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ABSTRACT

This report presents a method of constructing a test for the detection of
nuclear material diversions over a series of n shipments. The available
data are the shipper-receiver differences (SRD's) which are assumed to be
multivariate normally distributed with known covariance matrix. Given a
specific diversion scenario the most powerful test is derived. The "least
f avorable" scenario with respect to NRC detection is identified and the

most powerful test against this scenario is found. The power function of
this test depends only on the total amount diverted and not on the partic-
ular scenario chosen. This test maximizes among all level a tests, the
minimum power over all scenarios with total diversion at least m. For

various diversion scenarios, assuming independent SRDs, the power of the
max-min test is compared to that of tests that are specific for each of I

these scenarios. Assuming the SRD's are independent with unknown vari-
ances, the max-min test is modified using Satterthwaite's approximation.
The quality of this latter approximation is ' investigated for a range of
parameter sets.
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;

1. EXECUTIVE SUMMARY
;

The shipper-receiver difference problem is concerned with nuclear material
accounting discrepancies between a pair of licensees. The shipper sends a

;

group ' of containers, a shipment, with special nuclear material to . the ,

receiver. The , shipper measures the amount of material sent, and estimates
the variability in the measurement. The receiver |similarly measures the"

amount of material received and estimates the measurement variaNiity.
This process is repeated for a number of shipments.

>

The shipper-receiver difference problem is:
The shipper and receiver measurements differ. Is this difference due
to measurement error or loss / diversion of special nuclear material?

1

A statistical test is desired which is powerful in detecting material
! loss. A test could be applied separately for each shipment, 'or aggre-

gately for the time history between the licensee p. air,

i If a large amount of material is taken from a single shipment (block
loss), a separate analysis of each shipment yields a high probability of
detection. If a small amount of material is lost from each shipment

j (trickle loss), separate analyses of the shipments yield a low probability
of detection. A cumulative test on the shipper-receiver differences, how-

>

ever, has a much greater chance of detecting trickle loss.

'
i
' A statistical test is desired which is powerful in detecting material loss ;

I

for a diverse set of material loss / diversion scenarios. i
'

|.

! In this study we have restricted attention to a fixed set of n shipments.
A test is developed in Section 3 for correlated measurement errors with a
known covariance matrix. This test, called the max-min test, is optimal
against the least favorable diversion scenario as identified in Section
3.3. This test is evaluated for a number of diversion scenarios identi-
fied by NRC, and compared to optimal tests which require prior information

;

i

1
'
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on the diversion scenario. The . max-min test is found to perform well
relative to these alternative tests.

Usually the measurement variances and covariances are unknown, but esti-;

mates of these terms may be available. The max-min test is modified in
Section 4 under the assumption of independent errors to incorporate vari-
ance estimates. The distribution of the resultant test, T , has no well-

3behaved analytic solution. Of the procedures investigated for approximat-
ing this distribution, the Satterthwaite . procedure is shown to perform
best in controlling the test's false alarm rate. This conclusion is
arrived at af ter performing a Monte Carlo study over a range of shipment

i parameters. It is shown analytically that the power of the max-min test,
assuming either known or estimated variances, depends on the diversion
scenario only through the total diversion over all shipments. The only
other primary factor affecting the power of the test is the total measure-
ment variation of the shipper-receiver differences. The Monte Carlo pro-
gram developed permits the user to compute the probability of detecting
material diversion for any specified diversion scenario. The power of the
test is evaluated over a range of shipment parameters, including number of
shipments and allocation of measurement variability among shipments. It

is found that these shipment parameters have l'ittle effect on the power.
'

Implementation of the T test is discussed in Section 5. Information3

requirements and assumptions are specified for the case of independent
errors and for a specified structure of correlated errors. Necessary
research for a sequential extension of this procedure is discussed in Sec-

'

tion S. A sequential procedure permits controlling the overall false
alarm rate while allowing for decisions on material loss at earlier points
in time.

e

!
'

2

i
I

_ _ . _ . _ - - . _ _ _ _ _ _ _ . - - _ . _ . - _ _ . _ __ _ _ _ _ __ _ ._



2. STATEMENT OF PROBLEM

2.1. Background

Nuclear material is sent by a shipper to a receiver. Each shipment is

measured by the shipper and the receiver, and the separate measurement by

each is recorded. The shipments may be sent at regular time intervals, or

at irregular intervals. The shipments are sequentially labeled by ship-
ment number, with a number of containers comprising each shipment. Atten-

tion in this study is restricted to only those containers with similar
nuclear material.

Based on the amount of material measured and recorded separately by the
shipper and the receiver, one is interested in detecting loss or diversion
of nuclear material from the shipment. If the shipper records amount S$

shipped on the ith shipment and the receiver records amount R$ received,
then -

for i = 1, ..., nDj=S$-R$

represents the discrepancy between the shipper and receiver measurements
for the ith shipment. D is the shipper-receiver difference for shipment

$

1. There are n such shipments between the shipper and receiver pair. If

0 >0, then one might conclude that some of the nuclear material has been
9

lost or diverted. However, one might also attribute the non-zero D$ value
to measurement errors in the separate analyses performed by the shipper

and the receiver. Statistical methods provide a mee.hanism for deciding

whether the observed D may be attributed to random measurement error, orj
whether it is too large to have been a likely value sampled from the mea-

surement error distribution. In order to make this type of assessment one

must have:

i) A realistic mathematical model of the process (see 2.3),

3

|
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- 11) Knowledge or estimates of the parameters of _ the model (see 2.4,,

3.0,4.0).

One needs to determine the acceptable false-alarm rate, the probability of<

incorrectly stating that material has been lost, when no material has been
lost. For this study, false-alarm rates of .10, .05, and .01 have . been '

'

used in the analysis. In order to evaluate the performance of.a statisti-
cal procedure .for detecting material loss, a mathematical representation
of the loss mechanism is determined (see 3.1, 3.3 and 3.6).

In current practice, S , R$ and their limits of error are reported. Thej
limit of error of S j (R ), LES j (LER ), is twice the standard deviation of$ j
S (R ). A normal (Gaussian) error structure is assumed. From this onej j
may construct the limit of error of D

$

LEDj = (LES2 + LER )b2

If D > LED then one may conclude that there is evidence of potentialj j
nuclear material diversion and the matter should be investigated. If

'

.

D $ LEDj j

'

there is no significant statistical evidence of material loss. However,
material loss is still possible. For example, if a diverter were to take
small amounts of. material from each shipment such that each observed Dj
is, with a high probability, less than its limit of error, individual

i tests on Dj would not be very effective in detecting the material loss.
The following statistic, called the cumulative shipper-receiver difference

i !
CD IDj = j=1 3

,

is sensitive to detecting small amounts of material diverted over several,

! shipments, as long as the total amount diverted is not negligible compared
) to the standard deviation of CD . For example this would be the case ifj,

k

4.
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the total amount diverted from i shipments is of order i and the standard
to itsis of order d As with D , one compares CDgdeviation 6f CDj j

limit of error

i
I (LED )2)j = (j=1LECD

3

2.2. Problem to be Addressed

The statistical procedure developed is, as specified by NRC, to be power-
ful in detecting the following three material diversion scenarios:

i) Diversions proportional to shipment size
ii) A monotonic increasing sequence of diversions
iii) A cyclic pattern of diversions ,

A statistical procedure .is derived for correlated errors with known covar-

iance matrix in 3.3. The performance of this statistical procedure is
compared to diversion specific tests for these three scenarios in 3.6 for
the restricted case of independent errors. Block loss is also of

|

interest, and is addressed in 3.6. The known variance procedure,

developed in 3.3, is independent of diversion scenario, depending only on
total amount of material diverted, not on the pattern of diversion. This

f
procedure when extended to independent errors with unknown variances,

|
Section 4.1, is again dependent only on total material diversihn. No di-

|
version specific tests for unknown variances are developed for power com-
parisons. The results would, most likely, be similar to results for the

known variance situation. Power results for the unknown variance proce-

dure are presented in 4.3.4.

An alternative to a fixed framework of n shipments is to view the process

sequentially. Sequential procedures are inherently more complex than
' fixed sample size procedures. Typically they are some modification of

fixed sample size procedures, the statistical properties of the latter
usually being well understood. Since the fixed sample problem (fixed num-

5

' 1
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ber of shipments) in the present context has not yet been fully addressed
~

it appears to ~us appropriate tilimit investigation to tt,e fixed sample
problem. Extensions of the procedure developed and additional research (
are discussed in 5.5. ^

In developing a statistical procedure which is powerful for detecting di-
version according to any of the above scenarios, we generally restrict at-

tention to the basic information contained in the data from n successive
shipments. The data requirements are briefly addressed in 4.1, and dis-
cussed in detail in 5.2 and 5.3. ~

'

The approach taken provides a simple and natura'l extension. to the single
shipper-receiver difference framework. Within this framework it is possi- i

ble to detect small diversions over several ' shipments which are not effec-
.~

tively detectable within the single ' shipper-receiver difference framework. -

The diversion sensitivity of any reasonable procedure based on n shipper-

receiver differences will increase with n if the standard deviation is of
order / n. Thus it should be possible to adjust n in accordance with
deemed critical amounts of diversion per shipment in order to obtain pre- '

specified detection power without compromisi.ng the false alarm rate.
3

2.3 Mathematical Model
s

For the ith shipment, the shipper receiver difference D is the differencej
between the amount reported shipped Sj and the amount reported received R

$

Dj=Sj-Rg

In this study, we assume that

Dj=#$+Z$ for i=1,...,n ' '

where

u = true amount of material lossj
p

Z$ = measurement error

6
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e

and Z_' = (Z ,...,Z ) is assumed to have an n-variate normal distribution1 n.
with mean vector 0 and non-singular covariance matrix C.

T In matrix notation this model for the n shipper receiver differences
reads:

D = p_ + Z Z, ~ Nn (2,C),

= (D , . . . ,D ) and L' = ( # y, . . . , g ) the ' denoting the matrixwith D_' i n n

trarspose.

This representation for D is derived in the following sections. In the
rest of this report, the analysis is performed on this model. In Section

5.2 information required by this approach is addressed.

2.3.1 Model Derivation

The ith shipment between the shipper-receiver pair is composed of Ng con-

tainers. The shipper measurement, Sjj, of mai;erial in the jth container
of shipment i is'

dS jj = gj + ejj

where

,

true amount of material in container j from shipment id =
jj

when measured by the shipper.

aggregate sim of all contributing measurement errorse =
jj

affecting container j from shipment i.

7
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In order to understand the aggregate sum nature of eg3 and the correlation
structure of the ej) for varying i and j, we propose the following generic
model: In the course of all the measurements performed by the shipper
during the n shipments many distinct elemental errors, E ,...,Et , arise.

i

Some of the elemental errors combine to form the aggregate error e forjj
container j from shipment 1. A different set of elemental errors will
typically combine to form the aggregate error e ,3, for container j'' fromj
shipment i' with (1,j) / (1',j'). However, there may be some overlap in
both sets of elemental errors, i.e., some particular elemental errors may
appear in both aggregates ejj and e ,3.. Such overlap is the result 'ofj
systematic errors. For example, t particular elemental error may be a
calibration error for a certain t instrument. Between calibrations such
error, denote it by E affects all container measurement errors in thej,
same fashion, i.e., the elemental error term Ej will appear in all the
aggregate error terms e for those containers.j3

This model is more clearly stated in mathematical terms. Let E ,...,E be
t t

independent random variables with mean zero and respective variances
2 2w,,,,,g To each (1,j) there corresponds an index set.

193 c{1, . .. ,L } for container j from shipment 1. This index set I
43

indicates which of the elemental errors in E' = (E ,...,E ) contribute tot g
the total measurement error e for container j from shipment 1, i.e.j3

(2.3.1) e jj = IEj
jeI

jj

or e j3 = ujj E_

where u_jj=(ujji,...ujjg) with u g = 1 if AcIj jj

and u = 0 if J{I ).jjj j i

Note that in (2.3.1) we assume that the elemental errors aggregate in an
additive fashion.

8
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According to the above model ejj and ejij, will be independent whenever
n I ,j, = & i.e., there are no comon (systematic) elemental errorsI jjj

contributing to both ejj and ej,3,.
t

In a similar fashion the receiver measurement, R$3, of material in the jth
container from shipment i is modeled as follows:

Rjj = d jj + fjj

true amount of material in container j from shipment iwhere d =
jj

when measured by the receiver.

$3
aggregate sum of all contributing measurement errorsf =

affecting container j from shipment 1.

Similarly as e ) was expressed in terms of elemental independent errorsj
as follows:E ,...,E we express f93j L

ij f F = v,' j j F_f *
j

JtJgj

= (F , . . . ,F . ) are L' independent elemental error random vari-where F_' j t

ables with mean zero and variances A g , , , , , A (,2 respectively. The in-2

dex set J c{1,...,L'f indicates which of the elemental errors in _F_'
=

ij

for container j(F),...,F[) contribute to the total measurement error f$3
jjj

,..,v jl ) with v jj = 1 if JdJ andfrom shipment i and y_j j ' = (v i j $3

v jj = 0 if JtJj $3

Combining shipper and receiver measurement over the ith shipment we have:

N N Nj j j
S =I Sj jj = I 6jj + E ejj

j=1 j=1 j=1

9
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N g

01+ I u ' $ 3 E_
=

j=1

d$+ 0'$ g=

and

N N Ng $ $

IR I dR jj + If)
=j $3 = $

j=1 j=1 j=1

N
$

dj+ I vjj- F
=

j=1

d+ li E
=

i

where

01" AO di"A dij ij

f"ijEi l"A"
lji i -

Thus the shipper receiver difference D for the ith shipment is:
$

D S$-R$
=

$

6 $-44 + 0'$ E - V'y F=

44+Z$
=

10
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i

with gj= dj - dj

and Zj = U_' j E - V'$ F

and V =with U =

U'n 'n-

we can write

(2.3.2) Z=UE-VF

Making the reasonable assumption that the elemental error sets E_ and F, of
shipper and receiver are independent we can conclude that I has mean zero
and covariance matrix

2 2U diag ( w ,,,,, u )U'C =

(2.3.3)
2 2V diag ( A ,,,,, A ,)y,+ ,

,

where diag (X),..,X ) denotes a k by k square diagonal matrix with diagonalk
elements X , . . ,X . Note that by the structure of U,V and (2.3.3) all

7 k
i elements of C are nonnegative.

The matrices U and V are structure matrices which indicate which elemental
errors contribute with what multiplicity to each shipper receiver differ-
ence error term Z .j

|

Let us illustrate this with a very concrete example in which we assume
that n=2 for notational convenience.

11

_. _- _ _ _ _ _ _ _ _ __



- _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _

Let E' = (E ,..,E ,EN +1 ' ' ,EN +N ' N +N +1' N +N +2)j
N) j j 2 t 2 t 2

and

(F),..,FN), FN +1,.., FN +N N +N +1' N +N +2}'
F' F=

j j 2 j 2 j 2

The index sets I33 and Jg3 are defined as follows:

It3 = Jij = j, Ni+N2+1 j=1,..,N
i

I2j = J2j = j, Ny+N2+2 j = .Ng + 1,.., Ny+N'2

i.e., the error term ejj (and similarly f$3) for container j from shipment
i is the sum of two components

j* Ny+N2+1

the first of which, E , changes from container to container within the
3

same shipment whereas the second, E
N1+N2 , j, remains the same for all

containers within the same shipment. Thus the error term for each con-
tainer contains a random component and a systematic component. However,

the systematic components in different shipments are - independent of each
other. The structure matrices U and V have therefore the following form:

[1,...,1,0,...,0,N1,0}
U=V= |

|

k0,...,0,1,...,1,0,N
2

Writing E* and Fy for EN /+ N2,j N1+N2,j
and F respectively we can

t
! write the error terms Z for the shipper receiver differences as follows:j

12
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N
1

I (E -F ) + N1(E{-Ff)Z1= j j
j=1

N +Ny 2

Z2= E (E -F ) + N2(Ej-Fj)j 3
j=N +1

1

If in addition we assume that

var (E -F ) = a j=1,...,Ny+N2j j e

2
and var (E*-F*) = a

$=Na,+Nfof i=1,22we find: var Z
$

and cov(Z ,Z ) = 0,1 2 ,

i.e., the covariance matrix of Z_' = (Z ,Z )1 2

2 + Nf a
2 0N ay

C =

2 + Nf a0 Nag

The significance of the presence of systematic error terms is underscored
2 2

by the multiplier N in front of a in contrast to N as multiplier ofj
,2

.

,
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.2.3.2 The Normality Assumption

Finally, let us address the normality assumption concerning the distribu-
tion of Z. Any such distributional assumption can at best be of approxi-
mate nature. At issue is the correctness and quality of this approxima-

- i

tion. There are two arguments supporting the normality assumption for Z_. |
The first is that the elemental measurement errors by their nature are |

- |approximately normally. distributed which by equation (2.3.2) entails
approximate normality of Z. The . second ' argument is based ~on the central !

f limit theorem and uses the f act that by equation (2.3.2) each Zj _ is the
aggregate sum uf several if not many elemental errors which are indepen-
der t. Therefore the Z$ are approximately normally distributed even if the
elemental errors were not.

L

2.4. Approach

In this study we address the shipper-receiver difference problem for a h,

fixed number of shipments. Using the mathematical model in Section 2.3,
we first develop a test procedure for correlated errors with known covar-
iance matrix, Section 3.3. The performance of the procedure is evaluated
for several diversion scenarios under the restriction of independent*

errors between shipments.
!

i We next address the fixed number of shipments problem with independent
errors and variances unknown, Section 4. The known variance test proce-
dure is modified to incorporate variance estimates. A Monte Carlo simula-
tion program is used to determine the power of the test. This program
permits power calculations, the probability of detection, for any diver-

'

sion scenario, Section 4.3.

Areas for further work are discussed in Section 5.5.

j 14
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3. RESULTS WITH KNOWN COVARIANCE MATRIX

3.1. Hypothesis Testing Framework

The observable data consists of n shipper-receiver differences 0 ,...,Dn1

which are assumed to follow the following statistical model (see ?.3).

for i=1,...,nD$= 4$+Z$

where Z ,...,Z represent the measurement errors and 4 ,...,u represent
1 n 1 n

the true losses or diversions. It is assumed that Z' = (Z , . . .,Z ) has an1 n

n-variate normal distribution with mean vector 0 and known nonsingular
covariance matrix C. The unknown vector 4'= (4 ,..., n) will ap-1

propriately be called a diversion (or loss) scenario since it specifies
how the material diversions (or losses) are allocated over the n ship-

ments. In this report we will speak of diversions but that will mean

either material diversions or losses.

