1. @ 3. 3. 9. 3. 3.
OF(.) = 4 444444444944
ALPHA(.) = .1 .05 .025 .01 .00S
TOTAL DIVERSION = LMBD = 0.
PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0981
2 .0S00 . 0489
3 .0250 .0242
B .0100 . 0091
S . 0050 . 0048
PROCEDURE 2 SANERJEE
ALPHA PROB. OF EXCEFNING
LEVEL CRITICAL VALUE
1 . 1000 . 08671
2 .0S00 .0202
3 .02%0 . 0046
“ .0100 . 0002
S .00S0 0.0000
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRIT!CAL VALUE
1 . 1000 . 0671
2 . 0500 .0202
3 . 0250 . 0046
4 .0100 .0002
S .00S0 0.0000
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 1006
2 .0S00 .0813
3 . 0250 . 0261
4 .0100 .0104
S .00S0 . 0087

Figure B.25 Comparison of a Values, Variance Ratio 1 to 3, fi =4, n=12
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 12

VARIANCES = 1. 1. 1. 1. 1, 1. 3. 3. 3. 3. 3. 3.
DF(.) = 10 10 10 10 10 10 10 10 10 10 10 10
ALPHA(.) = .1 .05 .025 .01 .00S
TOTAL DIVERSION = LMBD = O.
PROCEDURE 1 SATTERTHWAI TE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0990
2 .0S00 .0S02
3 . 0250 . 0252
- .0100 L0101
S . 0080 .00S0
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 08638
2 . 0500 .0370
3 .02%0 .0142
< .0100 . 0036
S .00S0 .0010
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0868
2 .0S00 . 0370
3 . 0250 .0142
“ .Q100 . 00386
] .00S0 .0010
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 , 0996
2 .0S00 . 0808
3 . 02%0 .02%8
4 .0100 .0104
S . 0080 . 0081

Figure B.26 Comparison of a Values, Variance Ratio 1 to 3, f; =10, n= 12

B-27



SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 12

VARIANCES = 1. 1. 1, 1. 1.1, 3, 3. 3. 3. 3. 3.
DF(.) = 20 20 20 20 20 20 20 20 20 20 20 20
ALPHA(.) = .1 .0S .02% .01 .00%
TOTAL DIVERSION = LMBD = O.
PROCEDURE 1 SATTERTHYAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0930
2 . 0800 . 0803
3 . 0250 . 0281
- .0100 .0102
S . 0050 . 0081
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0928
2 . 0500 .0430
3 .02%0 .Q189
a .0100 . 0064
] . 00350 .002S
PROCEDURE 3 COCHRAN .
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0928
2 . 0800 . 0430
3 . 0250 .0189
4 .0100 . 0064
i S . Q0S80 . 0028
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0983
2 . 0500 . 0504
3 . 02%0 . 0253
- .0100 .0102
S . 0080 . 0081

Figure B.27 Comparison of a Values, Variance Ratio 1 to 3, f, =2, n=12
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000

NUMBER OF SHIPMENTS = 18

VARIANCES » 1. 1. 1. ¥. 9. 3. 1. 1. 3. 3. & 3. 3. 3. 3. 3. 3. 3.
DF(.) = 4 4 4 44444444449444434

ALPHA(.) = .1 .05 .025 .01 .00S

TOTAL DIVERSION = LMBD = O.

PRAOCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING

LEVEL CRITICAL VALUE
1 . 1000 . 0980
2 .0S00 . .047%
3 .02%0 . 0229
- .0100 .0089
S . 0080 . 0044
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0841
2 . 0500 .0179
3 .02%0 . 0038
o .0100 .0003
S . 0080 . 0000
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0841
2 . 0500 .0179
3 . 0250 . 0038
“ .0100 . 0003
S .00S0 . 0000
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0988
2 . 0500 . 0493
3 . 0250 . 0243
B .0100 . 0097
S . 0080 . 0043

Figure B.28 Comparison of a Values, Variance Ratio 1 to 3, fi =4, n=18
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SHIPPER - RECEIVER LIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000

NUMBER OF SHIPMENTS = 18

WRTANEEE 1. 3..7..2, %0, 1..0..10.8. % )
OF(.) = 10 10 10 10 10 10 10 10 10 10 10 10 10 1
ALPHA(.) = .1 .05 .02%5 .01 .00%

TOTAL DIVERSION = LMBD = 0.