Our primary objective is to find a test that has good detection power a-
gainst a variety of diversion scenarios. To accomplish this goal we cast
the problem in an appropriate hypothesis testing framework and introduce
some relevant notation. Let

n,

A= - ER": E 4 >0 -4
i=1 i

be the collection or set of all possible diversion scenarios.

Alternatively, A may be represented as follows:

A= U A(e)
eEE

where

15 c'
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,

A(e_) = { me_ : m>0}

n

and E= e_eR": [ej"1
i=1 |

-

E may be thought of as representing all diversion scenarios which result
in a total diversion of one unit over the n shipments. The different
elemen'ts of E distinguish themselves from each other by the allocation of
that one unit total diversion to the various shipments. We may think of e
as indicating the " direction" of the diversion. The factor m in the term
me indicates the total amount of material diverted over n shipments. The

diversion parameter is thus # = me.

As a notational convenience we shall write IIx and E x forj j

n n

n x$ and -f x j
i=1 i=1

respectively, as long as there is no cause for confusion.

3.2. The UMP Test.Against a Specified Diversion Scenario (Direction e)

In this section we will show that there is a uniformly most powerful (UMP)
level a test for testing the hypothesis of no material diversion H: E=0_
again,st the alternative K(e): E tA(g).

By the Neyman-Pearson lema, Lehmann (1959) p. 6.5, the most powerful level

a test of the simple hypothesis H: p =0_ against the simple alternative
K: 4 = me (m > 0) rejects when 1

(2 Tr)-b "(det C)-b exp(- (D - me_)'C-1(D - me)) k,

(2 7r)-b"(det C)-b exp(- D'C-I )
D_

16



= exp (-h m e'C-le + me'C-l )2
D

is too large or equivalently (since m > 0) when the test statistic

T(e_) = e'C-10 >k a

where ka is chosen such that P(T(e) > k g=0_) =a.a

Since under H:g = 0_,

T(e_) ~ N(0, h(e))

it follows that

bk .= zy ,y h (e_),a

where z1-a is the 1-a quantile point of the standard normal distribution
and

h(e_) = e'C-le.

Since the above test does not depend on the value of m >0, it follows that

the same test is the most powerful level a test for testing H: E=0
against any K: E = me with m >0. Hence the test which rejects when

T(e) > k is a UMP level a test for testing H: g = 0_ versus K(e): 3 (A(e_).a

From the form of the test statistic T(e_) above, it is clear that it in-
trinsically depends on the diversion scenario direction e EE. Thus there
cannot exist a uniformly most powerful level a test for testing
H: 1 = 0_ against K: g eA.

l
I

4 Next we derive the power function of the test based on T(e_). Note that
since

D ~ N (1,C)n
.

17



the test statistic

T(e_) ~ N(e'C-14 ,h(e)),

so that the power function is

b
Be (u) = P(T(e) > z1-a h (e_) y)

[T(e_) e'C-l u e'C-1 4 y)1 )'

= P' > z1- " 1

( hh (e_) hh (e_) )

4 / hh(e_))=1- @ (z1-a - e 'C-1

where @ is the standard normal distribution function. Se_(4) is the prob-
ability of detecting a diversion when the diversion scenario is g. In the
particular case when E = m_e (m > 0), i.e., a scenario against which the
test is most powerful, then the power function simplifies to

(3.2.1) # (m) = g, (me_) = 1- @(z1-a - m h(e_)h)

which is an increasing function of m, the total amount diverted in the

direction of e.

3.3. The Least Favorable Scenario and the Optimal Test S Against It

In the previous section we derived the optimal test against any diversion
scenario direction and we found that the optimal test changed with the di-
rection, i.e., we could not find an overall UMP test against all direc-
tions (all diversion scenarios). It is thus natural to ask whether there
is a least favorable direction in the sense that it would be the hardest
diversion scenario for NRC to detect. To make this question meaningful -

let us look at diversion scenarios which have a fixed total amount m of
diversion, i .e. , 4 = me_ with e_ ( E. The best power that can be achieved

.

against 4 = me is,

!

18



m

b
B e (m) = 1- @(z1-a- m h (e))

and this power is minimized by that direction e for which h(e) is mini-

mized. To accomplish this minimization of h(e_) over e (E let

e* = C 1/(l' C 1) where l' = (1,... 1) (note e* (E).

then

h(e_) = e'C-le = (e-e_*)'C-1(e-e*) + 2 e*'C-le - e*'C-I *e

= ( e_-e_* ) ' C-1( e_-e_*) +1 = h(e*)
__ __

which clearly is minimized by e_ = e*.

Thus when the material is diverted from the shipments according to the
scenario

4 = m e*

NRC will have the least chance of detecting the diversion. For this least
favorable (to NRC) scenario, the UMP level a test for testing H:p_=0,
against K(e*):g (A(e*) rejects when

T(e*) = e*'C-ID = I D /l'Cl$

exceeds

bka=z_y h (e*) = z1-a(l'C1)-bi

1

g or equivalently which rejects when

ID j
S= > z1- a

(l'C1)N

19
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The UMP test S for E = 0_ against the least f avorable scenario 4 = me* is a
CUSUM test. A characteristic property of this test is that its power over

A does not depend on the scenario direction e_ but only on the total
amount m diverted. If g = m_e with e_ E E and m >0, then

S ~ N(m (l'C1)" ,1)
.

Hence the power function B *(M)' (E"**-), of the level a test based on Se
is

-

(3.3.1) #,*(4) = # (m) = 1- @(z1_ y-m (l'C1)-h).3

3.4. The Max-Min Property of the S-Test

The test based on S was derived by minimizing the maximum power, namely
for each direction e_ and given total diversion m >0 the test based on T(e_)
maximized the power against 4 = me. This maximal power was then mini-
mized for the direction e=e_* and the optimal test against it is based on
S. Because of the property that the power of the test based on S does not
depend on the scenario direction e_ it is also possible to show that the l

test based on S is a max-min test for testing H: g = 0_ vs. K:4(A.

Theorem:

I

For any fixed m >0 the level a test based on S maximizes the minimum i
power over A,= { g:p_ = re, r > m, e_ EE} among all level a tests, and

this maximized minimum power is given in the previous section, equation
(3.3.1), by .6 (m).

3

Proof:

Let & denote an arbitrary test and C the class of all level a tests fora
testing H:g = 0_ vs. K:4_ EA. Let # (4_) denote the power function of the4

- test p. $ is the level a test based on S derived in 3.3.
3

i
1
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i

The theorem above is then equivalent to
1

min p (g) = min max # (g) = # (m).(3.4.1) max
. 3

$EC EEAe EEAm 9dCa y

The second equality in (3.4.1) comes directly from the derivation of $3
in Section 3.3. To show the first equality in (3.4.1) we note that:

(3.4.2) max min p (g) $ min max p (E) = # (m)3

&ECa H Am Edam &ECE a

since

g (E)# (E) 5 max
4

$6Cy

for all & EC and for all g (Am, and thusa

min g (g) $ min max g (g)

E8Am EEAm @fCy

for all $6C , from which (3.4.2) follows immediately.a

To show (3.4.2) with the inequality reversed, thus proving (3.4.1), we
note:

min #4 (g) = # (m)3

gEA,

which implies

max min p (E) > min #4 (E) = # (m)3

$6C EEAm g_ damy

21



and

8 (m) = max min # (E)3 4
$6C ydA,a

which proves the stated result (3.4.1).

This theorem and the results leading up to it were derived independently
of Avenhaus and Jaech (1981) whose priority is hereby acknowledged.

The nature of the max-min test is best understood in the context of a game
'

between two opponents A and B, see Lehmann (1959), chapter 8. Opponent A

tries to divert SNM according to a scenario 1 which he may choose from a
set A,of scenarios. Opponent B in turn tries to detect such diversion by
using a test $ which he may choose from the set C of level a tests.a

The set A, consists of all. those scenarios for which the total amount
diverted is m or more. The set C consists of all those tests which havea
a false alarm rate of a or less. For a particular scenario 1 in_A, and
test & in C let M(4,'$) denote the probability of detecting the diver-a

sion L with the test $ (p ( 4) in the hypothesis testing notation).
The objective of opponent A is to minimize M regardless of the test chosen
by B. Opponent B on the other hand will try to maximize M whatever diver-
sion scenario A chooses.

1

!

If A knows which test & B will employ then clearly the best action. for A |

to take is to choose that scenario 4 =4 which minimizes M(1 ,$) over
&

L for this particular test $ , i.e.,

1
M(y_ , $) = min M( 1 , $) l

L E A,

The best way B may protect himself against this is to choose a test 4 for
which M(1, 4) is as large as possible. Denote the test that accom-
plishes this by 4 , i.e.,

22
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M(p_g, p ) = max M(p_ ,4) .
(ECa

Choosing & B takes the best action ir the f ace of the contingency that A
may know which test & B will choose.

On the other hand, if B knows which scenario # in A, opponent A will;

choose then clearly the best action for B is to choose that test &=p y
~

in C which maximizes M(p_, p) over 4 for this scenario _#_, i .e.,a

M(p_, p p ) = max M(p_,p) .
(E C-

a

The best way A may counter this is to choose a scenario p_ for which
M (p_,p ) is as small as possible. Denote such a scenario by [ (pre-
viously called the least f avorable scenario), i .e.,

*

M(p_ ,4 y *) = min M( # , p~y).
~

_#_ E A,

*
| In choosing the scenario y A takes the best act. ion in the f ace of the

contingency that B may know which scenario _#_ A will choose. The choices
*

_#_ f or A and for B both represent conservative attitudes on the part

of each player. As it turns out the two strategies of A and B lead to the
same result, namely the same probability of detection, i.e.,

~ *
M(p_ , p) = M( _ , p ,) .

_

In the language of decision theory one then says that the game has a

val ue. A further consequence of the max-min property proved above is that
opponent A may gain no advantage by taking a so-called randomized strat-
egy, i .e., a strategy that randomly chooses one strategy p_ from the set

A,. Random diversion is addressed in Section 3.6.5.

B could improve his choice of p if he had knowledge of A choosing a
strategy #_ different from the least f avorable strategy _#_ . Simil arly

23
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.

. v-
5

-

.. ;
r

if he had knowledge of B choos- [
ie of _ advantageous knowledge

opponent A could improve his cho cWithout such$. outlined above to
diff erent f romsettle on the stratagies fing a test 4

will have toeach opponent
T

optimize his payoff .
R(e)

Definition of Measure of Efficiency y

against the least3.5
based on S is optimal d in

the max-min property as develope43
We have shown that the test
f avorable scenario and that it enjoysis of interest to investigate how 1

Nevertheless it scenarios e other than the I

the previous section.
loses potentially f orIf we had known the diversion scenar o

i was e
this testpower d in 3.2much

least f avorable scenario e*. sal test T(g) derive

and not g* we could have used the o;
the tests based on S andof = me are given

comparison of the powertheir power f unctions f orTo f acilitate the
'

T(e), respectively, we recall
.

by (3.2.1) and (3.3.1) as

- m h(e)b) f or T(e)

# e (*) * 1- @(Z1a

and
f or S .

- m (1 C1)~ )
3 (m) = 1-@(z1-a a level) of these4

of the chosen t
;

(i ndependentSuppose we wish to have a certain amouncomparison
One meaningf ul One may then

two power curves is as f ollows:of detection with either of the a ould one achieve this power
b ve tests.

For what amount m of material diverted wo( ) and f or what m would one achieve
this sameof power g g

ask:
with the test based on T g S?

power with the max-min test based on
i ly.

m-values by m(g) and m , respect ve3
i

tenote the two result ng

24

-



-- -_ .- . - . -

1
' The ratio

m -*(8) * I
s -

-1(3. 5.1) R(e) = R = =,(g) ,( )

may then be considered as a measure of relative efficiency loss of the
max-min test S relative to the UMP test T(e_) for diversion scenario e. As

.

an illustration, suppose R(e)=.3 and the UPF test against the ' diversion
direction e_ detects a total diversion np5 with probability = . 9. Then'

g

the max-min test would require a 30% larger diversion of m=6.5 to yield
;

the same probability of detection. The larger the value of R, the larger
the efficiency loss when using S as the test statistic. Another way to

interpret the efficiency-loss measure R is as follows: -If the total di-
version over n shipnents is m, that would amount to 4 = m/n diversion per
shi pment . This a does not mean that the. same amount 4 is taken out of
each shipnent, rather 4 should be interpreted as some kind of rate. Sup-

pose now that this rate 4 of diversion per' shipment is fixed, then the
number of shipnents required to achieve a total m is n=m/d .

Thus'

!

! n(e_) = m(e_)/4 and ns " "s/d
L

could be interpreted as the respective ntsnber of shipments required to
yield the same power B under a fixed diversion rate a with the twog

tests considered above.

Thus
|

n -"I') "ss
R(e) = -1*

n(e) n(e_)

Hence with a fixed diversion' rate o per shipment and with a value of R=.3
the max-min test would require a string of n shipment's against the string

s

of n(e_) shipments necessary for the UMP test to achieve the same power,

| S o, and n w uld be 30% larger than n(e_).s

;

f
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The' measure R of efficiency loss is particularly convenient since it is
easily computed:

#g=1- $(z1-a - m(g) h(g)b)

p(z _ a - ms (l'C1)-5)=1-
1

Thus

m(g) h(g)b = m (1'C1)-bs-

and

(3.5.2) R(g) = R = (h(g) l'C1)b -1.

Note that R, the efficiency loss, is independent of the level of the test
a, and the power g .g

By the Cauchy-Schwarz inequality we further see that

(h(e) l'C1)b = (e'C-IC C-le l'C1)b>e'C-IC1 = 1

Thus R(g) 2. O with equality if and only if g = g*.

3.6. Performance of the Max-Min Test S for Specified Diversion Scenarios

In discussing the performance of the S-test with respect to specific
scenarios we make the following simplifying assumption. The shipper-re-
ceiver differences 0 ,...,D are independently distributed with unknown

1 n2 .

eariances cr i.e., the covariance matrix C is a diagonaly , . . . , crn,
2matrix with cr as the ith diagonal element.g
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If measurement processes are recalibrated between shipments the above in-
- dependence assumption is a reasonable one and entails mathematical sim- !

plicity in studying the performance of various tests against specific di-
version scenarios of . interest. Without this independence assumption the

range of possible covariance matrix structures becomes unwieldy and is not
conducive to the understanding. of the effect of various' diversion
scenarios of interest to NRC. Aside from the diagonal structure of C, no
other . specific structures for C which hold specific interest could be
singled out for special attention.. Thus the remaining discussion in this

! section will assume the above independence.
i

|

One criterion that the statistical procedure developed must satisfy is
that it is to be powerful in detecting the following three diversion sce-
narios specified by NRC:

1) Diversions proportional to shipment size
11) Monotone increasing sequence of diversions
iii) Cyclic pattern of diversions

Thase scenarios are characterized, and the performance of the max-min test
is assessed in Sections 3.6.1, 3.6.2 and 3.6.4, respectively. The max-min

' test should also have reasonable performance for other. diversion scenar-
ios. The block loss scenario arises . naturally when investigating the

| worst case for efficiency loss, and' is addressed in 3.6.3. A random

diversion pattern is discussed in 3.6.5.

The max-min test is to perform well for the scenarios considered. Its

distribution is seen, in 3.3, to be independent of the diversion pattern.
Another compelling reason for employing the max-min test is its simplic-

i ity. Furthermore, it is relatively easy and straightforward to modify the
2

p. max-min test to acconnodate the situation when the cr need to be esti-
mated. On the other hand to modify the UMP test as given in (3.6.1) by

2 2replacing the (r by estimates s presents serious problems. We address
f the problem of unknown variances in Section 4.1.
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3.6.1 Diversions Proportional to Shipment Size

If one removes a small amount of material from each container, then the
amount of material diverted per shipment is proportional to the size of
the shipment. Assuming that all containers are of the same size, this can
be characterized by

#9=cdj for i=1, . . . , n and c > 0
.

where N Jeasures the size of the ith shipment. From Section 2.3, the$
2mathematical model characterization, the variance a of the shipper re-

ceiver difference D is of the form:j

af=N a,2+Nfof$

2where a is the random error variance (combined for shipper and receiver)
2per container measurement and a is the systematic error variance (com-

bined) per container measurement. N denotes the number of containers inj
the ith shipment.

2 2If a is quite small as compared to a , as would be the case throughe
proper and regularly applied calioration procedures, then the term N2 ,2
may be deemed negligible and one might say that

2=N 2a aj e

2i.e., a is proportional to the shipment size N . Then the scenario
~

j
# =c N is approximately the least favorable one, where

9 j

c = af/f a
2

s
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.

Thus the max-min test is approximately the best test that one can employ

against the diversion scenario y$ =cN. Of course the best testj
whenagainst this scenario is, according to Section 3.2 to reject H: #_=0__

ND N 2

(3.6.1) I > z1, , I (,$ )jj
2a ij

this test may be somewhat better than theAgainst the scenario /> j = c Ng
max-min test. Of course this will depend largely on how negligible the

2systematic term in a really is. Let us quantify this in terms of the
relative efficiency loss measure developed in Section 3.5.

The scenario # j = c N , i=1,...,n, corresponds to the following scenarioj
direction e_:

j = N /N i=1,...,n where N = I N .e j j
Let

a 7, 2 i=1,...,n2
j=Njx

then
2 2 (1 + x ) i=1,...,na /Nj=a j

s
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and

h(e_) = I ( )2 = Iej (N a (1 x ))-1-
2

1
j

2= 2 (1 , x )INejaIa j
I

so that, from (3.5.2),

2 )b(3.6.2) R(e) = ( I ( )2 Ia ,1

i

= ( I e (1 + x )-1 I e (1 + x ))b .lj j j j -

25(I ej (1-x +xj) I e (1+x ))N -1j j j

2= ((1 - I e xjj+ 'Ie xj j ) (1 + I e x ))b -1jj

2-
jj jjj j -( I e x )2 ,. y ,j j I e x )h -l2= (1+ E e x x

2 2$(Iex -( I e x )2 , ygx I e x )/2j jj j jj

where the first inequality above follows from

(1+x)-1 5 1-x + x for x > 02

:
I

and the second -inequality follows from

1

(1+x)b $ 1 + x/2 for x > 0.
,

Let k = max (x1,...,x ) then (3.6.2) yieldsn

2 3
'

R(e_) $ k /8 + k /2

30
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2 ,y ,2 then R(e) $ (.1) /8 + (.1)3/2 = .00175Thus if Nja e

We see that the relative efficiency loss of the max-min test relative to
is governed by the quantity k

, the best test against the scenario it j=cNj
which measures the size of the systematic component N a against the ran-g

2
dom component a ,. For k-values which are reasonably small the efficiency

loss may be considered negligible. Then one may employ the max-min test

in that situation with a minimal detection penalty.

is close to being least favorable. It isIn summary, the scenario p =cNjj
a reasonable scenario for an intelligent diverter to choose since such a
person is likely to divert twice as much from a shipment that is twice as
large, i.e., the diverter will make his diversions proportional to the
shipment size. The max-min test is nearly optimal against such a strategy
and is further recomended by its simplicity.

3.6.2 Monotone Increasing Sequence of Diversions

The scenario of monotonic increasing diversions is mathematically charac-

terized by

2
g j = cio for i=1,...,n and c > 0.

This scenario, far from being least favorable as a diversion scenario, may
be a reasonable loss . scenario. The cause of such loss might be some gen-

eral deterioration in the measurement process; e.g., the calibration of
instruments drifts slowly out of control.

1

The scenario direction e_ corresponding to this model is

2 2j=io / jye

and the optimal test 4 according to Section 3.2 rejects H:1 = 0_ when
L
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IiD
$ >z,,i

( I 1 ,2)g2

Since the scenario direction e_ is far from being least favorable one _might
expect that (L is much better than the max-min test against this direc-
tion e_. To quantify this difference we compute the relative efficiency
loss of the max-min test for this situation. We have, substituting into
equation (3.5.2),

R(e_) = / I (i a )2j g
I# i -12\(I ia ) /2

It is difficult to assess this efficiency loss for general choices for the
To gain some insight *into the magnitude of R(e_) let us assume thatcr .

_

-

2 2
e = cr for i=1,...,n. Then R(e) reduces to

R(e) = |/11 3g2
" l -1

(( I i)2 )
i

4n+2 ,1,

3n+3

. - Below we give a table of R values for various values of n:
,

n 2 3 4 5 7 10 15 20 oo4

R(e) .054 .080 .095 .106 .118 .128 .137 .141 .155

It is seen that the efficiency loss deteriorates from .054 to .155, the
latter being a strict upper bound for all n. It appears then that the

inefficiency when we use the max-min test is minimal. At most 15.5% more
'

material diversion is requir.ed by the max-min test to have the same power ;
.

as the UMP test against the considered scenario e_. However, we would have I

to know the diversion scenario in advance to use the UMP test. It should
:
.
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be pointed out that these efficiency losses are computed under the assump-
tion of equal variances. If the variances are nearly . homogeneous one

might expect similar results.

3.6.3 Block Loss

A natural question to ask is the following: For what kind of diversion
scenario will 'the max-min test incur its largest efficiency loss? To an-

swer this question let the measurement error variance crf be the smallest
2crf,...,cr Then R(e) is obviously maximized by e = g whereamong .

ey = 1 and e 9 = 0 for 1/j .g g g

For that case

2 ,72 )4 ,1R(g) = ( I cr 7
3 o

and if all variances are roughly equal, then R(g) ~ %-1, which at

first glance may seem unacceptably large. The diversion scenario direc-

tion g amounts to a block loss in that shipment for which the measurement
error variance is smallest. Note that this particular block loss sc'enario-

constitutes the least favorable scenario for the diverter if the usual in-
dividual SRD test is performed.

The efficiency loss of the max-min test against block loss in the ith
,

shipment, denote this scenario by ej, is

R (e ) = ( I cr 7,72)4 _12
j( J

which still appears unacceptably large.
4

The fact that the max-min test incurs such a large efficiency loss against

block loss diversions relative to the UMP test for that block loss is de-

33

i



_

t.

ceiving, since the application of the UMP test based on TQq) presupposes
knowledge of the shipment label i during which block loss takes place.

Of course -this criticism may be blunted somewhat by using a test that
guards specifically against block loss in any shipment without assuming in
which shipment the block loss takes place. An intuitive test which accom-
plishes that, rejects when '

, ,

O D

M = max ( )~> k ,,...,

where k ,is determined by

i '

a = P(M > k , ] g = 0_) = 1 - P(M s k , | g = 0_)
D

= 1 - H P( $ s k ,.t

gj = 0)
<i

= 1 - @" (k )a

Thus -

k " @ 'l((1- 0)1/n),a

The power function of this test, denoted by 4 , against any diversion
M

f_ / 0 is

S (y_) = 1 - II P( 5k F)a 1

i

|
'

#1
| =1- H 4(k, ) '-

y< i

In particular against a block loss diversion of size m in shipment i,
i.e. , f_j (m) = m e_j = m(0, . . . ' 0, 1, 0, . . . ,0) (with a 1 in the i th posi-,

tion), the power is

.
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<

!

n-1
n

)(3.6.3) ( 19 (m)) = 1 -_(1 - o ) @(k -g
!

for this block loss diversion iswhereas the power of the max-min test #3

3 (m) = 1 - @ (z1_ , - m ( y., e ) A)(3.6.4) S

against the least f avorableOn the. ather hand the power function of p g
scenario g = m e* is

*

mef)(3.6.5) #4 (me*) = 1 - Il 4 (k, -

11 1 #jM
3.

.

' ,!

wheress the power of 4 is the same as given in (3.6.4). S (m) remains |

3 3

unch,anged since it depends only on m.

A com arison of these power functions (3.6.3, 3.6.4 and 3.6.5) for the
case n=10, a =.05, and e f =...= ef0=1 is given in Figure 3.1. As is evi-

,

dent fr,cm this figure the result is mixed. On the one hand the test
M

perform much better than the max-min test p3 against block loss alterna-
test performs much worse than the p3tives and on the other hand the pg

test ag'ainst the least favorable scenario _e*.

s

An , attempt to combine the two tests in some f ashion would result in a
degradation of Spg (1$(m)) but rimprovement of SS(m) in the case of
block loss alternatfves whereas in the case of the least favorable scenar-;

and
! io the power function of the combined test would lie between S 3 ,

Spg (m e*.) What this comparison tells us and what is evident from the
max-min proper |dy of the test $ is that we cannot improve over the power

3;
without some loss of power against the least favorableproperties of ' 43

alternative.
+

5

It should also be snoted that a block loss scenario was not one of the
identified . scenarios against which the chosen test should perform well.

! Tile reason the block loss scenario was considered here was that it came up
!
,
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naturally when we identified the case of highest efficiency loss of the
max-min test. The remainder of the discussion of the block loss scenario'

as given 'above should serve as an illustration of the problems involved
;

I when trying to improve on the max-min test.

; 3.6.4 Cyclic Pattern of Diversions r

Suppose that material is diverted only every kth shipment starting with
; the ith shipment. To be precise, assume the following general periodic

scenario:

for j=1, i+k,..., i+(r-1)k) 83=aj

1,... nFj = 0 for all other j =

Here it is assumed that n=rk and the aj represent unknown diversions in,

1 the jth shipment if such diversion takes place. The above starting index

i is some number between 1 and k.,

If one knows the period k and the starting index i then one may as well
7

|
restrict attention to the sufficient statistic

(D , D +k''",D +(r-1)k)
'

|
'

g i i

|

for the unknown parameter (ag, a +k,..., a +(r-1)k).
With that reduction!

i i

|
from n shipper receiver differences to just r differencer w %sically are
back in the original situation with no assumed structure fo; ce diversion

;

i scenario. Drawing on the results in the previous sections we may conclude

that the least f avorable scenario with total diversion of m for this re-
duced problem is as follows:

*

1i=me g
|

where
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*
e = a /c for j=i, i+k,... 1+(r-1)k , cg>0y q

= 0 else

r-1

3 = j=o chjk *with c I
,

The UMP test against this scenario direction e*j rejects H:1 = o_ when
i

r-1
D +jki

| . Tj= > zi, ,d"*
'

Ve j

The power function of the test based on T depends on the a$,g

a+k,...,a+(r-1)k only through their sum, namelyi i
|

0 (E-) = 1 - @ (zi. a -5)T -mc
4 g

i

We see that this tes', uses specifically the knowledge of the starting
| point i as well as tlie cycle length k which puts it at some advantage 1

| over the max-min test based on S. It is more reasonable to compare the
max-min test S to a statistic based on knowledge of k, but not on the
starting point 1. One may look at T ,..., Tk simultaneously.1

The test statistics T '*',Tk are independent since they are formed from1

nonoverlapping D . A very plausible way to combine the test statisticsj
i T ,...,T is to reject H:1=0_ when

,

1 k

Mk = max (T , . . . ,T ) > k ,1 k

; where k , is determined by
1

l
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a = P(Mk>k, |g = 0) = 1 - P(M 5 k,| 1 = O_)k

k

= 1 - g P(Tj $ k, | g = 0)

= 1 - @ (k ,)k
<

Thus

k,= @ -1((1- a )1/k)

The power function of this test against a periodic diversion of period k
commencing with the ich shipment and with a total diversion amount m is

k

S g (m) = 1 - Il P(Tj $ k, 1)
k f=1

E)@ (k , )k-1 4(k e-mej=1-
k-1

-N)= 1 - (1 - a ) k @(k, - m cj

The power function for S as given in (3.3.1) does not depend on e_. For

illustration purposes assume n=24 which allows for the following possible

periods: k=2(r=12), k=3 (r=8), k=4 (r=6), k=6 (r=4), k=8 (r=3), k=12

(r=2). Further assume a =.05 and e =...= e =1, thus c =r.y n j

Then

k-1
i

Sg (m) = 1 - (.95) @(k.05-*/ O

y where k =@ (.95 ).05

for k=2, 3, 4, 6, 8, 12 whenFigure 3.2 presents these power curves for Mk _

the diversion scenario is cyclic. The M test is more powerful than the
k
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max-min test for all k. Thus if you know that the diversion is cyclic,
test is preferable to S. If k isand you know the cycle length k, the Mk

test does much better than the max-min test. This isvery large, the Mk
not surprising, for when k=12, we know that all but two of the 24 ship-
ments have no diversion. For the case when k=24, the cyclic scenario be-
comes the block loss, where the max-min test does worst (see Section

is zero. At k=1 we are back3.6.3). At k=2, we know that every other #$
at unconstrained diversion, and as we saw in 3.3 .nd 3.4, the max-min test

i

is the best one can do with no information about the diversion strategy.

From Figure 3.2, one also notes that when the diversion scenario is thei

test does increasingly worse asleast favorable, as defined in 3.3, the Mk
k increases. This also is not surprising, since as k increases, one is
basing the test on a larger set of parameter assumptions.

3.6.5 Random Pattern of Diversion
..

1 The last diversion scenario to be discussed is that of random diversions.
4

Consider again our basic statistical model

i=1,...,n(3.6.6) Dj=#$+Zj

where the unknown parameters # , ..., # n ( 2 0) represent the diversions1

during the n shipments and Z , ..., Z are independent normally distrib-
1 n

2
uted measurement errors with mean zero and variances e ' ***' n*

i

In a random diversion scenario one considers the diversions y, ..., n
,

as nonnegative random variables. To emphasize this different interpreta-!

Our statistical model becomestion we write M in place of j.g

'' (3.6.7) Dj=Mj+Zj i=1,...,n

.

|
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where the Z , ..., Z are as before and M;, ..., M are nonnegative random1 n n
variables which are distributed independently of ,Z , Z. The M ,y ...,

n y
..., M are allowed to be dependent random variables. For example, it mayn
be that the total diversion m is fixed by the diverter, i.e.,

m=My+...+M so that only the allocation of the amount m over the nn
shipments is random. Let G denote the joint distribution of M , ..., M *

I1 n
I

If $ is any test then its power function under model (3.6.6) is denoted by
S (g_) whereas under model (3.6.7) the power function of & is computed as |

|

(3.6.8) S4 (G) = E (S (M_))g 4

where E denotes the expectation or average over the random vectorg

M. = (M ,...,M ), which is distributed according to G.1 n

For example, for the max-min test $ we have:
3

.

(3.6.9) S4 (E) = 1 - @(z ,,- I .$(Ie ) )
i

whereas

(3.6.10) 84 (G) = E (1 -@(z1-a- M (Ie ) )).G j

Let us discuss the distinction between S ( E ) and 4(G) in detail. |4
S (E) represents the long run frequency with which the test 4 would4
detect a diversion when applied repeatedly ~ under the same diversion sce-
nario 1. N (G) also represents a long run frequency with which the test4
4 would detect a diversion when applied repeatedly, however this time I

under randomly changing diversion scenarios.

During any given cycle of n shipments the diverter selects randomly the
ddiversion M , .. . , M according to some distribution G. Denote the par- |y n

ticular realization of M , ..., M for this cycle by m , . . . , m . For all1 n y n

1
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,

practical purposes the m , ..., m are unknown numbers and the probabilityy n
of detecting a diversion during this particular cycle using the test ( is

*

S (m). Depending on the values of 3 = (my, . . . ,m ) this probability4 n

g4(m) may either be small, moderate, or very large.
In (3.6.8), by

averaging over the values of m according to G, we average the good per-
formance of 4 for some m_ with the bad performance of 4 for some other ,

m_. This is not so much a fault of the test & but points to a flaw in
measuring the performance of a test 4 in the f ace of random diversions

i

by the criterion (3.6.8).

To clarify this further consider the max-min test and suppose that the
joint distribution G of M_ stipulates that M_ will be chosen randomly such

that IMj = 0 with probability 1 - p and that IMg = a with probability
p. The average total diversion is then ,

E (I M ) = 0(1 - p) + a.p = ap .g j

By choosing a very large and p very small we can have this average
total diversion take on any value we like. However, according to (3.6.10).-

the probability of detecting diversion is
;

h 4 (G) = (1-p)(1 -@(z _)) + p(1 -@(zy ,- a(I ) )y

< (1-p)a + p
:

which for small p may become arbitrarily close to a , the false alarm
rate. We thus have the following situation: In the long run the expected

total diversion per cycle of n shipments can be quite sizable whereas the
;

diversion detection probability is hardly better than the f alse alarm
rate. This example should make clear that it doesn't make much sense to
consider (3.6.8) as a reasonable test performance measure when we average
over random total diversions which may take on very small and very large

values.

.
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If, however, we restrict ourselves to random diversions M_ for which the
total diversion E M is fixed at m, i.e., M , ..., M are random butj g n

P( I My = m) = 1,

then the power of the max-min test is not affected at all since it only
depends on the total diversion and not on the way the diversions are allo-
cated over the n shipments. This explains the coment made earlier that
the diverter may gain nothing against the max-min test by selecting his
diversion scenario randomly from A,.

|

:

I
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4. RESUt.TS WITH UIW(NOWN VARIANCES

The max-min test is extended in Section 4.1, under the restriction of in-
dependent errors between shipments, to incorporate variance estimates.
The resulting test statistic is shown to be a generalized version of the
Behrens-Fisher type. A correlated error problem with unknown variances is

addressed in Section 5.3. The Satterthwaite procedure is shown in Section
4.3 to provide a critical value for the test statistic with an a level
closest to that intended. The a level and power of the test are shown to
be relatively unaffected by changes in population parameter values ,
Section 4.3.

4.1. Problem Background

The max-min test is developed in Section 3.3 under the assumption of known

covariance matrix C. The framework of Section 3.1, with

for i=1,..., nDj=gj+Zj

is still assumed, where g are the unknown true material losses, 9 20,j 4

except

2
j Z are independent N(0, v ) for i=1,... n.j
|

| The null hypothesis H of no material diversion, and the alternative K of
some diversion only involve 3:

! (4.1.1)' H: g = 0_ vs K: E<A

2and e ' **** "n are nuisance parameters which are not necessarily equal.
2 2We assume that estimates s of the e are available such that

2 2
1) f s7y is a chi-squared variable with f deg ees of freedom,j j

with f known, for i=1, ..., n
$

:
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|
|

ii) sf,...,s,D,...D are mutually independent2
y n

For n=2, with the unknown variances not assumed equal, the problem above
(4.1.1) is referred to as the Behrens-Fisher problem. With unknown nui-

2sance parameters v , the straightforward Neyman-Pearson theory used in 3.2
no longer applies. This problem has defied attempts at an exact solution.

l

Linnik (1%8) has shown that no well behaved exact solution is possible..

The problem has received considerable attention, with much of the research
focused on obtaining practical solutions to the problem. This is the ap-

proach we also have taken.

For known covariance matrix C the max-min test S appears to be the best.

test. Under independence the S test rejects H: g = 0 when
'

. l

10
4 > #

(3,2)h 1- a

2The obvious modification of this test is to replace the v by their esti-
2

mates s . The test is then to reject H when

ID j
(4.1.2) T > t

3 = ( Es )42 a

This modification is in the spirit of the practical solutions for the

Behrens-Fisher problem (n=2). The place where these practical solutions
|

'

differ is in the choice of the critical value t . For a discussion of thea
approaches see G. K. Robinson (1982), Lee and Gurland (1975) and Scheffe'

(1970). The basic problem is that the distribution of the statistic T
3 j

2 2depends on the values of the unknown nuisance parameters v , Even...,g n.
if the variances are known, the distribution of T would be difficult, if

,3
not impossible, to derive. Thus we have focused attention on determining |

the critical value ta such that
!

(4.1.3) P(T3>ty | g = 0) = a
2over a range of parameters n, f ,...,f , and e ,,,,, ,2y n n*
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Note that from (4.1.2) we have
-

I D/ e
(4.1.4) T =

3 = (I s )h ,22

(I( 7 1/f ) X2)j
e i

where

Se =IT
:

IDD = j

Under H (4.1.1) the numerator of T , D/e, is a N(0,1) random variable.
3

The denominator, however, involves an algebraic function of independent
chi-squared variates, which is not in general a chi-squared variate. Thus

T is not a Student's t variable, and (4.1.2) is an n population extension
3

of the Behrens-Fisher problem, necessitating an approximate solution to

(4.1.3).