3. - o T
Q 0

3. 3. 3
10 10 101

PROCEDURE ! SATTERTHWAITE
PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 1088
2 .0S00 .081¢
3 .o02%0 . 0258
“ .0100 .0108
S .00%S0 . 0048
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0908
2 .0S00 .0377
3 .02%0 .0148
“ .0100 . 0032
S .00%0 .0010
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0908
2 .0800 . 0377
3 .02% .01486
4 .0100 . 0032
S .00%0 .0010
PROCEDURE 4 SUM OF DEG.FREEDGM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 1087
2 .0%00 0818
3 .0R%0 . 0264
< .Q100 .0108
L] . 0080 . 0081

Figure 8.29 Comparison of a Values, Variance Ratio 1 to W f, =10, n=18
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000

NUMBER OF SHIPMENTS = 18

VARIANCES = 1. 1. 1. 8. %, 3. %, 3. 0. 3. 3. 3. 3 3 3. 9. 3. 3
DF(.) = 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20
ALPHA(,) = .1 .08 .02%5 .01 .00S

TOTAL DIVERSION = LMBD = 0.

PROCEDURE ! SATTERTHWAITE

ALPHA PROB. OF EXCEEDING

LEVEL CRITICAL VALUE
1000 . 0963

. 0800 . 0482

. 0250 .0240

.0100 . 0097

. 0080 0083

PROCEDURE 2 BANERJEE

ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

. 1000 . 0899

. 0500 .0410

. 0230 .01786

.0100 00€3

00S0 . 0027

PROCEDURE 3 COCHRAN

ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

. 1000 0899

0800 ,0410

02%0 01786

.0100 ., 0083

. 0080 , 0027

- SUM OF DEG.FREEDOM

ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

., 1000 . 0968

0300 . 0483

02%0 . 024

0100 . 0097

0080 . 0054

PROCEDURE

Figure 8.30 Comparison of & Values, Variance Ratio 1 to 3, f, = 20, n = 18




SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 6§

VARIANCES = 1. 1, 2. 2. 3. 3.
DF(.) = 4 4 10 10 20 20
ALPHA(.) = .1 .05 ,02% .01 .00%S
TGTAL DIVERSION = LMBD = 0.
* PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0999
2 . 0800 . 0801
3 . 0250 . 0253
- .0100 . 0099
S . 0080 . 0048
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0871
2 . 0500 . 0373
3 . 0250 .0138%
4 .Q100 . 0034
S .00S0 . 0009
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUVE
1 .10C0 . 0873
2 . 0500 . 0377
3 . 0250 .0140
B .0100 . 00386
S . 00S0 .0011
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 1006
2 . 0500 . 0506
3 . 02%0 . 0258
« .0100 L0101
S . 0080 . 0080

Figure B.31 Comparison of a Values, Variance Ratio 1 to 2 to 3, fi = 4,10,20, n = 6
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 12

VARIANCES = 1. 1. 1, 1, 2. 2. 2. 2. 3. 3. 3. 3.
DF(.) = 4 44410 10 10 10 20 20 20 20
ALPHA(.) = .1 .08 .025 .01 .00S
TOTAL DIVERSION = LMBD = O. &
PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0987
2 . 0500 . 0500
3 . 0250 . 0246
4 .0100 . 0099
S . 0080 . 0047
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL. VALUE
1 . 1000 . 0849
2 . 0500 . 0344
3 . 0230 .0129
- .0100 . 0026
S . 0080 . 0008
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0852
2 . 0800 . 0348
3 .02%0 .0133
“ .0100 . 00238
S .00S0 . 0008
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0990
2 . 0800 0802
3 . 0250 . 0248
“ .0100 .92100
S . 0080 . 0048

Figure B.32 Comparison of a Values, Variance Ratio 1 to 2 to 3, fi = 4,10,20, n = 12
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 18