4.2. Procedures Investigated

The statistical literature was searched for practical solutions for deter-

mining t, in (4.1.2) for n >2. Based on this review, four procedures were

selected for evaluation. Each of the procedures involves straightf.orward
2computations. The first three involve using the s and f for determiningj

t ,. The fourth procedure was originally thought of as a " quick and dirty"
procedure which permits benchmarking the Monte Carlo program, Section 4.3.
The proceduras given in 4.2.1-4.2.4 are:

1) Satterthwaite

11) Banerjee

iii) Cochran
iv) Sum
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4.2.1 Satterthwaite

The Satterthwaite procedure, see Brownlee (1965), is based on approximat-
ing the distribution of an algebraic function of chi-squared variates

2 2fjs/e by a chi-squared variate divided by its degrees of freedom f .
32 2Substituting s for the unknown e gives

(I s )22

f

3 = I(s /f )4
j

where

5 If .min fj$f3 j

|

Note that f will usually be non-integer. Using this approximation in3
4.1.4 we have under H: # = 0 that T is approximately a Student's t vari-

3
| ate with fractional degrees of freedom f . Under K: # = me then T is

3 3
approximately a non-central t with f degrees of freedom and non-central-

3
ity parameter1

(4.2.1) A = m/(Ie )\ , ,fy,2

The Satterthwaite critical value t for testing H (4.1.1) is t the3, , f

1-a quantile for Student's t with f degrees of freedom. To compute
I3

critical values for fractional degrees of freedom, inverse interpolation
is used between neighboring integers f , f , which gives a reasonable

a y
approximation:

(1/f3 - 1/f )i
t (t3,, = tf ,~tf , f ,-tf ,)+ (yjf _ gjf )

9
l

where '

fg<f3<fy

ft=f + 1.g

AE
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|

|

4.2.2 Banerjee

Banerjee (1960) proposes comparing T to t
3 g,,where

B,a = (I(s /I s ) t ,)b2
t

o
This procedure is guaranteed to have level a or less, which isn't true for
Satterthwaite or Sum and hasn't been shown for Cochran. Note that

(4.2.2) min t ,$tB,a5 max tf ,f

4.2.3 Cochran

In the Cochran procedure, Snedecor and Cochran (1976), T is compared to
3

t where:C,a

2 2
C,a = Z(s 7 33 ) tf ,t

This uses as a critical value for T , a weighted average of the critical
3

values for testing each of the 0 . Note that t satisfies a similar
$ C,a

inequality to tB,a (4.2.3)

min t 5tC,a $ max tff

When the f are all equal, the Banerjee and Cochran procedures are identi-
4

cal, using the common degrees of freedom f for the critical value, tf ,,.g

4.2.4 Sum

A fourth procedure included in the Monte Carlo evaluation, Sum, compares
T to t where A is the sum of the degrees of freedom, A =If . If the

3 A,a $

n variances are equal, and the f are all equal to f , then T is a Stu-j a 3

dent's t variate with nf degrees of freedom. This follows directly from
g

equation (4.1.4) since a sum of chi-squared variables is chi-squared.

49
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,

Note that the denominator in 4.1.4 is always an estimate of the standard
deviation of D. The variance estimates are not being pooled.j

;

The Sum procedure is " quick and dirty" in that the critical value t is
2 A,a

not a function of the s . This procedure permits an accuracy check of the

2 ,)9Monte Carlo program, 4.3, since the distribution of T is known for e
3

and fj = f , i=1,..., n, both when p_ = O_ and when /d / 0.a

4.3. Monte Carlo Analysis
j

The distribution of the test statistic T3 (4.1.2) does not have a well
behaved analytic solution, as mentioned in 4.1. Four procedures for com-

puting a critical value t, for T3 are given in 4.2. In order to evaluate
the performance of these procedures a Monte Carlo simuhtion program has
been developed, Section 4.3.1. and Appendix A. This program generates
realizations of T for the mathematical model given in 2.3 and 4.1.3
Shipper-receiver system parameters are inputs to the program; a levels or
power values for the test procedures are outputs.

4.3.1 Model Implemented

The Monte Carlo simulation program generates realizations of the shipper-
receiver model described in 2.3 and 4.1. The user describes system param-
eters. These are:

2
1) The number of shipments n (number of variance estimates s )a

ii) The true variance values e , ,,,, ,224

n
iii) The degrees of freedom values for the n variance estimates, f ,-

i

; ....fn

| iv) The true material diversions p , ...,y n
5

The user also specifies N, the number of samples to generate for estimat-.

ing the desired probabilities. l

The test statistic T , as given by (4.1.4), is
3

-
,

'
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ID i D/ e
(4.3.1) T "

3= 2 2 b[3 2)4 3(y j(y f ))

/$ e andThe numerator, D/e, is a single normal variate with mean A=I
variance 1, where e2,yy. The denominator is an algebraic function of2

we thusn chi-squared variates. To generate a single realization of T3
need to generate a single normal variate and n chi-squared variates and

t ,a andcombine them appropriately. To compute critical values t ,,,3 B

t the chi-squared variates are again used (see Sections 4.2.1, 4.2.2C,a
and 4.2.3). The realization of T is then compared to the critical values

3
for each of the procedures. This process is repeated N times.

The fraction of times where T exceeds the critical value is then an un-
3

biased estimate of the probability

P(T3>tX,a)

for each of the procedures. This is done for a = .10, .05, .025, .01 and

.005. If & = 0, this probability is, hopefully, close to a, the intended
f alse alarm rate. If g = me_, this probability is the power of the test.

For each parameter set evaluated, N=40,000 realizations are used to esti-
mate a. If the true a is .10, .05, .01, or .005, the accuracy of the

estimates (two standard deviations) are

a .1000 .0500 .0250 .0100 .0050

2Va(1-a)/40,000 .0030 .0022, .0016 .0010 .0007

4.3.2 Parameter Sets Investigated

The model parameters input to the Monte Carlo simulation program are n,
2 2(e , . . . , e ) ' ( # ' * * * ' I ) and (F , . . . , p ) . The simulation permits

n 1 n 1 n
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1) Evaluation of the relative performance of the four procedures
given in 4.2 for determining critical values of size a.

ii) Determination of the power of each of the four procedures
.

4.3.2.1 Parameter Sets for n=2
|

For n=2," Lee and Gurland (1975) evaluated the Satterthwaite, Banerjee and
Cochran procedures for a =.05, f *4' # ,=8 and a range of values for

1 2

ef/(ef+ef). We evaluated all four procedures for variance parameters

,2(,2+ef)=.05,.1,.2,...,.8,.9,.95f

with observed alpha values close to those obtained by Lee and Gurland,
giving some verification of the Monte Carlo program.

4.3.2.2 Parameter Sets for n > 2 |
'

|

We compared the four procedures of Section 4.2 for n = 6,12 and 18 and

for a range of the other parameters. The degrees of freedom f used for
4

2
s were 4 (low),10 (medium), and 20 (high). The choices for degrees of
freedom were:

i

i) fj = ... = f =4 (all low)n
|
|

| ii) ft = ... = f = 10 (all medium)n

iii) ft = ... = f = 20 (all high)
n

.!

iv) fi = ... = fn/2 = 4 (first half of shipments low degrees
= 20 of freedom, second half high)fn/2 + 1 * " * * n

|

|

: 1
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v) fy = ... = fn/3 = 4 (first third low degrees of freedom,

In/3 + 1 * " * * # n/3 = 10 second third medium,2

f2n/3 + 1 * * " " I = 20 last third high)
n

is only a function ofExamining (4.1.4) we note that the behavior of T3

2 2
4 = e fga

where -
.

2=24e

Thus we need only specify the relative magnitude a$ of the variances. The
cases evaluated were:

(all variances equal)1) a1 = ... = an .

ii) a1 = ... = a /2 = 1/2n (variance af second half 3n

a /2+1 * * " = a ='3/2n times variance of first half)n n

iii) a1 = ... = a /2 = 3/2n (same as 11 but with rolesn;

a /2+1 = ... = a = 1/2n reversed)n n

1 = ... = a /3 = 1/2n (variances in ratio of 1 to 2iv) a
n

a /3+1 * " . a2n/3 = 2/2n to 3 for first third, second
n

third, and last third of the

2n/3+1 * " . = a = 3/2na
n shipments)

,
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v) a1 = ... = a /3 = 3/2n (same as iv with rolesn

a /3+1 " " . = a2n/3 = 2/2n reversed)n

= 1/2na2n/3+1 * ' = an

It was felt unlikely that one shipper-receiver difference D$ would have
more than three times the variability of another shipment between the same
pair of f acilities. For the hypothesis of no material diversion, H:p=0_, I

the true alpha values are estimated, for N=40,000 runs. The test plan, j
Figure 4.1, comprised of 15 parameter sets for a given n, was run for n=6,.
12, and 18. The computer output is given in Tables B.1 - B.45 and
discussed in Section 4.3.2. |

|

Variance Structure
i 11 iii iv v

,

l

Degrees i X X X

of 11 X X X

Freedom iii X X X

iv X X X |
v X X X>

I |

Figure 4.1 Test plans for comparing procedures, repeated for n=6, 12 and 18
i

1

4.3.3 Comparison of Procedures

- 4.3.3.1 General Remarks

The Satterthwaite procedure gives an oc level closest to the intended
value. Based on the test plan in 4.3.2, Satterthwaite performs best of

the four procedures, showing minimal effect with changes of number of
i shipments, degrees of fra.d'm and variance pattern.

54
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The Satterthwaite and Sum procedures compute degrees of freedom f and then
t ,a. Banerjee anduse the appropriate Student's t critical value f

Cochran, however, take a function of n Student t values, tf ,a' ***'
i

2
tfn.a for their critical values (see Section 4.2). For a set of s and

f , we can take the Banerjee and Cochran critical values, t ,a and t ,a1 B C

and find the degrees of freedom fB and fC which would give these critical
values. This permits comparing the four procedures on the same scale.
Let fS and fA be the degrees of freedom for Satterthwaite and Sum. Then

II $ max fmin fj $fB C j SfA

and

min fj $f3 ffA

Thus

t ht 2tB,a C,a A,a

and

3,, 2 tA,at

Thus the observed alpha levels will satisfy for all a

B I "C I "Aa

and
3

a $a
3 A

We believe, but have not shown, that
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i

I
fg$fC S AII II

which would. imply

.a $ ag C S A

All cases investigated support this.

4.3.3.2 Results n=2- i

2The case n=2 is interesting for several reasons. The variance r of D isj
the sum of the shipper variance e(g and the receiver variance cr To$.
test a single D , we need to combine estimates of these two variances. We

$

then use the test (4.1.2) with n=2 in the denominator. As mentioned
earlier, the results for n=2 have been studied for the first three 'proce-
dures of 4.2, Lee and Gurland (1975), permitting verification of the simu-
lation results. The results for a = .005 to .05, f =4, f =8 are given iny 2
Figures B.46-B.55 and sumarized in Figure 4.2 for a = .05. The first

2variance estimate, s , is -less precise then the second variance estimate,
2 2s , giving unsymetric results with respect to C=e j(y2 , ),

From Figure 4.2, Satterthwaite performs less favorably when the true vari-
ances are equal, C=.5, or when 95% of the variation of D is from the sam-
ple with the smaller degrees of freedom, C = .95. The true a level oscil-
lates around .05, giving a slightly conservative test for C=.5 and a

liberal test at C=.95.
'

The Banerjee and Cochran procedures give nearly identical results. The

observed a level is always less than .05. These procedures do better for
C close to 0 or 1, performing less f avorably at C=.5. When C is close to'

1 0 or 1, the test (4.1.2) converges to the one-sample t-test, and the
Banerjee snd Cochran critical values converge to the correct degrees of
freedom. These procedures. degrade and give a less precise approximate
test, as a decreases.

.

4-
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Sum has the least accuracy at C=.1 and C=.95, the extreme cases run. At
C=.95 Sum gives the largest divergence, with a false alarm rate a 40%
larger than intended. As mentioned above, as C goes to 0 or 1 the test

degrees of freedom(4.1.2) converges to a one-sample t-test and fy or f2
should be used for the critical value, whereas Sum uses fy+f. Sum per-

2
forms best at C=.5.

In comparing the four procedures over this restricted parameter set, we
conclude that Satterthwaite performs best overall. The observed a level
is closest to the target value over the range of C, and the a values

studied. Banerjee and Cochran give virtually equivalent results. The

observed a level is always less than the target value, and is always less
accurate than the Satterthwaite procedure. Furthermore, as a decreases
the performance of Banerjee and Cochran decreases. Sum performs slightly
better than Satterthwaite for C=.3, .4 and .5. Satterthwaite, however,

performs considerably better over the other C values.

C Satterthwaite Banerjee Cochran Sum

.1 .0507 .0447 .0448 .0538

.2 .0503 .0411 .0413 .0523

.3 .0478 .0384 .0387 .0497

.4 .0492 .0382 .0385 .0513

.5 .0470 .0348 .0350 .0503

.6 .0475 .0361 .0363 .0525

.7 .0488 .0372 .0375 .0546

.8 .0501 .0401 .0402 .0587

.9 .0509 .0425 .0426 .0650

.95 .0521 .0470 .0471 .0713

Figure 4.2 Comparison of observed a values when intended value is
.05, for n=2, f =4, f =8 and C = e /(cr2,,)2

7 2

|
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4.3.3.3 Results .n > 2

Equal variances and equal degrees of freedom

The equal variances and equal degrees of freedom correspond to the first
three cases 'in column 1 of Figure 4.1. The corresponding output is given
by Figures B.1-B.9 and sunnarized in Figure.4.3.

Sum Satterthwaite Banerjee-Cochran

'and
a f=4 f=10 f=20 f=4 f=10 f=20

.10 .1000 .1002 .0113 .0704 .0872 .0943
n=6 .05 .0480 .0492 .0503 .0214 .0371 .0442

.01 .0082 .0101 .0099 .0005 .0040 .0059

.10 .0988 .0988 .0998 .0656 .0847 .0933
n=12 .05 .0481 .0495 .0505 .0192 .0367 .0432

.01 .0091 .0097 .0104 .0001 .0032 .0064

.10 .0987 .0991 .0993 .0664 .0856 .0929
,

n=18 .05 .0491 .0503 .0483 .0177 .0357 .0415
.01 .0095 .0103 .0095 .0002 .0031 .0060

Figure 4.3 Comparison of a values for equal variances and equal degrees
of freedom. Sum is exact, agreeing with a desired

The satterthwaite procedure shows no significant effect as n increases.
~

The observed a values show some slight improvement as f increases.
4 .

The Banerjee and Cochran procedures are identical when the f are equal
$'

(see 4.2.3). They give very conservative results for f =4, doing appre-j
ciably worse with decr. easing a. As n increases they show some decrease in

:
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size. The effect of f is quite significant, with the conservatism de-
g

creasing drastically as f goes from 4 to 20.j

The Sum procedure is exact for these cases, see 4.2.4. Thus its perform-

ance is best for equal variances and equal degrees of freedom. The Sat-

terthwaite procedure gives good agreement with the target values, while
the Banerjee and Cochran procedures are unduly conservative unless the
degrees of freedom are large.

Equal variances, degrees of freedom not equal

The equal variances but unequal degrees of freedom correspond to the last
two cases in the first column of the test plan, Figure 4.1. The computer

results are given by Figures B.10-B.15 and sumarized in Figure 4.4.

Satterthwaite shows no appreciable effect as n increases, or the fj pat-
tern changes. Again, it performs best in attaining an a level closest to
the desired level. Sum, performing next best, shows a slight improvement

with an increase in n. Banerjee and Cochran again exhibit extreme con-

servatism for a= 01. This conservatism increases with n.

t

u

r
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4

Degrees of Freedom Degrees:of Freedom
'

Pattern iv (f 4 and 20) Pattern v (f 4,10 and 20)j j

i
; a Satterthwaite Banerjee Cochran Sum Satterthwaite Banerjee Cochran Sum
i
!

,

.10 1009 .0831 .0835 1034 .1006 .0833 .0836 1023. . .:

; n=6 .05 0520 .0323 .0333 0545 .0505 .0344 .0350 0522. . .

.01 0097 .0016 .0018 0111 .0103 .0023 .0027 0116. . .

| .10 0991 .0786 .0791 1005 .1019 .0849 .0852 1031
'

. . .

| n=12 .05 0509 .0300 .0307 0522 .0510 .0314 .0319 0523. . .

[ $ .01 0102 .0014 .0016 0109 .0092 .0016 .0018 0099. . .

,

I .10 1008 .0776 .0780 1018 .0987 .0795 .0799 0995. . .

'
n=18 .05 0488 .0271 .0278 0498 .0495 .02% .0302 0502. . .

.01 0094 .0010 .0012 0101 .0090 .0013 .0016 0096. . .

| Figure 4.4 Comparison of a values for equal variances, unequal degrees of freedom patterns iv and v (see Figure 4.1)

!

|
'

.
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Variances unequal (ratio 1 to 3)

Figure 4.5 summarizes the performance of the four procedures for degrees
of freedom pattern iv, variance patterns 11 and iii. The first half of~

the variance estimates have f =4, the second half have f j=20. The truej
variances are in the ratio of 1 to 3 in the first case, with the larger
degrees of freedom associated with the larger variances estimated. In the

second case, variances 3 to- 1, the larger variances are estimated less
precisely, have the smaller f . Figure 4.6 presents the results for vari-j
ances in the ratio of 1 to 3, pattern 111, for equal degrees of freedom.
The complete results are given in Figures 8.16-8.30.

The Satterthwaite procedure slightly outperforms Sum, with Banerjee and
Cochran continuing to show conservatism which increases dramatically with

decreasing a. After examining Figure 4.5, Satterthwaite shows no appreci-
able effect from flip-flopping the degrees of freedom. Sum appears to

give a larger a value as the f are interchanged, while Banerjee and
$

Cochran perform considerably worse when the larger variance has the
smaller degrees of freedom.

The Satterthwaite procedure, from Figure 4.6, appears to be relatively*

unaffected by increasing n or f . It again slightly outperforms Sum.j
Banerjee and Cochran again show extreme conservatism for small f andj

small a. As f increases, the observed a approaches the desired level.j

4

9

.
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Variance Pattern 11 Variance Pattern lif
2 2

_ (cr ratio I to 3) (cr ratio 3 to 1)

a Satterthwaite Banerjee Cochran Sum Sr.tterthwaite- Banerjee Cochran Sun

.10 .0959 .0833 .0836 .0965 .0981 .0769 .0771 .1049
n=6 .05 .0465 .0339 .0344 .0470 .0486 .0279 .0285 .0552

.01 .0092 .0028 .0032 .0095 .0096 .0014 .0017. .0134

.10 .0991 .0848 .0851 .0994 .0992 .0730 .0755 '.1033
n=12 .05 .0504 0362 .0369 .0506 .0500 .0246 .0251 .0540.

0 .01 .0105 0026 .0030 .0106 .0092 .0010 .0011 .0115.

i

.10 .1005 0856 .0861 .1010 .0990 .0706 .0712 .1012.

n=18 .05 .0511 0355 .0360 .0511 .0471 .0219- .0223 .0500'
.

.01 .0100 0026 .0028 .0102 .0087 .0006 .0007 .0103.

.

#

Figure 4.5 Compariron of a values for degrees of freedom pattern iv, f =4 and 20,j
fpr variance ratios 1 to 3, pattern 11, and 3 to 1, pattern 111 : -= '
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fj=4
~

fj = 10 fj = 20
,

.,-. .

. .
:~

Banerjee Banerjee Banerjee-

Sat. ,, Cochran Sum Sat. Cochranx' Sum Sat. Cochran Suna

.10 .0994 .0723 .1029 .0998 .0878 1009 .1018 .0962 .1022.

n=6 .05 .0486 .0231 .0523 .0500 .0393 0509 .0501 .0433 .0507.

u .01 .0095 .0008 .0115 .0108 .0041 0115 .0093 .0066 .00%.

m
-

,

d
'

.10 .0981 .0671 .1006 .0990 .0865 0996 .0990 .0928 .0993.

n=12 .05 .0489 .0202 .0513 .0502 .0370 0508 .0503 .0430 .0504.
_

0 .01 .0091 .0002 .0104 .0101 .0036 0104 .0102 .0064 .0102.

.10 .0980 .0641 .0995 .1055 .0908 1057 .0963 .0899 .0965
.

n=18 .05 .0475 .0179 .0493 .0514 .0377 0518 .0482 .0410 .0483.

.01 .0089 .0003 .0097r .0105 .0032 0108 .0097 .0063 .0097.

Figure 4.6 Comparison of a values for variance pattern 111, ratio of 1 to 3,
for equal degrees of freedom, patterns 1,11 and 111
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4
Variances unequal (ratio 1 to 2 to 3)

a
S'

Figure 4.7 sumarizes the results for degrees of freedom pattern y and
variance patterns iv and v. The first third of the variance estimates
have f =4, the second third f =10 and the last third f =20. The variancesj

2
j j

are in the ratio of 1 to 2 to 3 where the larger variances have the(r

larger degrees of freedom in the first case, and the smaller degrees of
freedom in the second case. The complete simulation results are given in
Figures B.31-B.45.

The Satterthwaite procedure is slightly favored over Sum. Banerjee and
Cochran show a decrease in 'a level as the larger variances are associated
with the smaller degrees of freedom, consistent with the results from
Figure 4.5.

!
'

- r .

\,

'

*
*

..
,

% 4 g

'
t

'
,

)

+

?
s

\ ,

N
,

U

% %

I

\ '

n ,

/

64 .

< .

-
- - - - _b



, _ - . . - . . -. .

Variance Pattern iv Variance Pattern v
2 2(e in ratio 1, 2, 3) (e in ratio 3, 2,1)

a Satterthwaite Banerjec' Cochran Sum Satterthwaite Banerjee Cochran Sum

.10 .0999 .0871 .0873 .1006 .1008 .0821 .0825 .0160

n=6 .05 .0501~ .0373 .0377 .0506 .0507 .0329 .0332 .0549

.01 .0099 .0034 .0036 .0101 .0096 .0018 .0021 .0124

.10 .0987 .0849 .0852 .0990 .0991 .0760 .0763 .1017

n=12 .05 .0500 .0344 .0348 .0502 .0490 .0275 .0281 .0512

E .01 .0099 .0026 .0029 .0100 .0096 .0012- .0015 .0114

.10 .1011 .0868 .0872 .1012 .0968 .0750 .0754 .0985

n=18 .05 .0483 .0337 .0341 .0486 .M95 .0258 .0262 .0500

.01 .0098 .0025 .0027 .0099 .009'i .0012 .0013 .6102

Figure 4.7 Comparison of a values for degrees of freedom pattern v, f =4,10, 20,j
for variance ratios 1 to 2 to 3, iv, and 3 to 2 to 1, v
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4.3.4 Power Results

Power results are only presented for the Satterthwaite procedure. For all
the para:'ater sets we have investigated we have found

B $ "C "S "A
a

It is not appropriate to compare the power of two procedures if they don't
have the same a value. The four procedures are all trying to achieve the
desired a value, but differ greatly in their achieved level,

j

|

The test statistic (4.1.2)

ID
$'

T

3=(Isf)S
|

is seen from (4.3.1) to be of the form,

Z+A
2 hI(e j( ,2f )) x

1

when the diversion is _4_, where Z is normal (0,1) and

A= 1 4 /e = (I Mj)/(I e )j

The power, as has been noted ear' lier, is a function of the total diver-
. sion, and not the diversion pattern. For a given a level, the power is
determined by the total diversion,14 , and the total variation, Ie2j ,

which are combined to form A. If we double n, the number of shipments,
2have the e for the second n shipments repeat the pattern of the first n

shipments, we must increase the total diversion by 41% for A to remain
constant and have the same probability of detection.

The power of the Satterthwaite T test is evaluated for the 45 parameter3
sets given in Figure 4.1, for a =.10, .05 and .01. The general shape for

!

|
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the power curves is given in Figure. 4.8. The results are sumarized in.
Figures'4.9-4.17. The power is seen to be a function of only the a level
desi red, and X , the standardized cumulative diversion parameter. The

2power is virtually unaffected by changes in n, f and E . Thus Figure 4.8

may be used for computing approximate power of the test for a diverse set
of parameter values, much larger than the set investigated.

.

e
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A- material diversion parameter
2a pattern 0.0 0.5 1.0 1.5 2. 0' 2.5 3.0 3.5 4.0 4.5 5.0n f$ pattern

6 1 4 I EQUAL .1000 .2130 .3783 .5733 .7504 .8773 .9503 .9840 .9959 .9992 .9999
6 11 10 i EQUAL .1002 .2154 .3884 .5855 .7636 .8887 .9585 .9873 .9972 .9995 .9998
6 III 20 1 EQUAL .1003 .2183 .3892 .5838 .7641 .8861 .9564 .9868 .9964 .9992 .9999

6 IV 4,20 I EQUAL .1009 .2146 .3843 .5774 .7523 .8795 .9523 .9846 .9963 .9994 1.0000

6 V 4,10,20 _I EQUAL .1006 .2174 .3880 .5815 .7570 .8814 .9533 .9854 .9961 .9993 .9999

12 I 4 I EQUAL .0988 .2134 .3826 .5780 .7535 .8801 .9523 .9844 .9959 .9993 .9999

12 11 10 I EQUAL .0988 .2144 .3867 .5820 .7584 .8839 .9552 .9858 .9964 .9992 .9999
m
* 12 til 20 1 EQUAL .0998 .2168 .3878 .5837 .7622 .8878 .9565 .9866 .9968 .9993 .9999

12 IV 4,20 1 EQUAL .0991 .2127 .3872 .5799 .7595 .8841 .9563 .9863 .9968 .9995 .9999

12 V 4,10,20 I EQUAL .1019 .2190 .3885 .5839 .7607 .8854 .9578 .9862 .9960 .9993 .9999

18 I 4 I EQUAL .0987 .2118 .3819 .5786 .7577 .8833 .9553 .9856 .9965 .9992 .3999

18 II 10 1 EQUAL .0991 .2127 .3858 .5816 .7592 .8854 .9560 .9863 .9962 .9993 .9999

18 III 20 1 EQUAL 0993 .2173 .3908 .5883 .7642 .8889 .9569 .9867 .9969 .99S4 1.0000

18 IV 4,20 I EQUAL .1008 .2192 .3916 .5897 .7631 .8874 .9546 .9864 .9967 .9994 .9999

18 V 4,10,20 I EQUAL .0987 .2153 .3848 .5807 .7599 .8840 .9549 .9866 .9962 .9991 .9998

a level, equal variancesFigure 4.9 Power values for Satterthwaite procedure for .10

. __ __



_
_ . . - . - _ _ _ _ _ _ _ - _ _ _ _ _ _ _ _ _ __ ___.

.

.

X- material diversion parameter
2

n f pattern a pattern 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0j

6 1 4 || 1,3 .0994 .2104 .3753 .5706 .7462 .8738 .9493 .9833 .9958 .9992 .9999
6 II 10 11 ~1, 3 .0998 .2175 .3889 .5815 .7568 .8842 .9554 .9851 .9964 .9994 .9998,

6 III 20 II 1,3 .1018 .2199 .3920 .5904 .7633 .8870 .9559 .9867 .9963 .9992 .9999
' 6 IV 4,20 11 1,3 .0959 .2136 .3845 .5797 .7603 .8851 .9548 .9855 .9961 .9993 1.0000

6 IV 4,20 111 3,1 .0981 .2127 .3779 .5749 .7507 .8808 .9522 .9844 .9961 .9991 .9999
12 1 4 II 1,3 .0981 .2143 .3797 .5739 .7525 .8794 .9509 .9843 .9957 .9991 .9998
12 11 10 11 1,3 .0990 .2189 .3889 .5861 .7617 .8850 .9551 .9863 .9967 .9993 .9999

o 12 III 20 II 1,3 .0990 .2166 .3878 .5858 .7622 .8888 .9573 .9858 .9965 .9994 .9999
12 IV 4,20 11 1,3 .0991 .2138 .3851 .5831 .7594 .8833 .9542 .9854 .9962 .9993 .9999
12 IV 4,20 Ill 3,1 .0992 .2123 3813 .5779 .7586 .6848 .9545 .S857 .9956 .9990 .9998
18 I 4 || 1,3 .0980 .2142 .3818 .5774 .7587 .8846 .9539 .S855 .9964 .9993 .9999
18 11 10 11 1,3 .1055 .2210 .3893 .5874 .7632 .8882 .9568 .9859 .9964 .9994 .9999
18 III 20 || 1,3 .0963 .2128 .3837 .5837 .7605 .8868 .9573 .9866 .9962- .9993 .9999

18 IV 4,20 11 1,3 .1005 .2170 .3849 .5798 .7609 .8885 .9569 .9868 .9968 .9995 1.0000

16 IV 4,20 III 3,1 .0990 .2150 .3858 .5806 .7589 .8839 .9549 .9856 .9962 .9991 .9998

Figure 4.10 Power values for Satterthwaite procedure for .10 a level, unequal variances,

.
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i

i A- material diversion parameter
2

n f$ pattern a pattern 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

6 1 4 IV 1,2,3 .0990 .2122 .3756 .5672 .7446 .8747 .9497 .9843 .9952 .9988 .9998

6 11 10 IV 1,2,3 .1018 .2191 .3872 .5806 .7599 .8853 .9558 .9d60 .9963 .9992 .9999
6 Ill 20 IV 1,2,3 .0968 .2148 .3857 .5840 .7591 .8849 .9554 .9855 .9965 .9993 .9999

6 V 4,10,20 IV 1;2,3 .0999 .2151 .3834 .5802 .7569 .8853 .9545 .9855 .9962 .9991 .9998
1

6 V 4,10,20 V 3,2,1 .1008 .2165 .3816 .5742 7507 .8801- .9509 .9839 .9956 .9990 1.0000

12 1 4 IV 1,2,3 .1014 .2120 .3812 .5750 .7554 .8842 .9534 .9855 .9964 .9994 .9999
12 Il 10 IV 1,2,3 .1000 .2169 .3880 .5858 .7594 .8841 .9552 .9857 .9967 .9992 .9999

U 12 III 20 IV 1,2,3 .0999 .2171 .3886 .5866 .7614 .8867 .9555 .9857 .9967 .9991 1.0000'

12 V 4,10,20 IV 1,2,3 .0987 .2144 .3855 .5834 .7592 .8843 .9562 .9874 .9966 .9994 .9999
12 V 4,10,20 V 3,2,1 .0991 .2123 .3832 .5786 .7547 .8840 .9535 .9853 .9957 .9993 .9999
18 I 4 IV 1,2,3 .0989 .2141 .3841 .5811 .7557 .8834 .9544 .9857 .9964 .9994 .9999

i

| 18 11 10 IV 1,2,3 .0994 .2161 .3887 .5870 .7628 .8887 .9578 .9868 .9964 .9995 .9999
!

18 Ill 20 IV 1,2,3 .0996 .2150 .3881 .5857 .7632 .8873 .9574 .9869 .3967 .9992 .9998

18 V 4,10,20 IV 1,2,3 .1011 .2182 .3897 .5870 .7639 8883 .9571 .9862 .9967 .9995 1.0000
;

18 V 4,10,20 V 3,2,1 .0968 .2139 .3818 .5791 .7584 .8829 .9548 .9861 .9966 .9991 1.0000

!

!

!

Figure ~4.11 Power values for Satterthwaite procedure for .10 a level, unequal variances
'
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'I

A.- material diversion parameter '
.

2n f pattern or pattern 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0j

i 6 I 4 I EQUAL .0480 .1213 .2454 .4192 .6095 .7775 .8935 .9572 .9862 .99G7 .9995
6 11 10 I EDUAL .0492 .1237 .2534 .4376 .6335 .7992 .9101 .9677 .9904 .9980 .9997
6 Ill 20 1 EOUAL .0503 .1259 .2608 .4391 .6333 .8018 .9095 .9670 .9903 .9974 .9995
6 IV 4,20 i EQUAL .0520 .1236 .2517 .4281 .6203 .7838 .8994 .9610 .9878 .9973 .9995
6 V 4,10,20 I EQUAL .0505 .1252 .2559 .4323 .6252 .7888 .9018 .9629 .9887 .9974 .9995
12 1 4 I EOUAL .0481 .1209 .2487 .4294 .6206 .7863 .8997 .9614 .9880 .9970 .9995

| 12 II 10 I EQUAL .0495 .1247 .2556 .4371 .6344 .7981 .9065 .9662 .9893 .9973 .9995
S$ 12 III 20 I EQUAL .0505 .1253 .2611 .4406 .6338 .8009 .9118 .9679 .9907 .9978 .9996

'

12 IV 4,20 i EQUAL .0509 .1225 .2545 .4354 .6295 .7958 .9072 .9659 .9903 .9979 .9997
12 V 4,10,20 I EQUAL .0510 .1261 .2585 .4383 .6327 .7959 .9081 .9672 .9900 .9970 .9996
18 I 4 1 EQUAL .0491 .1226 .2505 .4300 .6262 .7944 .9058 .9652 .9893 .9975 .9996
18 II 10 I EQUAL .0503 .1245 .2541 .4367 .6319 .7981 .9081 .9667. .9903 .9976 .9995

18 III 20 I EQUAL .0483 .1253 .2604 .4447 .6381 .8041 .9117 .9675 .9905 .9980 .9995

18 IV 4,20 I EQUAL .0488 .1267 .2601 .4425 .6388 .8006 .9092 .9661 .9902 .9978 .9996

18 V 4,10,20 I EQUAL .0495 .1248 .2551 .4362 .6303 .7967 .9076 .9654 .9897 .9974 .9994

.

Figure 4.12 P0wer values for Satterthwaite procedure for .05 a level, equal variances
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A - material diversion parameter
n f pattern af pattern 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0j

'

6 1 4 IV 1,2,3 .0482 .1195 .2408 .4110 .6012 .7705 .8888 .9567 .9862 .9953 .9988
6 II 10 IV 1,2,3 .0511 .1266 .2583 .4360 .6251 .7942 .9076. .9649 .9890 .9973 .9994
6 III 20 IV 1,2,3 .0482 .1229 .2548 .4378 .6343 .7965 .9079 .9655 .9898 .9975 .9995
6 V 4,10,20 IV 1,2,3 .0b01 .1241 .2526 .4311 .6291 .7940 .9064 .9648 .9895 .9975 .9992
6 V 4,10,20 V 3.2,1 .0507 .1244 .2506 .4224 .6130 .7799 .8960 .9581 .9871 .9964 .9993
12 I 4 IV 1,2,3 .0503 .1235 .2491 .4253 .6192 .7887 .9034 .9630 .9886 .9974 .9995
12 11 10 IV 1,2,3 .0508 .1257 .2589 .4389 .6331 .7964 .9070 .9659 .9902 .9977 .9996

'

2d 12 III 20 IV 1,2,3 .0510 .1252 .2572 .4412 .6362 .7996 .9110 .9661 .3902 .9977 .9996
'

12 V 4,10,20 IV 1,2,3 .0500 .1243 .2550 .4368 .6363 .7978 .9078 .9671 .9909 .9976 .9995

12 V 4,10,20 V 3,2,1 .0490 .1223 .2509 .4289 .6207 .7910 .9044 .9629 .9886 .9969 .9995
18 I 4 IV 1,2,3 .0493 .1240 .2512 .4314 .6271 .7911 .9048 .9647 .9893 .9977 .9396

18 11 10 IV 1,2,3 .0487 .1244 .2572 .4393 .6349 .7997 .9120 .9681 .9907 .9976 .9997

18 III 20 IV 1,2,3 .0495 .1259 .2564 .4395 .6375 .8014 .9102 .9683 .9907 .9977 .9995

18 V 4,10,20 IV 1,2,3 .0483 .1268 .2592 .4424 .6368 .8G14 .9108 .9670 .9904 .9978 .9996

18 V 4,10,20 V 3,2,1 .0485 .1227 .2535 .4314 .6275 .7935 .9044 .9654 .9900 .9973 .9992

Figure 4.14 P0wer values for Satterthwaite procedure for .05 -a level, unequal variances
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5. CONCLUDING REMARKS

The test T3 given in Section 4.1 may be directly used to test n shipper-
receiver differences. In Section 5.1 we address the impact nf incorrectly~

applying the T assuming independent errors when a correlated structure
3

exists. Section 5.2 gives the information required for the T3 test when
the errors are independent, and Section 5.3 modifies this for correlated
errors. Section 5.4 addresses issues raised in a recent technical journ-

al. Extensions and further research are discussed in Section 5.5.
,

,

5.1 Correlated Error Structure

In Section 3 the max-min test was derived under general correlated error [
structure for the vector D_ of shipper receiver differences, i.e. : 4

D ~ N Q, C) .
n

If ejj represents the ijth element of C and assuming the error structure
presented in Section 2.3.1, we recall that e 2 0 for all ij as was

jj

pointed out in connection with equation (2.3.3).

The max-min test rejects the hypothesis of no diversion when

1 D.' ' >z,yy

(ij ij)/
.hE a *

'

If instead we ignore the correlation aspect and falsely assume that
4

e$j = 0 1/j then we would reject when

1 D
i i

> z1- a
(1 y

,

i 11
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Since ejj 2 0 for all ij implies

ID ID- i i >~
fE a \h

i
: \h'

(Ea11 ) (ij ij)1
-

:
l

; we see that the false assumption of zero correlation would lead to a high-
|'

er false alarm rate than indicated by a. How serious this increase in
. the false alarm rate is, depends directly on the relative discrepancy be-

fofjandtween j jj, i.e., onU

:

I Ujj - I ajj.

RD = id i
I e
ij ij

If RD is reasonably close to 0 not much harm is done 1.n assuming an un-
correlated error structure. If RD is significantly larger than 0 the

f alse assumption of uncorrelated errors will lead to a f alse alarm rate
I

considerably greater than that intended. This may diminish confidence in
the safeguards process. It should be noted that unidentified positive
correlations between container measurements within a single shipment will
create an identical problem for a SRD test on a single item, giving an
inflated false alarm rate.