VARIANCES = 1. 1. 1. 1, 1. 1. 2. 2. 2. 2.2 2. 3. 3.3 3.3 3.
DF(.) = 4 4444410101010 10 10 20 20 20 20 20 20
ALPHA(.) = .1 .05 .02%5 .01 .00S
TOTAL DIVERSION = LMBD = O,
PROCEDURE 1 SATTERTHWAI TE
ALPHA PROB. OF EXCEEDING
<EVEL CRITICAL VALUE
1 . 1000 L1011
2 . 0800 . 0483
3 . 0250 .0249
4 .0100 . 0098
S .00S0 .00S0
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0868
2 .0S00 . 0337
3 .02%0 .0122
- .0100 .002%
S .00S0 . 0008
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0872
2 . 0800 . 0341
3 . 0250 .0127
< .0100 . 0027
b . 0080 . Q007
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 1012
2 . 0500 . 0486
3 . 0250 . 0281
< .Q100 . 0098
) .00S0 . 0081

Figure B.33 Comparison of a Values, Variance Ratio 1 to 2 to 3, 1’1 = 4,10,20, n = 18
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SHIPPER - RECEIVER DIFFERENCE TEST STATIST

NUMBER OF RUNS = 40000

NUMBER OF SHIPMENTS = 6
VARIANCES = 3. 3. 2. 2.

OF(.) = 4 4 10 10 20 20
ALPHA(.) = .1 .05 .025 .01 .00S
TOTAL DIVERSION = LMBD = O

PROCEDURE ! SATTERTHWAITE

ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1000 1008

0S00 cS07

0250 0255

0100 0086

00S0 0046

PROCEDURE 2 BANERJEE

ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1000 082!

0S00 0329

0230 0103

0100 0018

0050 0004

PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1000 082S
0500 0332
02S0 0107
0100 0021
00S0 0004

PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL .RITICAL VALUE
1000 1060
0S00 0549
G2%s0 0294
0100 0124
00S0 0064

Figure B.34 Comparison of a Values, Variance Ratio 3 to 2 to 1l

, f, = 4,10,20, n = £




SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER UF SHIPMENTS = 2

VARIANCES = 3. 3. 3. 3. 2. 2. 2. 2. 1. 1.
OF( ) = 44441010 10 10 20 20 20 20
ALFHA(.) = .1 05 .02% .01 .00%
TOTAL DIVERSION = LM8D = 0.
PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .09
2 . 0500 . 0480
3 . 0250 .0241
< .0100 . 0096
S . 00S0 . 0048
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0780
2 .0800 . 0278
3 . 0250 . 0083
~ .Q100 .0012
S .00S0 . 0002
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCFEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0763
2 . 0500 .0281
3 .02%0 . 0087
“ .0100 .0018
S . 0080 . 0002
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 1017
2 .0S00 .0812
3 . 0250 . 0261
o .0100 0114
S . 0080 . 0088

Figure B.35 Comparison of a Values, Variance Ratio 3 to 2 to 1, f, =4,10,20, n = 12
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 13

VARIANCES = 3. 3. 3. 3. 3. 3. 2. 2. 2. 2. 2. 2.1.1.1.1. 1.1,
DF(.) = 4 444441010 10 10 10 10 20 20 20 20 20 20
ALPHA(.) = .1 .05 .02% .01 .00S
TOTAL DIVERSION = LMBD = O.
PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0968
2 .0S00 . 0483
3 . 0250 . 0236
- .0100 . 0092
S .00S0 .00S0
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .07%0
2 .0S00 .0258.
3 . 02%0 . 0072
4 .0100 .0012
S . 0080 . 0003
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0754
2 . 0800 . 0262
3 . 0250 . 0076
- .0100 .0013
S .00S0 . 0003
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 098%
2 . 0500 .0S00
3 . 02%0 . 0243
4 .0100 .0102
S . 00S0 . 0087

Figure B.36 Comparison of a Values, Variance Ratio 3 to 2 to 1, f, = 4,10,20, n = 18
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS =« 6§
VARIANCES = 1. 1, 2, 2. 3. 3.
DF(.) = 4d 44444

ALPHA(.) = .1 .08 ,02% .01 .00S
TOTAL DIVERSION = LMBD = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0990
2 .0S00 .0482
3 .02%0 . 0236
< .Q100 . 0088
S .00S0 . 0040
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
. 1000 0713
0800 .0228
.02%0 . 0088
0100 . 0008
. 0001

COCHRAN
PROB. OF EXCEEDING

2

1

2

3

k]