5.2 Information Required, Independent Errors
.

The Satterthwaite test T may be directly implemented to test for special-3
nuclear material diversion. The test procedure developed in Section 4 for
independent errors is to reject the hypothesis of no material diversion or

loss H:1=0_when

ID j
T >t3= (I s )h f2 S, a

80
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Recall from 2.3 that D is the difference between the shipper and receiverj
reported values-

.

Dj=S$-R$ :.

The unknown variance af of Dis the sum of the variance of S$ and thej
variance of R , since S$ and R$ are independent$

1

" "S,i + "R,1"

In 4.1 we assumed that independent estimates sf of the e 2 are available.
If there are n shipments, we now assume that there are n pairs of esti- :1

2 2mates, u and v , with f and g degrees of freedom. Letj j

2 estimateef,ju

for i=1, ...,n
2v estimate & R,1

2 2These u and v are stil'1 assumed to be mutually independent. We assume
2

that f u / e 3, is a chi-squared variable with f degrees of freedom,j $
2with a similar result for v .

Thus the numerator of T is a sum over the n differences and the denomina-
3

tor involves a sum over 2n terms

II
T
3 = (I(u2 2))#y

In the analysis, the numerator has been treated as a univariate, with in-
2vestigation focusing on behavior of 'the test over ranges of the v , f andj

,
the number n of variance estimates. Thus our conclusions are still appli-
cable.

In order to apply the test procedure for a set of n shipments, we need:

81
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From the shipper

[ 1) S ,...,S - the - shipper reported values for the amount shipped1 n
for the n shipments

:

2 2
ii) u ,...,u - independent estimates of the variance of the n S

$

i such that f u /cr f,$ is approximately a chi-squared variable with
2

$

f degrees of freedom |$

.

iii) f ,...,f - the degrees of freedom associated with the estimates |t n
2

u i

From the receiver

1) R,...,R - the receiver reported values for the amount re-
1 n

ceived for the n shipments

2 2
11) v, ,,,,y - independent estimates of ,the variance of the n R

$2
such that g$v /<r $ is a chi-squared variable with g'$ degrees
of freedom

,

l

iii) 9 ,...,g - the degrees of freedom associated with the estimates !1 n
2

v I
l

5.3 Information Required, Correlated Errors

In Section 4 the max-min test for assumed known variances and uncorrelated 1

error structure for the shipper receiver differences D$ was modified to
'

allow for using estimates of the variances still retaining the uncorrelt.t-
-|

t ed error structure. It was shown that Satterthwaite's procedure gave tha j

most sitisfactory modification procedure of those that were examined.
i

!
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4

Here we wise, to point out that these results also have a direct bearing on
the more general case when the correlated error structure cannot be
ignored. Recall from Section 2.3 that the error covariance matrix C is.of f

the following form:

C = U diag (w ,,,,,g 2)U'
2 :

2 2+ V ~ diag ( A ,,,, A ,)y,

where U and V- are certain known structural matrices. Let U '1_ = a =

(a ....,a )' and V'1 = b = (b ,... b ,)' then
1 L i L

2 2) ,_l' C 1 = a' diag (w ,,,,,g
.

2 2+ b ' di ag ( A , , , , , 7 . ) b_

2 22 2+ b 3}ag=

2 2Thus if we have independent unbiased estimates w and 1 of the elemental
error variances (with known degrees of freedom) we may again estimate

l' C 1 by

2 2,7 2Ea2 ,2 + b g

2and approximate r by an appropriate multiple of a chi-squared variable.

with appropriate degrees of freedom, i.e, approximate

2 2
r by k 'x

s

such that E(r 2) = k f
s

and var (r 2) = k2 2f 's

which is nothing but Satterthwaite's procedure.

,
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2 2Assuming w _g x /f$ and 12,x2 2x jgj ,g

a

[I a ,22 2 2we have + Eb 1
< >

f .

,
Iaj wj/fg+ Ibfij/gg s

g

:

af ter having replaced w$, A by w$ and J$ respectively.$
-

The resulting modified max-min test rejects the hypothesis of no diversion
when

1i >tf',|:
; T s .

In order to apply the test procedure for n shipments we need the informa-
2 2 2 2tion specified in 5.2 with w and 1 replacing u and v and we must

specify the error structure matrices U and V.

5.4 Rejoinder

As pointed out previously the max-min theorem was derived independently by

Avenhaus and Jaech (1981) in a different context. Here we draw attention
to the discussion by Littell and Downing (1982) of Goldman et al. (1982).
There Littell and Downing, with reference to Avenhaus and Jaech (1981),
propose two tests as alternatives to the max-min S-test. One is based on
Fisher's method for combining P-values and the other is the likelihood
ratio test. Both these tests show remarkably little power loss against
the least f avorable scenario, but show much power . gain relative to the S-
test against block loss. This gain against block loss is to be viewed,
however, against the continuing practice of performing individual tests
for each shipper-receiver difference regardless of whether a cumulative
procedure is implemented or not.

.
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In defense of the S-test it should be pointed out that a correlated ~ error
structure poses no problems end due to the central limit theorem effect on

ID the false alarm rate as well as the power are reasonably robust toj
violations of the normality assumption for the error ' structure. Fisher's
method depends crucially on the independence and the normality assumption.

.

| The likelihood ratio test may be modified to account for correlations pos-
:

| ing, however, some fairly non-trivial computational problems, cf. Barlow

et al. (1972) Chapter 4, and it is not clear how it is affected by viola-
tions of the normality assumption.

5.5 Extensions and Further Research

So far the problem addressed and solved concerns shipper-receiver differ-
ences during a fixed window of n shipments. The size n of the window is a
matter of choice. A long window allows good detection power against a low
diversion rate over a larger period of time. A short window has the same
detection power only against .a more substantial diversion rate. However,

the advantage of a~ short window is the possibility of a more timely

response in case of an alarm. This suggests that the size n of the window
should not be fixed in advance but should be influenced by the prevailing
diversion rate. This points to a' dynamic or sequential view of the

problem and invites the use of ~ methods _in Sequential Analysis as developed
by Abraham Wald. For example, among all tests with the same bounds on the
false alarm rate and false no-alarm rate the sequential probability ratio
test (SPRT) has on average the shortest window length, see Ghosh -(1970).
The SPRT deals with the problem of testing a simple hypothesis against a
simple alternative and corresponds in spirit to-the Neyman-Pearson test in
the fixed window case.

One sequential approach to the SRO problem could exploit the above analogy
by trying to parallel the fixed window solution path. One complication is
that the power functions of SPRT's are not very tractable and one may need
to-use approximations instead.

/
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Another sequential approach could be based on the fact that the max-min
test for a fixed window of size n is based on the cumulative sum

n

1 0.C =
n 1-3,1

Cumulative sum tests whi'ch monitor successive sums C , n=1, 2, are...
n

described in Van Dobben de Bruyn (1968). There the variances of the SRD's
D are assumed to be homogeneous. Thus further work is needed to extendj
that methodology to the case of nonhomogeneous variances.

In any case it is advised to solve the problem as far as possible for the
case of known variances just as was done in the case of the fixed window.
The ' performance of any method wherein known variances are estimated by
sample variances should then be assessed through computer simulations.

.

O

t
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INTRODUCTION

The Monte Carlo Simulation program is an implementation of the mathemati-
cal model described in Section 2.3. Shipper-receiver system parameters ;

~

are input to the program. They are the following: )
!

a) The number of shipments n
2b) The true variance values e , ,,,, ,2

c) The degree of freedom values f , ..., f for the variance esti- Iy n
mates

d) The true material diversions 8 , ..., (versions of the program1 y

were also written with internally-supplied relative diversion A)

The user also specifies N, the number of samples to generate (simulation
replications) for estimating the desired probabilities. Input files are

discussed in A.3*.

1

The test statistic T is calculated for each simulated shipment scenario3
and the probability

P (T3>tX,a)

is estimated for each procedure (X = Satterthwaite, Banerjee, Cochran, or
Sum) by performing N simulation replications. The details are presented
in Section A.2.

4

Output files are described in Section A.4. Section A.5 contains source
listings. Section A.6 serves as a User's Guide.

p

i
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|

i

A.1 Program Description 'u f
e .

An overall description is given first, then. the #onte Carlo Simulation and j
"'" '

the output statistics are described.

| A list of the subprograms used is given in Figure A.l.

-

|

| Module Purpose '-

|
|

PROGRAM SRD. Main program. Contains the simulation loop
and writes simulation re'sults.

SUBROUTINE GETDAT Reads shipment scenarjo from TAPE 5.

FUNCTION CHISQR Generates chi-squared random variate for

even degrees of freedom. .

FUNCTION FRACDF Computes fractional ddgmes of freedom for-
Satterthwaite procedure.

SUBROUTINE COMPAR Compares test statistic to critical' values. I

, s. ;

FUNCTION RANFN Generates random variate from a normal'' dis-[''
tribution

' 7 ,
*- e

, .

f'' 4
,.

,
.

s ,
,

.,

'

L s, ,,

Figure A.1 Subprograms in SRD Programs xf
~

..
,

,

i
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N

h

A.1.1 OvehviewofProgramFlow

The function of the SRD programs is to perform repeated Monte Carlo simu-
lations (Figure A.2) for each input parameter case. The program reads the

,
number N of simulation replications and the shipment scenario.

-
4

K I

It then simulates N (measured) shipper-receiver difference scenarios.
Each simulated SRD consists of n measured differences

D ~ N(# ,M)) ' 'j $
t.

,.

and variance estimates /

*

2 ~ "2
-

i 2
Xs$ f, f

,

1 i

where n = the number of shipments, g = true diversion, g2 = measurement
variences, and f,= degrees of freedci for the variance estimates.

The test statistic is computed as

3 = ID /(Is )s
2T

4

. .

.and then compared to the critical value t of each test procedure. TheX,a
fraction of times T exceeds the critical value is then an unbiased esti-3

mate of the probability P(T3>tX,a)*
'

A.1.2 SRD Simulation _

i
'

To evalua?e the performance of the test statistic T each shipment sce-
3

L ' nario is repeatedly simulated (Figure A.3). The input to the simulation '

step conshts_of the control parameter (N '= number of replications) and
the scenario data (n number of shipments, y= true diversion,=

2 = measurement variances, and f_ = degrees of freedom for the varianceg

estimates). -

5

4
.

t s
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i

( STAAT )
1
;

't

/
ItEAD seed and

t(a.f)

! o

/
ItEAD Aun-

'

Parameterss

Perform
Repeated

stuulation
_

<

to

Compute

Iertistics
'

o

Writa
'

Itasults >

v

" Wt,

# Casefi

, ;

G
Yes1 ~ '

' '. ,

Write
Final Seed

wf
,

r
1

( sTor }'

.

' :
.
t

'

g Figure A.2 Monte Carlo Simulation of SRD

|
|
|

t
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M
2

no , f ,g

A=Ia/Q:aq )%2

o

Normalized Coefficients

*!
*1 * r, . zq
(t = 1, .... n) |

{o

z - M(o,1)
i
l

sf = c, * x2

1

(f=1....,n)

!

Z+AT=
$ {g )g

,

caseere 7 m3

*s,e*%,e' %,e' h.e

Yes
Repeat

N
.

i

|
.

Figure A.3 Monte Carlo Simulation Loop
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1

The program makes initial calculations for all repetitions and a loop of
random perturbations of the test scenario comparing the test statistic T3
to the critical values t X,a*

The following representation of the test statistic is used for reasons of
efficiency

| 10 i Originali T

3 = (Isf)S definition

2
IN(#j ,e )

{ c' Y
\ 1 . x ,2 >7
N Y

IFj + IN(0, a ) ,22

where e are normalized
I(la )(Icj xf )) b j=fj laf

=

coefficientsj

IMj/(Ia ) +N(0,1)
'

i,)*(Ici-

A + N(0,1)
where A=,

(Ec4x 2) yo

Using this equation, values of A cnd c = (c , ..., e ) are determined
i n

before entering the loop, and 1 normal variate and n chi-squared variates
are generated for each replication.

A-7
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|

The test statistic T is compared to the critical values (Subroutine3

COMPAR) which increments entries of the array NOVER(a -index, test index)
if T3 exceeds the relevant critical value ttest,m'

The output from the simulation step is the array NOVER of the number of

times the test statistic of a simulation exceeded the various critical
values.

A.1.3 Compare Test Statistic to Critical Values

Subroutine COMPAR is called each pass through the simulation loop. The

test statistic for the simulated shipment scenario is given as input, with
data necessary to calculate critical values for the test procedures. Out-
put from COMPAR is the array NOVER of the number of times the test statis-
tic exceeded the respective critical value (Figure A.4).

The critical values t tB,a, t C,a, A,a are defined in Section 4.2.3,,, t

The algorithms used to implement them are described in the following Sec-
tion A.2.

A.2 Algorithms and Functions

A.2.1 Critical Values for Procedures

The critical values for each procedure are defined in Section 4.2. The
algorithms used to implement them are described here.

Satterthwaite

The critical value for the Satterthwaite procedure is e. Student's t vari-
{ate with fractional degrees of freedom

A-8
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|
!

EXTER

with T3

|

Initial C41cuiations
,

f,SIMDF =
2Z (t(a,f ) + sg )SIMT(a) =

g
2 2

SINT2(a)= I (t ( ,,f ) , ,j )j
FDF = FRACDF

OLov = tror)
mim = [FoF) + 1
DELTA = FDF - OLov

-r

For a = .10. 05, .025, .01, .005
00

if T3 > t ,, , add 1 to NOVER (+ ,1)3

if T3 > t a , W 1 2 mm { , 2)s

if T > t ,a , add 1 to NOVER (. , 3)3 C '

if 7 > t ,, , add 1 to EvER (., 4)3 a

,

RETURN
with>

NOVE

Figure A.4 Subroutine COMPAR

i

i

A-9
|

. .. - - - _ _ _, . _ . .- - __



-- - _- - . -

FDF = (I s )2
2

Z(s /f )j

The value t(FDF,a ) is approximated by inverse interpolation using neigh-
,

boring integers

DLOW = INT (FDF)
DHIGH = DLOW + 1

,
.

l

and the array TCRIT(5,360) of input t-values. The approximation is as
follows:

TLOW = TCRIT (IALPHA, DLOW)

THIGH = TCRIT (IALPHA, DHIGH)

TDELTA = THIGH + DLOW + (DHIGH/FDF - 1) - (TLOW-THIGH)

1

If FDF exceeds the largest input degrees of freedom''360, TDELTA =

TCRIT(IALPHA, 360) is used.

Banerjee
;

The critical value for the Banerjee procedure is i

2 2
[ Z(t s)

. i.-. ,

2- '"
( Is )

This is calculated as follows:

t

t

A-10

|

| . . _ , _ _ _ _ , _ _ _ . - - - - -- - - - - - -- '- - ~ ~ ~ - ~ ~ ~ ~ ~



SUMT2 = 0

WHILE SHIPMENTS

DO

SUMT2 = SUMT2 + TCRIT(IALPHA,DF(I))**2 VAREST(I)

ENDD0
'

C2 = SQRT(SUMT2/TVARES)

Cochran

The critical value for the Cochran procedure is

2
Itf ,, s

tC, a " 233

This is implemented as follows:

SUMT = 0

WHILE SHIPMENTS

DO

SUMT = SUMT + TCRIT(IALPHA,DF(I)) * VAREST(I)

ENDD0

C3 = SUMT/TVARES

SUM

The' critical value for the Sum procedure is

f, ,, where f = I fgt

This is implemanted as follows:

i

A-11
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ISUMDF = 0

WHILE SHIPMENTS

DO,

'

ISUMDF = ISUMDF + DF(10 HIP)
ENDD0

ISUMDF = MIN (ISUMDF, 360)

C4 = TCRIT(IALPHA, ISUMDF)
"

1

A.2.2 Function CHISQR Given f g
2Yields x l

,
i

2Generates a x random deviate with even degrees of freedom fj using RANF
| 1
i to supply a U(0,1) variable,

f iMethod: Step 1 x3 - U(0,1) ,j=1, ..., y-

f /2
3'

Step 2 P= x
3

Step 3 x = -2 * In P

= -2 * 11nx
3

This is implemented as follows:
*

|

N = INT ( DEGFR / 2)
| PRODX = 1.0

| D0 100 I = 1, N

PRODX = PRODX * ( RANF() )

|- 100 CONTINUE

CHISQR = -2.0 * ALOG ( PRODX )

A-12
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1

A.2.3 Function FRACDF_ Given k, f4 (i=1,...,k),
2 2
s (i=1,...k),1s

Yields FDF

Uses the Satterthwaite formula
4

FDF=(Isf)2 j (y )
,

!
| Function FRACDF is entered with

NSHIP = n

DF(NSHIP) = f_
2

VAREST(NSHIP) =.s
2TVARES = I s

and returns FRACDF calculated by

SUMD = 0.0

00 100 ISHIP = 1, NSHIP

SUMD = SUMD + VAREST(ISHIP)*VAREST(ISHIP) / DF(ISHIP)

100 CONTINUE
|

FRACDF = TVARES * TVARES / SUMD

A.2.4 Random Number Generators

The subprograms RANF, RANGET and RANSET are vendor supplied. The source

code for RANFN is given here and included in the program.

RANF, RANFN, RANGET. RANSET - Random Number Generators

L PURPOSE RANF and RANFN generate sequences of, respectively,
uniformly and normally distributed random REAL num-
bers. RANGET and RANSET get and set the seed upon

which the random number sequences depend.

A-13
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METHOD RANF uses the multiplicative congruential method to
generate a sequence of uniformly distributed random
numbers contained in the open interval (0,1). The

sequence depends on two numbers re trred to as the
multiplier and the seed. The multiplier, which is
fixed and equal to 1207264271730565 (octal), has been
shown to have good statistical properties. RANF has

a built-in initial seed or subroutine RANSET can be
used to establish a seed. Each reference.to function
RANF yields the next number in the sequence and up-
dates the seed. RANF is vendor supplied and is im-
plemented with in-line code under FTN5.

RANFN uses RANF and the ratio of uniforms method,
Kinderman and Monahan (1977), to generate a sequence-
of normally distributed random numbers with mean 0
and variance 1. Since RANFN uses RANF, - the output
from RANFN depends on the seed used by ..aNF and on
whether RANF is used independently. Each reference
to function RANFN yields the next number in the se-
quence.

Function RANF - Generate Uniformly Distributed Random Numbers

USAGE RU = RANF()
00TPUT' RU Next random number of the uniformly distributed

sequence. O <~RU < 1.