S

PROCEDURE

LEVEL CRITICAL VALUE

1 . 1000 .0713

2 .0800 . 0228

3 .02%0 . 0056

4 .0100 . 0008

8 .00%0 . 0001

PROCEDURE 4 SUM OF DEG.FREEDOM

ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 . 1000 . 1028

2 .0S00 .0814

3 .02% . 0260

“ .0100 .0108

S .00%0 . 0084

Figure B.37 Comparison of a Values, Variance Ratio 1 to 2 to 3, 1'1 =4, n=6§
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBERP “F RUNS = 40000
NUMBER OF SHIPMENTS = 12
VARIANCES = 1, 1, 1. 1, 2. 2. 2. 2. 3.3 3 3.
DF(.) = 4 4 4444444444
ALPHA(.) = .1 .05 .025 .01 .008
TOTAL DIVERSION = LMBD = O.
TE

PROCEDURE 1 SATTERTHWAI

ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .1014
2 .0S00 0803
3 .02%0 .02%3
4 .0100 . 0094
S .00S0 . 0046
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0689
2 .0S00 0214
3 .02%0 . 0042
4 0100 . 0002
S .00%80 . 0000
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0689
2 .0800 .0214
3 .02% . 0042
4 .0100 . 0002
S .00%0 . 0000
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .1033
2 .0%00 .0823
3 .02%0 . 0270
E .0100 0112
S .00S0 . 0088

Figure B.38 Comparison of a Values, Variance Ratio 1 to 2 to 3, f, =10, n = 6
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS =« &

VARIAKCES = 1. 1. 2. 2. 3. 3.
DF(.) = 10 10 10 10 10 10
ALPHA(.) = .1 .05 .02%5 .0! .00S
TOTAL DIVERSIGN = LMBD = 0.
PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .1018
2 . 0S00 .0811
3 .02%0 . 0262
= .0100 .0109
S .00S0 . 0085
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0898
2 0800 .0390
3 . 02%0 .0166
4 .0100 . 0043
] . 0080 .0014
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0896
2 . 0800 10390
3 .02%0 .0166
a .0100 . 0043
S . 0080 .0014
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEED'NG
LEVEL CRITICAL VALUE
1 . 1000 .1029
2 . 0500 .0819
3 . 0230 . 0269
4 .0100 0114
S . 0080 . 0058

Figure B.39 Comparison of a Values, Variance Ratio 1 to 2 to 3, 1’1 =20,n=6
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 400090

NUMBER OF SHIPMENTS = €
VARIANCES = 1. 1, 2. 2. 3. 3.
DF(.) = 20 20 20 20 20 20
ALPHA(.) = .1 .05 .02% 01 .00S
TOTAL DIVERSION = LMBD = O.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0s68
2 . 0800 .0482
3 .02%0 . 0238
“ .0100 . 0091
S .0CS0 . 0048
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0912
2 0500 .0419
3 .02%0 .0183
< .Q100 . 0058
S . 0080 .0027
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0912
2 .0%00 .0419
3 . 0250 .0183
Bl .0100 .00%8
S .00S0 . 0027
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0970
2 .0%00 .0484
3 . 0280 . 0237
B 0100 .0092
S . 00S0 . 0048

Figure B.40 Comparison of a Values, Variance Ratio 1 to 2 to 3, f1 =4, n=12
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 12

VARIANCES = 1. 1. 1. 1. 2, 2, 2. 2. 3. 3. 3. 3.
OF(.) = 10 10 10 10 10 10 10 10 10 10 10 10
ALPHA(.) = .1 .05 .02% .01 .00S
TOTAL DIVERSION = LMBD = 0.
PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 1000
2 . 0500 .0S08
3 . 0280 . 0250
- .0100 . 0097
S .00S0 . 0051
PROCEDURE 2 BANERJEE
AL PHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0872
2 0500 .0378
3 .02%0 .0138
B .0100 . 0035
S .00%S0 . 0009
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0872
2 . 0800 .0378
3 . 0280 .0'38
< .0100 . 00398
S . 0080 . 0009
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 1004
2 . 0500 .0514
3 . 0280 . 0258
“ .Q100 . 0099
S . 00S0 .00S3

Figure B.41 Comparison ot a Values, Variance Ratio 1 to 2 to 3e 1'1 = 10, n= 12
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000

NUMBER OF SHIPMENTS = 12
VARIANCES = 1. 1. 1. 1. 2. 2. 2
DF(.) = 20 20 20 20 20 20 20 20
ALPHA(.) = .1 .05 .025 .01 .00S
TOTAL DIVERSION » LMBD = O.

. 2.3 3. 3 3.
20 20 20 20

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0999
2 .0%00 .0810
3 . 0250 .0248
- .0100 . 0097
S .00S0 .00S0
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0933
4 .0S00 . 0431
3 .02%0 .0188
a .0100 .00S8
S .00%0 . 0026
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0933
2 . 0500 . 0431
3 . 0250 .0188
“ .0100 . 0089
S .00S0 . 0026
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 1001
2 .0S00 0812
3 . 0250 0250
B .0100 . 0098
S . 00S0 . 0081

Figure B.42 Comparison of a Values, Variance Ratio 1 to 2 to 3, f1 = 20, n=12
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000

NUMBER OF SHIPHENTS = 18

VARIANCES = 1. 1. 1. 1, 1. 1, 2 2. 2. 2. 2 2 3.9 3 9 3.3
DF(.) = 4 444444a44a4aa4q4a4 4 4

ALPHA(.) = .1 .05 .02% .01 .00%

TOTAL DIVCRSIUN = LMBD = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0989
2 . 0500 . 0493
3 . 0250 . 0247
B .0100 . 0098
S .00S0 . 0048
PROCEDURE 2 SANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0852
2 . 0500 .0192
3 . 0280 . 0038
< .0100 .0003
S .00S0 . Q000
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 0852
2 .0S00 .0192
3 . 0250 . 0038
4 .0100 . 0003
S . 0080 . 0000
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 1002
2 0500 0808
3 .02%0 . 0261
< .0100 .0.09
] . 0080 . 0081

Figure B.43 Comparison of a Values, Variance Ratio 1 to 2 to - f’1 =4 n=18
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 18

VARIANCES = 1. 1. 1. 1. 1.1, 2. 2. 2. 2. 2. 2.3 3.3 3. 3.3
DF(.) = 17 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10
ALPHA(.) = .1 .08 ,02% .01 .00S
TSTAL DIVERSION = LMBD = O.
PROCEDUR!. 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
i . 1000 . 0994
2 . 0500 . 0487
3 . 0250 . 0229
- .0100 . 0090
S . 0050 . 0048
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .08385
2 . 0500 . 0348
3 . 0250 .0126
° .0100 .0032
S . 0080 . 0008
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0858
2 . 0500 . 0348
3 .02%0 .0126
< .Q100 . 0032
S . 0080 . 0008
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0997
2 . 0800 . 0491
3 . 0250 .Q232
“ .0100 .0092
S . 0080 . 0046

Figure B.44 Comparison of a Values, Variance Ratio 1 to 2 to 3, fi = 10, n = 18
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SHIPPER -~ RECEIVER DIFFERENCE T_ST STATISTIC

1. 1. 9.5.19.1.2.2.2.2.2.2.3.3.3.3 3. 3.
orc)-zozoaozozoazozoznzozozozozozozozozo
ALPHA(.) = .1 .05 .02% .01 .00S
TOTAL DIVERSIGGU.DOO

PROCEDURE 1 SATTERTHWAI TE
ALPHA PROB. OF EXCEEDING

LEVEL CRITICAL VALUE
1 . 1000 .09%6
2 . 0500 . 0498
3 . 0250 . 0241
“ .0100 .0102
S . 00S0 . 00SS
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0921
‘ . 0500 . 0421
3 .02%0 .0183
4 .0100 . 0062
S .00s0 .002%
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0921
B . 0500 . 0421
3 .02%0 .0183
4 .0100 . 0062
S .o0so . 0028
PROCEDURE 4 SUM OF DEG.FREEDGOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0998
2 . 0500 . 0497
3 . 0250 . 0242
“ .0100 .0103
S . 0080 . 00SS

Figure B.45 Comparison of « Values, Variance Ratfo 1 to 2 to W t'1 =20, n=18
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 2
MEAN(.) = 0. O.
VARIANCES .. %
DF(.) = 4
ALPHAC(.) = .1 .05 .02%5 .01 .008