Function RANFN - Generate Normally Distributed Random Numbers
'
,

-

USAGE RN = RANFN()
OUTPUT RN Next random number of the normally distributed

sequence.

A-14
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SOURCE CODE:
!

REAL FUNCTION RANFN()

C RANFN RETURNS A NORMAL (GAUSSIAN) RAND 0M VARIABLE |

C WITH MEAN = 0 AND STANDARD DEVIATION = 1

C

C THIS IS THE FTN5 VERSION. THE UNDERLYING

C UNIFORM GENERATOR IS RANF (VENDOR SUPPLIED).

C

! C REFERENCE - KINDERMAN AND MONAHAN, ACM T0MS

VOL. 3, NO. 3 (1977) PP. 257-260

C

C

10 U = RANF()

X = ( 1.7156*RANF() .8578 )/U

IF( X*X .GT. -4.*ALOG(U) )GO TO 10
RANFN = X

RETURN

END

Subroutine RANGET - Get Current RANF Seed

'

USAGE CALL RANGET (ISEED)

OUTPUT ISEED Current seed which will be used by RANF to
generate the next number in the uniform se-
quence. This value may be saved and later
reset, using RANSET, to restart or continue a
sequence.

Subroutine RANSET - Set RANF Seed

USAGE CALL RANSET (ISEED)

INPUT ISEED Quantity to become the new seed for RANF.
ISEED should be either an odd integer in the

48
| range 1 to 2 -1 or a value previously ob-

1

A-15
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tained using RANGET. If ISEED is not odd,
RANSET will force an odd value by adding 1.

48If ISEED is greater than 2 -1, the excess
high order bits are ignored.

|

A.3 INPUT FILES

1The input file of run parameters for SRD, the file with the seed for RANF
and the file of critical values of the t-distribution are described.

|

A.3.1 Run Parameters with User-Specified Diversion

This file contains the simulation data for SRD including the number of
simulation replications desired for statistical calculations and the
shipment scenarios. Several cases may be input together by -listing the
rtn parameters sequentially.

The following format is required for each case:

Line Data Constraints Format ;
11. N = number of replications 0 < N < 100000 15

of simulation run

2. n = number of shipments 0 < n $50 15

3. M, i=1, ..., n 10.F8.dj
= diversion of each

shipment continued on.

subsequent
lines if

.

n > 10.

-4 + '!! - or2 2i=1, ..., n 0 5 a$ same as abovej,
.10 = variance of each ,.

shipment i.

. |

j , 'IU. j = degrees of freedom
2n' f, i=1,...,n 25 f 5360 same as above

.

j
of each shipment

A -16
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A.3.2 Seed for Random Deviate Generator RANF

This file contains 1 number on line 1.. It is used by Subroutine RANSET to

become the initial seed for RANF. It should be an odd integer in the

48range 1 to 2 -1 (if it is even, RANSET will add 1; if it is greater than
48

2 -1, the excess high order bits are ignored).

The format is as follows:

line 1 ISEED 2X,I18

See Section A.2.4 for discussion of Subroutines RANGET and RANSET.

A.3.3 Table of Critical Values for the t-distribution.
;

The values t(a ,f) for one-tailed a values a = .10, .05, .025, .01, .005
and for degrees of freedom f = 1, 2, 3,..., 360 are included in this file.

The format expected for this file is

line
1 t( a ,f ), a = .10, .05, . . . . 005 SX,5F10.5

f=1

2 t( a ,f), a =.10, .05, . . . . 005 SX,5F10.5

f=2
.

, .

..

..

360 t( a ,f ) , a =.10, .05, . . . . 005 5X,5F10.5

f=360
i

The values used were computed using BCSLIB Subroutine HSPIT.

|
'
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A.4 Output Files

Program output consists of. simulation results and the final. seed for the
random deviate generator RANF.

A.4~1 Simulation Results.

For each input case 1 page of output is written. First is a' header con- l

taining the run parameters. The estimated probability of the test statis-
tic exceeding the critical value for each of the four procedures is listed-

| next. For each procedure (Satterthwaite, Banerjee, Cochran, Sum) values
'

are given for five values ( .10, .05, .025, .01, .005). An example of
the output is given in Figure A.7.

Also the initial seed for RANF is written on a first page and the final
| seed is written on a last page. The final seed is returned to the program

through Subroutine RANGET. It may be used as the initial seed of a'subse-
quent simulation run. Section A.2.4 discusses Subroutines RANGET and
RANSET.

'A.4.2 Seed for Random Deviate Generaton RANF,

The input file giving the initial seed (Section A.2.3) is rewound and theI

'

final seed is written in the same 2X, I18 format.

The file may be used to input the seed to a subsequent simulation run
(Section A.3.3).

A.5 Source Listings
!
-

A copy of the source code for SRD program and the interactive input pro-
.

t

{' gram are included. They all follow ANSI FORTRAN 77 standard (X3.9-1978)
except for the PROGRAM card which is a CDC feature.

i

|
i
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PROGRAM SRDIN ( INPUT, OUTPUT, TAPE 1, TAPE 5sINPUT, TAPE 6=0UTPUT 1

C PURPOSE: INTERACTIVE PROGRAM TO GET DATA FOR PROGRAM SRD
C PUTS DATA ON TAPE 1

INTEGER NRUNS
INTEGER NSHIPi ISHIP
REAL MEAN(50)

l REAL VAR (50)
| CHARACTERS 2 ANS, RESP
; INTEGER DF(50)

INTEGER MAXDF

ANS = 'N0'
MAXDF = 360
ICASE = 0

C READ NUMBER OF RUNS
10 CONTINUE

PRINT s, * --- CASE ', ICASE+1, -- '*

PRINT s, ' ENTER NUMBER OF SIMULATION RUNS DESIRED *
READ (5,*,EN0=900) NRUNS
IF ( NRUNS .LE. 0 ) THEN

PRINT s, ' NUMBER OF RUNS MUST BE GREATER THAN O'
GO TO 10

EN0!F

20 CONTINUE-
PRINT s, ' ENTER NUMBER OF SHIPMENTS - 1 TO 50' r,

READ s, NSHIP s
IF ( NSHIP .LT. 1 . OR. NSH I P . GT . 50 ) THEN t

PRINT s, ' NUMBER OF SHIPMENTS NSHIP,,

I MUST BE BETWEEN 1 AND 50''

GO TO 20
EN0lF

i C READ SHIPMENT S-R DIFFERENCES
| 30 CONTINUE

PRINT s, ' ENTER S-R DIFFERENCES OF ', NSHIP, * SHIPMENTS'
READ 8, (MEAN(ISHIP), ISHIP=1,NSHIP )

C READ SHIPMENT VARIANCES
40 CONTINUE'

| PRINT u, ' ENTER VARIANCES OF NSHIP, * SHIPMENTS *,

READ s, ( VAR (ISHIP), ISHIP=1, NSHIP 1'

| Do 300 ISHIP = 1, NSHIP
IF ( VAR (ISHIP) .LT. 0.0 ) THEN'

[ PRINT s, ' VARIANCE *, VARCISHIP), * OF SH I PMENT ' , ISHIP,
1 ' MUST BE NON-NEGATIVE''

GO TO 40
,

ENDIF'

300 CONTINUE
>

I C READ DEGREES OF FREEDOM OF SHIPMENTS
"O CONTINUE

PRINT =, ' ENTER DEGREES OF FREEDOM OF NSHIP, ' SHIPMENTS',

|

.
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PEAD =, ( DF(ISHIP), ISHIP=1,NSHIP )
DO 400 ISHIP = 1, NSHIP

IF ( DF(ISHIP).LT.2 .OR. DF(ISHIP).GT.MAXDF ) THEN
PRINT m, 'DEG OF FREEDOM ', DF(ISHIP), OF SHIPMENT

1 ISHIP, MUST BE BETWEEN 2 AND , MAXOF*

GO TO 50
ENDIF
IF ( DF(ISHIP) .NE. (DF(ISHIP)/2)=2 1 THEN !

PRINT s, 'DEG OF FREEDOM , DF(ISHIP), OF SHIPMENT |
1 !$ HIP, MUST BE EVEN*

GO TO 50
ENDIF

400 CONTINUE

C WRITE TO TAPE 1
WRITE (1,1010) NRUNS

1010 FORMAT ( 15 )

WRITE (1,1010) NSHIP

WRITE (1,1030) ( MEAN(ISHIP), ISHIP=1, NSHIP 1
1030 FORMAT ( 10 F8.4 )

WRITE (1,1040) ( VAR (ISHIP), ISHIP=1, NSHIP )
1040 FORMAT ( 10 F8.4 )

WRITE (1,1050) ( DF(ISHIP), ISHIP=1,NSHIP 1
1050 FORMAT ( 10 18 )
C UPDATE CASE NUMBER AND CONTINUE INPUT

ICASE = ICASE + 1
PRINT s, 'D0 YOU WISH TO CONTINUE INPUTTING DATA 7'
PRINT s, ( NO OR CR TO TERMINATE 1'*

READ (5,1060,EN0=900) RESP
1060 FORMAT (A2)

IF( RESP .EO. ANS ) GO TO 900
GO TO 10

900 CONTINUE
PRINT s, ICASE,' PARAMETER CASES ENTERED'

RETURN
END

I
i

|
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PROGRAM SRD ( INPUT, OUTPUT, TAPE 1, TAPE 2,
1 TAPE 5= INPUT, TAPE 6= OUTPUT )

C INPUT
INTEGER NRUNS, IRUN
INTEGER NSHIP, ISHIP
REAL 11EAN( 50)
REAL VAR (50)

| INTEGER DF(50)
| REAL TCRIT(5,360)

INTEGER ISEED

C INTERMEDIATE CALCULATIONS
REAL TMEAN
REAL TVAR
REAL LAMSDA
REAL COEFF(50)
REAL Z
REAL VAREST(50)
REAL TVARES
REAL TESTST

C NUMBER OVER CRITICAL VALUE
C 5 ALPHA VALUES, 4 TESTS *

INTEGER NOVER(5,4)
REAL POVER(5,4)

CHARACTER *18 TSTNAM(4)

C 5 ALPHA VALUES
INTEGER NALPHA
REAL ALPHA (5)
INTEGER MAXDF
DATA ALPHA /.1, .05, .025, .01, .005 /
DATA NALPHA /5/
DATA MAXDF /360/

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
l C BEGIN EXECUTABLE CODE

TSTNAM(1) = 'SATTERTHWAITE'
TSTNAM(2) = 'BANERJEE'
TSTNAM(3) = 'COCHRAN*
TSTNAM(4) = ' SUM OF DEC. FREEDOM'

CCCCCCCCCCCCCCCCCCCCCCCCCCCCIECCC
C READ SEED FOR RANF FROM TA,-22

READ (2,2000) ISEED
2000 FORMAT ( 120 )

CALL RANSET ( ISEED 1
WRITE (6,6010) ISEED

,

6010 FORMAT ( *0 SEED FOR RANF = I 20 )*
,

|

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
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C READ CRITICAL VALUES OF T-DIST FROM TAPE 1

E 1 1020 RIT( I, IDF ), !=1,NALPHA) ). 1020 FORMAT ( 5X, 5 F10.5 )
20 CONTINUE j

C READ INPUT DATA GIVING MAXDF
EOF = 0

1 CONTINUE
CALL GETDAT ( NRUNS, NSHIP, MEAN, VAR, DF, MAXDF, EOF )
IFC EOF .NE. 0 ) GO TO 900
WRITE (6,6000)

6000 FORMAT (IH1, ' SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC * / )
PRINT s, ' NW1BER OF RUNS = ' , NRUNS >

PRINT =, ' NUMBER OF SHIPMEh7S = NSHIP*
,

PRINT s, 'MEANC.) =' (MEAN(ISHIP), 13 HIP =1.NSHIP),

PRINT s, ' VARIANCES = ', (VARCISHIP), ISHIP=1,NSHIP)
PRINT m, 'DF(.) = * , (DF(ISHIP), ISHIP=1,NSHIP)
PRINT s, ' ALPHA (.) = ' , (ALPHA (I),I=1,NALPHA)

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
C NORMALIZE

TMEAN = 0.
TVAR = 0.

DeJ 100 ISHIP = 1, NSHIP
; TMEAN = TMEAN + MEANCISHIP)

TVAR = TVAR + VAR (ISHIP)
100 CONTINUE

LAMBDA = TMEAN / SORT (TVAR)
00 110 ISHIP = 1, NSHIP

COEFF(ISHIP) = VAR (ISHIP) / ( DF(ISHIP)=TVAR )
110 CONTINUE

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
C PERFORM NRUNS SIMULATIONS
C
C INITIALIZE NOVER( .) = 0

00 120 I = 1, NALPHA
DC 120 J = 1, 4

NOVER(I,J) 0=

120 CONTINUE
D0 200 iRUN = 1, NRUNS

C GENERATE N(0,1)
Z = RANFNC)

C VARIANCE ESTIMATE (VAR)=(CHISOR)/(DEG.FF.EEDOM)
C NORMALIZED BY DIVIDING SY SUM (VARIANCES)

TVARES = 0.
DC 210 ISHIP = 1, NSHIP

A-22
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!

VAREST(ISHIP) = CCEFF(ISHIP) * CHISQR(DF(ISHIP))
TVARES = TVARES + VAREST(ISHIP)

210 CONTINUE

C TEST STATISTIC
TESTST = ( Z + LAMBDA ) / SQRT(TVARES)

CALL COMPAR ( TESTST, NSHIP, DF, VAREST, TVARES,
l 1 TCRIT, NALPHA, MAXDF,

| 2 NOVER )

200 CONTINUE
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

C CALCULATE RESULTS
1, NALPHADo 300 1 =

00 300 J = 1, 4
POVER(I,J) FLOAT (NOVER(1,J)) / FLOAT (NRUNS)=

300 CONTINUE

DO 400 ITEST = 1, 4
WRITE (6,6400) ITEST, TSTNAM(ITEST)

6400 FORMAT (*0 PROCEDURE *,12, 5X,A18 )
WRITE (6,6410) (I, ALPHA (!), POVER(I,lTTST), !=1,NALPHA)

6410 FORMAT (1H , 10X, ' ALPHA', 10X, ' PROB. OF EXCEEDING'
I /, 11X, ' LEVEL', 10X, ' CRITICAL VALUE'
2 /, ( 6X, 12, 2X, F6.4, 15X, F6.4 ) )*

400 CONTINUE
GO TO 1

CCCCCCCCCCCCCCCCOCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
900 CONTINUE

C WRITE FINAL ISEED FOR RANF ON TAPE 2
CALL RANGET ( ISEED )

REWIND 2
WRITE ( 2,2000 ) ISEED
WRITE ( 6,6010 ) ISEED

STOP
END
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SUBROUTINE GETDAT ( NRUNS, NSHIP, MEAN, VAR, DF, MAXDF, EOF )

C PURPOSE. READS INPUT DATA FROM UNIT 5 l

C INPUT !
INTEGER MAXDF

C READS
INTEGER NRUNS
INTEGER NSHIP, ISHIP
REAL -MEAN(50)
REAL VAR (50)
INTEGER DF(50)

INTEGEN ERRFLG
|.

!

ERRFLG = 0
C READ NUMBER OF RUNS

READ (5,5100,END=800) NRUNS.

5100 FORMAT (l5)
IF ( NRUNS .LT. 0 ) THEN

PRINT s, 'NLMBER OF RUNS ' , NRUNS, * MUST RE GREATER THAN O'
ERRFLG = 1

ENDIF

READ (5,5200,END=900) NSHIP
5200 FORMAT (l5)

IF ( NSHIP .LT. 1 .OR. NSHIP .GT. 50 ) THEN
PRINT a, ' NLMBER OF SH I PMENTS ' , NSH I P,

1 'MUST RE BETWEEN 1 AND 50'
ERRFLG = 1

ENDIF

READ (5,5300) ( MEAN(ISHIP), ISHIP=1, NSHIP )
5300 FORMAT (10 F8.0)

REA0(5,'5300) ( VAR (ISHIP), ISHIP=1, NSHIP 1
00 300 ISHIP = 1, NSHIP

IF ( VAR (ISH!P) .LT. 0.0 ) THEN
PRINT u, ' VARIANCE ', VAR (ISHIP), * OF SHIPMENT *, ISHIP,

1 MUST BE NON-NEGATIVE **

ERRFLG = 1
ENDIF

300 CONTINUE

READ (5,5400) ( DF(ISHIP), ISHIP=1,NSHIP 1
5400 FORMAT (1018) |D0 400 ISHIP = 1 NSHIP

|IF ( DF(ISHIP).LT.2 .OR. DF(! SHIP).GT.MAXDF ) THEN
PRINT s, 'DEG OF FREEDOM *, DF(ISHIP), OF SHIPMENT *,*

1 ISHIP, * MUST BE BETWEEN 2 AND ', MAXDF;

ERRFLG = 1
ENDIF
IF ( DF(ISHIP) .NE. (DF'ISHIP)/2)=2 ) THEN

PRINT s, 'DEG OF FREEDOM ', DF(ISHIP), OF SHIPMENT ",*

1 ISHIP, * MUST BE EVEN * {
ERRFLG = 1
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EN0lF
400 CONTINUE

IF ( ERRFLG .EQ. 0) GO TO 910
C IF ERRFLG = 1

PRINT s, ' INPUT ERROR - STOPPING *
| STOP ' INPUT ERROR *
l C END-OF-FILE ENCOUNTERED

800 CONTINUE
WRITE (6,6800)

, 6800 FORMAT (*1ENO OF FILE ON INPUT FILE - LAST CASE *)
l EOF = 1

G0 TC 910
900 CONTINUE

PRINT s, 'END-OF-FILE ON INPUT FILE - STOPPING'
STOP ' INPUT ERROR *

910 CONTINUE
RETURN
END

.

eL

4
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FUNCTION CHISQR ( DEGFR )

C GENERATE RANDOM VARIABLE FROM CHI SQUARED DISTRIBUTION
C WITH EVEN DEGREES OF FREEDOM DF = 2=N

C METHOD X(.) DISTRIBUTED U(0,1)
C -LN(X(.)) DISTRIBUTED GAMMA (1,1)
C -SUM (LN(X(.))) DISTRIBUTED GAMMA (N,1)
C -2= SUM (LN(X(.))). DISTRIBUTED GAMMA (N,2)=CHISQR(DF=2=N)

C INPUT
INTEGER DEGFR

INTEGER N, I

REAL. PRODX

N = INT ( DEGFR / 2 )

PRODX = 1.0
Do 100 1 = 1, N

PRODX = PRODX = ( RANF() )
100 CONTINUE

CHISOR = -2.0 m ALOG ( PRODX )
,

RETURN
|END
j

'
\

;
,

|

.

|
|

|

|

1

,

.

d

W
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FUNCTION FRACDF ( NSHIP, DF, VAREST, TVARES 1

C INPUT
INTEGER NSHIP, ISHIP
INTEGER DF(NSHIP)
REAL VAREST(NSHIP)
REAL TVARES

,

C INTERMEDIATE VALUES
l REAL SUND

C CUTPUT
REAL FRACDF

SUND = 0.0
DC 100 ISHIP = 1, NSHIP

SUMD = SLA10 + VAREST(ISHIP)sVA. REST (ISHIP) '/ DF(ISHIP)
100 CONTINUE

FRACDF = TVARES = TVARES / SUMD

RETURN
END

1

1

#

e
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SUBROUTINE COMPAR ( TESTST, NSHIP, DF, VAREST, TVARES,
1 TCRIT, NALPHA, MAXDF,
2 NOVER )

IC COMPARE TEST STATISTIC TO T VALUE
IC 4 PROCEDURES

C 1. SATTERTHWAITE
C 2. BANERJEE
C 3. COCHRAN

IC 4. TOTAL DEGREES OF FREEDOM = SUM ( DF(.) )

C INPUT
REAL TESTST
INTEGER NSHIP',

INTEGER DF(NSHIP)
REAL VAREST( NSHI P)
REAL TVARES
REAL TCRIT(NALPHA,MAXDF)
INTEGER NALPHA
INTEGER MAXDF

C INTERMEDIATE VALUES l
REAL FDF l

INTEGER DLOW, DHIGH |
REAL DELTA
REAL TLOW, THIGH
REAL TDELTA
REAL SUMT(5)
REAL SUMT2(5)
REAL SUMVr

REAL SUNOF
REAL C2, C3, C4

C OUTPUT
INTEGER NOVER(NALPHA,4)

INTEGER I

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
C INITIAL CALCULATIONS FOR ALL 4

SUMDF = 0.
DO 10 IALPHA = 1, NALPHA

SUMT(IALPHA) = 0.
SUMT2(IALPHA) = 0.