SEED FOR RANF =  2745608048300023909
PROCEDURE 1SATTERTHWAITE

ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 L1014
2 . 0800 . 0807
3 . 02%0 . 0244
< .0100 .0100
S . 0050 . 008 1
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0938
2 . 0500 . 0447
3 . 0250 .019 1
4 .0100 . 0062
S . 00S0 . 0025
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0960
2 . 0800 . 0448
3 . 0250 .0193
4 .0100 . 0064
S . 0050 . 002S
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 1042
2 .0%S00 . 0538
3 . 0250 . 027 1
4 .0100 .0113
S . 00S0 . 0089
SEED FOR RANF =  274627395713817309

*WEOR

Figure B.46 Comparison of a Values, n = 2, 1‘1 = 4, 1'2 = 8, Variance Ratio 1 to 9
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 2
MEAN(.) = 0. 0.
VARIANCES = 1. 4,

OF(.) = 4 8
ALPHA(.) = .1 .05 .025 .01 .00%
SEED FOR RANF =  274580804800025309
PROCEDURE 1SATTERTHWAI TE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 1008
2 . 0500 .0803
3 . 0250 . 0240
o .0100 . 0086
S .00S0 . 0045
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0s22
2 . 0500 . 041 1
3 . 0250 .016 1
4 .0100 . 0044
S . 00%0 .0018
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEED!NG
LEVEL CRITICAL VALUE
1 . 1000 . 0923
2 . 0500 .0413
3 . 0250 .0164
B .0100 . 0046
S .00S0 .0016
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 1027
2 . 0500 .0%23
3 . 0280 . 0253
4 .0100 .0107
S . 00%0 . 0083
SEED FOR RANF = 274627395713817509
*WEOR

Figure B.47 Comparison of a Values, n = 2, 1‘1 = 4, fz = 8, Variance Ratio 1 to 4
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 2
MEAN(.) = 0. O.
VARIANCES = 3. 7.

DF(.) = 4 8
ALPHA(.) = .1 .05 .02%5 .01 .00S
SEED FOR RANF =  274627395713817%09
PROCEDURE 1SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0978
2 .0S00 .0478
3 . 0250 . 0239
4 .0100 . 0088
S .00S0 . 0043
PROCEDURE 2 BANERJEE
ALPHA PRCB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0873
2 . 0500 . 0384
3 . 0290 .0148
4 .0100 . 0038
S . 00S0 .0014
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0874
2 . 0800 . 0387
3 . 0250 .0150
B .0100 . 0039
S .00S0 .0014
PROCEDURE 4 SUM OF DEG FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0993
2 . 0500 . 0497
3 . 0280 . 0283
4 .0100 . 0096
S . 0050 . 0048
SEED FOR RANF =  274563478625296445

*WEOR

Figure B.48 Comparison of a Values, n = 2, fl = 4, f‘2 = 8, Variance Ratio 3 to 7
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000

NUMBER OF SHIPMENTS = 2

MEAN(.) = 0. 0.

VARIANCES = 2. 3.

DF(.) = 4 8

ALPHA(.) = .1 .08 .025 .01 .00S

SEED FOR RANF = 274563478625296445

PRGCEDURE 1SATTERTHWAI TE

ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 . 1000 1002

2 . 08500 . 0492

3 . 0250 . 0242

~ .0100 . 00985

- . 0050 . 0046

PROCEDURE 2 BANERJEE

ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 . 1000 . 0877

2 . 0500 . 0382

3 . 02%0 .0182

4 .0100 . 0038

S . 0080 .0014

PROCEDURE 3 COCHRAN

ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 . 1000 .0878

2 . 0800 . 0388

3 . 0250 . 0158

< .0100 . 0038

S . 0080 .0015

PROCEDURE 4 SUM OF DEG.FREEDSOM

ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 . 1000 . 1023

2 . 0800 .0813

3 . 02%0 .02%9

- .0100 .0107

-] . 0080 . 008 H

SEED FOR RANF = 274680419755855045
*WEOR

Figure B.49 Comparison of a Values, n = 2, fl = 4, 1‘2 = 8, Variance Ratio 2 to 3
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000

NUMBER OF SHIPMENTS = 2

MEAN(.) = 0. O.

VARIANCES = 1. 1.

DF(.) = 4 8

ALPHA(.) = 1 .05 .02% .01 .00S

SEED FOR RANF = 2746804139755855045%

PROCEDURE 1SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUVE
1 . 1000 .0982
2 . 0500 .0470
3 . 0250 o222
- .Q100 . 0092
S . 0050 . 0048
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0861
2 . 0500 .0348
3 .02%0 .Q134
B .0100 . 0038
S . 00S0 .0014
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUVE
1 . 1000 0862
2 . 0800 .03%0
3 .02%0 .0137
a .0100 . 0040
S .00S0 .001%
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 1000 1012
2 . G300 .0S03
3 . 0250 0240
= .0100 .0108
S .00S0 .00s2
SEED FOR RANF = 27448427269760866 1

*WEOR

Figure B.50 Comparison of a Values, n = 2, fl =4, fz = 8, Variance Ratio 1 to 1
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 2
MEAN(.) = 0. 0.
VARIANCES = 3. 2,

DF(.) = 4 8
ALPHAC(.) = .1 0% .02% .01 .00S
SEED FOR RANF = 274680419755855045%
PROCEDURE ISATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0983
2 . 0800 .047%
3 . 0250 . 0227
- .0100 . 0096
S . 0080 . 0047
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0862
2 . 0800 .036 1
3 . 0250 ,0139
“ .0100 .0039
S . 0080 .0014
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .N863
2 . 0%S00 . 0363
3 . 0250 .0142
< .0100 . 004 1
S . 0050 .001S8
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 1031
2 . 0S00 . 0%2%
3 .02%0 .N2%56
“ .0100 011 1
S . 0050 . 0060
SEED FOR RANF = 27448427269760866 1
sWEOR

Figure B.51 Comparison of a Values, n = 2, f‘1 = 4, fz = 8, Variance Ratio 3 to 2
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 2

MEAN(.) = 0. O.
VARIANCES = 7. 3.
OF(.) = 4 8

ALPHA(.) = .1 .05 .025 .01 .00S
SEED FOR RANF = 27448427269760866 1

PROCEDURE 1SATTERTHWAI TE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 .0978
2 . 0800 .0488
3 . 0250 . 0233
< .0100 . 0096
S .00S0 .00%0
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0864
2 . 0500 .0372
3 . 0250 .0148
4 .0100 0044
S . 00%S0 .0018
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0868
2 . 0800 .037%
3 .02%0 .0147
4 .0100 . 0048
S . 0050 .0019
PROCEDURE 4 SUM OF DEG.FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 1000 . 1041
4 . 0500 . 0546
3 . 0250 0282
B .0100 .0120
S . 0050 . 0068
SEED FOR RANF =  274524177%7092022 1

*WEOR

Figure B.52 Comparison of a Values, n = 2, 1’1 = 4, 1’2 = 8, Variance Ratio 7 to 3
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

DF(.) = 4 8
ALPHAC.) = .1 .08 .02 .01 .00S
SEED FOR RANF = 27448427269760866 1
PROCEDURE I1SATTERTHWAITE
A . OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 1000
2 . 0800 . 080 1
3 .02%0 . 0246
4 .0100 0102
S .00S0 00s3
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALLE
1 . 1000 . 0890
K o . 040 1
, - Naos -0197
4 .0100 . 0047
S .00%0 . 0023
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0891
2 .0500 . 0402
3 .02 .0159
4 .0100 . 0049
S .00% . 0024
PROCEDURE

SUM OF DES.FREEDOM
*RO8

o3
:
Fa
i
:

1 . 1000 L1082
2 . 0800 . 0587
3 .02%0 0324
B .0100 0144
S . 0080 .00%3
FOR RANF =  27452417757092022 i

Figure B.53 Comparison of a Values, n = 2, t'1 = 4, f, = 8, Variance Ratio 4 to 1
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC
NUMBER OF RUNS = 40000

NUMBER OF SHIPMENTS = 2

MEAN(.) = 0. 0.

DF(.) = 4 8 :
ALPHAC(.) = .1 .08 .02% .01 .00S

SEED FOR RANF =  274%24177%7082022 1
PROCEDURE 1SATTERTHWAITE

ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0998
2 .0%00 . 050
3 .02%0 . 0267
4 .0100 .0123
] .00S0 . 0068
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0937
2 .0%00 . 0425
3 . 0230 .0198
4 .0100 . 0068
] . 0080 . 0030
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 . 0938
2 . 0500 . 0426
3 .02%0 . 0200
“ .0100 . 007 1
S . 0080 .003 1
PROCEDURE 4 SUM OF DEG.FREEDOM
- ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 14
2 . 0800 . 0650
3 . 0250 . 0374
4 .0100 .0193
S .0%0%0 0118
SEED FOR RANF = 2744479439492177429
*WEDR
SEED FOR RANF = 274687318%523598953

Figure B.54 Comparison of a Values, n = 2, fl =4, f, = 8, Variance Ratio 9 to 1
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 2
MEAN(.) = 0, 0.
VARIANCES = .95 .05

DF(.) = 4 8
ALPHA(.) = .1 .08 .025 .01 .005
SEED FOR RANF = 274442845740728101
PROCEDURE | SATTERTHWAI TE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 .1000 0.1023
2 .0500 0. 0821
3 .0250 0.0278
4 .0100 0.0120
5 .00S0 0.0068
PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 . 1000 0.0986
2 .0S00 0.0472
3 0250 0.0226
4 .0100 0.0080
S  .00S0 0.0034
PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 .1030 0.0987
2 0800 0.0473
3 .0250 0.0228
< .0100 0.0081
s .0050 0.0036
PROCEDURE 4 SUM OF DEG.FREEDGM :
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE
1 .1000 0.1200
2 .0800 0.0713 ,
3 0250 0.0429
4 .0100 0.0237
5. 0050 0.0149

Figure B.55 Comparison of a Values, n = 2, fl =4, f2 = 8, Variance Ratio 19 to 1

B-56



po— S —— - - e - - pcn— —— —_— ey

Sitiok |
K SR 17E 1. REPORT NUMEE R (455 uned by DOC)
vy an NUREG/CR-Z8T™**

BCS 40384-0

— - - ———————————————————————————————

4 TITLE ANDSUBTITLE [Adgd Voium propriat 2. (Leave blank)

Statistical Analysis of C

b ————— S— —

3 RECIPIENT'S ACCESSION NO

= —— e — - - - — —

7. AUTHORIS) 5. DATE REPORT COMPLETED

D. M. Rose and F. W. Scholz MONTH 4]V(Anq
December 1082

9. PERFORMING ORGANIZATION NAME AND MAILING ADDRESS finciude Zip Code) DATE REPORT ISSUED

Boeing Computer Services

565 Andover Park West

Tukwila, WA 98188 6. (Leave blank)

e el
8. iLeave blank)
10. PROJ ASK/WOR*. UN'T NO
Division of Facility Operations : o 2 T
Office of Nuclear Regulatory Research
S. Nuclear Regulatory Commission
27°6E

Washington, DC 20555 FIN B107

AT

CONTRACT NO

'3, TYPE OF REPORT PERIOD COVERED (Inclusve dares)

15. SUPPLEMENTARY NOTES

16. ABSTRACT 200 words or less)

his report presents a method of constructing

a for the detection of
material diversions over a series of n shipments. The available data are
b ey .

shipper-receiver differences (SRD's) which are assumed to be multivariate

j1stributed with known covariance matrix. Given a specific diversion sce
. -

nost powerful test is derived. he "least favorab scenario with respe
2

letection 1s identified and the most powerful test against this scenario is

The power function of this pst depends only on the tal wunt diverted and not

levela tests,
the rvw'p\}"w»‘:pr power ‘_?,HU *Ccenariong with tot 1 'f‘:'/er‘;li(}v‘ at ‘\t‘fﬁrw’ V' For 1

' >

on the particular scenario chosen This test maximizes among all

diversion scenarios, assuming ndependent 3 5, the power of the max-min
ompared to that o est ) are specific ) each of
the RD's are independ ) 1 ariances, the max-mi

'.,‘v“:J itterthwaite's aporc . e ali f this la

"1\,1,)()’\:f"!’ far a

T ANALYSIS

S —— —

170. IDENTIFIE RS/OPE

— - —

18 AVAILABILITY 5:,1' EMEN

nlimi +ad

R — ———————

NRC FORM 335 (7.77)




UNITED STATES [ TTTTIY T e
! POSTAGE A FEESPAD
| USNR(
WASH O C

NUCLEAR REGULATORY COMMISSION
WASHINGTON, D C 20556
L wewine gy |

OFFICIAL BUSINESS
PENALTY FOR PRIVATE USE $300

120555078877
ggMN;C 1 NO1030
IV NF TIDC
POLICY €& PUR MGT AR-
W-501 U GT R=PDR NUREDG
WASHINGTNN Nt 20555