10 CONTINUE
DO 20 ISHIP = 1, NSHIP

SUNDF = SUMDF + OF(ISHIP)
DO 30 IALPHA = 1, NALPHA

SUMT(IALPHA) +SUMT(IALPHA) =
1 TCRIT(IALPHA,DF(ISHIP)) = VAREST(ISHIP)

SUMT2(IALPHA)SUMT2(IALPHA) = +

1 TCRIT(IALPHA,DF(ISHIP))==2 = VAREST(! SHIP)
30 CONTINUE
20 CONTINUE
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IF ( SUNDF .GT. MAXDF ) SUMDF = MAXDF

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
C FOR 1. SATTERTHWAITE

FDF = FRACDF ( NSHIP, DF, VAREST, TVARES )
DLOW = INT ( FDF )
DHIGH = DLOW + 1

! DELTA = FDF - DLOW
l

| CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
i C 4 PROCEDURES FOR EACH ALPHA VALUE

C
DC 100 1 = 1, NALPHA

C 1. SATTERTHWAITE,

IF ( DLOW .LT. MAXDF ) THEN
; TLOW = TCRIT( I, DLOW )

THIGH = TCRIT( I, DHIGH )
TDELTA = THIGH + DLOW = ( (DHIGH/FDF) 1 )-

( TLOW - THIGH )1 =

ELSE*

TDELTA = TCRIT ( I, MAXDF )
ENDIF
IF ( TESTST .GT. TDELTA ) NOVER( I, 1 ) = NOVER( I, 1 ) + 1

C 2. BANERJEE
C2 = SQRT( SUMT2(1) / TVARES )

= NOVERC I, 2 ) +1IF ( TESTST .GT. C2 ) NOVERC I, 2 )

C 3. COCHRAN
C3 = SUMT(I) / TVARES

NOVER(1,31 +1IF ( TESTST .GT. C3 ) NOVER( I, 3) =

C 4. TOTAL DF
C4 = TCRIT( I, SUMDF )
IF (-TESTST .GT. C4 ) NOVER( I, 4) = NOVER(I,4) +1

100 CONTINUE
i

RETURN
END

.

| *
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REAL FUNCTION RANFN()
C RANFN RETURNS A NORMAL (GAUSSIAN) RANDOM VARIABLE
C WITH MEAN = 0 AND STANDARD DEVIATION = 1
C
C THIS IS THE FTN5 VERSION. THE UNDERI.YING
C UNIFORM GENERATOR IS RANF (VENDOR SUPPLIED).
C
C NEFERENCE - KIN 0ERMAN AND McMAHAN,' ACM TOMS i
C VOL.3, NO.3 (1977) PP.2$7-260
C

10 U = RANFC)
|X=( 1.7156sRANF() .8578 1/U- '

IF( XsX .GT. -4.sALOG(U) 3GO TO 10
RANFN = X
RETURN
END
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A.6 User's Guide
//>,,

a

The shipper-receiver difference (SRD) program utilizes three files-for in ' )

put. These files' names and associated contents are: TAPE 1 -: table of
critical values for' the t-distribution, TAPE 2 - seed for the random devi-

,

'

' ate generator, TAPES - run parameters. The"first two files are generated
'

once' and 'used for subsequent executions of .the SRD program.- The.last file
is built by the user through the interactive input program (SRDIN).

't.g

l Building the run parameter file .through -SRDIN and subsequent execution of
- a

the SRD program'is accomplished by usjng the ' job control procedure file 4

RUN which should be resident on the Isers account in the direct ~ access
file PROCFIL. This procedure performs three functions ~which are:'

~

1) Output description header
_

2) Execute program SRDIN
4

3) Build file SRDRUN which contains the job control language neces-'

;

sary to execute the SRD program for the user specified input.

.

!N (See Figure A.6 for a copy of procedure 2UN.) This procedure is. executed
,

3 1 at the interactihe level via the command BEGIN,RUN. Following is an
( example of a terminal session during which the procedure RUN is used to

build the procedure file SRDRUN which contains the necessary job control
language and run parameters input to execute via batch the SRD program for
two run parameter cases. User input is preceeded by either N > or I > .

T

I In the following example a user is intesested in evaluating a specified
scenario of five shipments. A f alse alarm rat'e of 5%, alpha = .05, is to
be evaluated. For Case 1 the error variances for the five shipper-

'

receiver differences are .80, .40, .40, .40 and .40. The estimates of
these variances have 4,10,10,10 and 10 degrees of freedom. The analyst-

! wants to know what is the probability that the shipper-receiver test T
3
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will co'rrectly identify a material loss ,of 3.0 units? The user must
input five S-R differences ilhich total 3.0. The size and order do not

, r

affect the test since T ,K a ',USUM test. Thus in Case 1, the problem has
S

been specified with'all:the material diverted from shipment one.
,

'

\
Usually there will be a shipper error and an independent receiver er:or

which make up the error for' 0.j. There will also be separate independent
estimates for the shipper and , receiver error variances (see 5.2), each

,

with an associated degrees of freedom. ,'In Case 2 the user evaluates the

same scenario as Case 1 except the , variances for Dj are divided equally
into a shipper and a receiver term. fote the user must specify ten ship-
ments in order to input the ten variance terms.
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EXAMPLE:

N>BEGIN,RUN i

12.27.24. PROCEDURE RUN ON FILE PROCFIL.

PROGRAM TO ANALYZE POWER OF CUSUM SHIPPER-RECEIVER TEST FOR
SPECIFIED SCENARIO

ENTER RUN PARAMETERS FOR SIMULATION (NUMBER OF SIMULATION
|

RUNS, NUMBER OF SHIPMENTS, SHIPPER-RECEIVER DIFFERENCES,
VARIANCES AND DEGREES OF FREEDOM)
ENTER PARAMETER VALUES SEPARATED BY BLANKS OR C0fetAS

i REPEATED VALUES MAY BE ENTERED AS INTEGER *VALUE

--- CASE 1 ---
ENTER NUMBER OF SIMULATION RUNS DESIRED

I>10000
ENTER NllMBER OF SHIPMENTS - 1 TO 50

I>5
ENTER S-R DIFFERENCES OF 5 SHIPMENTS (0$ Difference $ 999.999,

Difference less than .0001 truncated to 0)I>3.0 4*0 *=

ENTER VARIANCES OF 5 SHIPMENTS
I> .8 4*.4 - (.D001 5 Variance $ 999.9999)
ENTER DEGREES OF FREEDOM 0F 5 SHIPMENTS

I>4 4*10 * - (2 $ DOF $ 99,999,999, OOF even only)
DO YOU WISH TO CONTINUE INPUTTING DATA?

( NO OR CR TO TERMINATE )
I>YES

--- CASE 2 ---
ENTER NUMBER OF SIMULATI0i1 RUNS DESIRED

I>10000
ENTER NUMBER OF SHIPMENTS - 1 TO 50

I>10
ENTER S-R DIFFERENCES OF 10 SHIPMENTS
I>3.0 9*0;

ENTER VARIANCES OF 10 SHIPMENTS
I>.2*.4 S*.2.

EHTER DEGREES OF FREEDOM 0F 10 SHIPMENTS
I>2*4 0*10
00 YOU WISH TO CONTINUE INPUTTING DATA?

( NO OR CR TO TERMINATE )
I>NO

2 PARAMETER CASES ENTERED
12.28.59. TO SUBMIT RUN ENTER ROUTE,SRDRUN,DC=TN,UN=XXXX

Figure A.5 Input Example

A-33

_.



r

. PROC.RUN,PRI=P06,00T=S"00VT. e
TYPE. PROCEDURE RUN ON hlE PROCFIL.
RETURN, TAPEl.
IF(.NOT. FILE (SRDIN18.LO))GET,SRDIN18. -

(SRDIN BINARY FILE)
COPY,INDAT,00TPUT.
SRDIN1B, INPUT,0VTPUT,TAPEl,
REWIND,TAPEl.
PACK,TAPEl.
*

'

REWIND,SRDRUN.
iCOPY,COM,SRDRUN.
1

COPY,TAPEl,SRDRUN.
TYPE. TO SUBMIT RUN ENTER ROUTE,SRDRUN,0C=IN,0N=XXXXXX.
. DATA,INDAT.

!

PROGRAM TO ANALYZE POWER OF CUSUM SHIPPER-RECEIVER TEST FOR
SPECIFIED SCENARIO

ENTER RUN PARAMETERS FOR SIMULATION (NUMBER OF SIMULATION
RUNS, NUMBER OF SHIPMENTS, SHIPPER-RECEIVER DIFFERENCES,
VARIANCES AND DEGREES OF FREEDOM)
ENTER PARAMETER VALUES SEPARATED BY BLANKS OR COMMAS
REPEATED VALUES MAY BE ENTERED AS INTEGER *VALUE

. EOR

. DATA,COM.
SRDRUN,CM77000,T120,PRI.
USER, ACCOUNT, PASSWORD.

* SHIPPER-RECEIVER DIFFERENCE
*

GET.SRDlB.
~

(SRD BINARY FILE)GET,TVALDAT. CRITICAL VALUES OF T DIST.
* 5 ALPHA VALUES, 360 DF
GET,SRDSEED. SEED FOR FUNCTION RANF

MAP =0FF.
SRDlB, INPUT,0VT,TVALDATA,SRDSEED.

.

EXIT,U.
REPLACE,00T.
COPY,0VT,00TPUT.

;

REPLACE,SRDSEED. NEW SEED

*EXIT,U.
|DAYFILE,SRDDAY.

REPLACE,SRDDAY.

Figure A.6 Procedure Run

i
'

A-34 j

. - - _ _ _ _ _ _ _



Following is a listing of the file SRDRUN built through the use of the
procedure RUN for the example illustrated previously.

SRDRUN,CM77000, T120,P06.
USER, ACCOUNT, PASSWORD.

* SHIPPER-RECEIVER DIFFERENCE
*

GET,SRD18.
GET,TVALDAT. CRITICAL VALUES OF T DIST.

5 ALPHA VALUES, 360 DF*

GEf,SRDSEED. SEED FOR FUNCTION RANF

MAP =0FF.
SRD18, INPUT,SRD0UT,TVALDAT,SRDSEED.

EXIT,0.
REPLACE,SRDOUT.
COPY,SRD0VT,0VTPUT.
REPLACE,SRDSEED. NEW SEED

EXIT,U.
DAYFILE,SRDDAY.
REPLACE,SRDDAY.

10000
5

3.0000 0.0000 0.0000 0.0000 0.0000
.8000 .4000 4000 .4000 .4000 '*

( 4 10 10 10 10
10000,

l 10
l 3.0000 .0000 .0000 .0000 .0000 .0000 .0000 .0000 .0000 .0000

.4000 .4000 .2000 .2000 .2000 .2000 .2000 .2000 .2000 .2000
4 4 10 10 10 10 10 10 10 10

To execute the SRO program for the user specified run parameters route the
file SRDRUN to the batch input queue. See Figure A.7 for a list of the
output generated by the SRD program for this exams'a.

,

<
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 10000
NUMBER OF SHIPMENTS = 5
MEAN(.) = 3. O. O. O. O.
VARIANCES = .8 .4 .4 .4 .4
DF(.) = 4 10 10 10 10
ALPHA (.) = .1 .05 .025 .01 .005

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE '

1 .1000 .7377
2 .0500 .5876
3 .0250 .4569 |

4 .0100 .3076
5 .0050 .2211

PROCEDURE 2 RANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .7034
2 .0500 .5149
3 .0250 .3366
4 .0100 .1597
5 .0050 .0783

PROCEDURE 3 C0CHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE -

1 .1000 .7043 |
2 .0500 .5163

|
3 .0250 .3390
4 .0100- .1649
5 .0050 .0848

PROCEDURE 4 SUM 0F DEG. FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .7451
2 .0500 .6039 |
3 .0250 .4788
4 .0100 .3336 j
5 .0050 .2473 '

Figure A.7 SRD Output
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 10000
NUMBER OF SHIPMENTS = 10
MEAN( . ) = 3. . 0 .0 .0 .0 .0 .0 .0 .0 .0
V/.RIANCES = .4 .4 .2 .2 .2 .2 .2 .2 .2 .2
DF(.) = 4 4 10 10 10 10 10 10 10 10
ALPHA (.) = .1 .05 .025 .01 .005

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING

L LEVEL ' CRITICAL VALUE
1 .1000 .7444
2 .0500~ .6043
3 .0250 .4769
4 .0100 .3265
5 .0050 .2403

PROCEDURE 2- BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .6987
2 .0500 .5172
3 .0250 .3279
4 .0100' .1371-
5 .0050 .0588

PROCEDURE 3 C0CHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL-VALUE

1 .1000' .6989
2 .0500 .5193
3 .0250 .3313
4 .0100 .1426
5 .0050 .0654

PROCEDURE 4 SUM 0F DEG. FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 7478.

2 .0500 .6125(
~

3 .0250 .4904
4 .0100 .3403,

5 .0050 .2590

Figure A.7 SRD Output (Continued)
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APPEllDIX B. MDNTE CARLO OUTPUT

The test T is used to test. for material loss when variances are esti-3
mated. Four procedures are described in Section 4.2 for determining the
critical value for T .. These procedures are compared for the parameter3
sets given in Section 4.3.2. The Monte Carlo program described in Section
4.3.1 and Appendix . A generated the following output in support of the

! analysis in Section.4.3.

i
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NLR1BER OF RUNS = 40000
NUMBER OF SHIPMENTS = 6
VARIANCES = 1. 1. 1. 1. 1. 1.
DFC.) =444444
ALPHA (.) = .1 .05 .025 .01 .005
TOTAL DIVERSION = LM80 = 0.

PROCEDURE 1 SATTERTHWAITE -

ALPHA PROB. OF EXCEEDING |
*

LEVEL CRITICAL VALUE
1 .1000 .1000
2 .0500 .0480
3 .0250 .0225
4 .0100 .0082
5 .0050 .0038

PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0704
2 .0500 .0214
3 .0250 .0051 1

4 .0100 .0005
5 .0050 .0001

PROCEDURE 3 CCCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0704
2 .0500 .0214 !

3 .0250 .0051
4 .0100 .0005 ,

5 .0050 .0001 ;

PROCEDURE 4 SUM OF DEG. FREEDOM-

ALPHA PROB. OF EXCEEDING
'LEVEL CRITICAL VALUE

1 .1000 .1022
2 .0500 .0503
3 .0250 .0247
4 .0100 .0096
5 0050 .0049

1

|

Figure B.1 Comparison of cx Values, Equal VarianLes, f$ = 4, n = 6

|

|
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SHIPPER - RECEIVER OIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUPRER OF SHIPMENTS = 6
VARIANCES = 1. 1. 1. 1. 1. 1.
DF(.) = 10 10 10 10 10 10
ALPHA (.) = .1 .05 .020 .01 .005
TOTAL DIVERSION = LMBD = 0.

.

PROCEDURE 1 SATTERTHWAITE
l ALPHA PROB. OF EXCEEDING
l LEVEL CRITICAL VALUE

1 .1000 .1002
2 .0500 .0492
3 .0250 .0248
4 .0100 .0101
5 .0050 .0050

PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 1000 .0872
2 .0500 .0371
3 .0250 .0151
4 .0100 .0040
5 .0050 .0016

PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0872
2 .0500 .0371
3 .0250 .0151.

4 .0100 .0040
5 .0050 .0016

PROCEDURE 4 SUM OF DEG. FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1006
2 .0500 .0496
3 .0250 .0251
4 .0100 .0105
5 .0050 .0051

s

Figure B.2 Comparison Of a Values, Equal Variances, f$ = 10, n = 6

;
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NIJEER OF RUNS = 40000
NurWER OF SHIPMENTS = 9

,

VARIANCES = 1. 1. 1. 1. 1. ).
DF(.) = 20 20 20 20 20 20 j

ALPHA (.) = .1 .05 .025 .01 .005 |

TOTAL DIVERSION = LMBO = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

,

1 .1000- .1003 |
2 .0500 .0503
3 .0250 .0250
4 .0100 .0099
5 .0050 .0044

PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0943
| 2 .0500 .0442

3 .0250 .0195,

4 .0100 .0059
5 .0050 .0022

PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0943
2 .0500 .0442
3 .0250 .0195
4 .0100 .0059
5 .0050 .0022

PROCEDURE 4 SUM OF DEG. FREEDOM
ALPHA. PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1030 .1005
2 .0500 .0504
3 .0250 .0251
4 .0100 .0099
5 .0050 .0045

.

!
l

%

!

Figure B.3 Comparison of a Values, Equal Variances, f3 = 20, n = 6 |

|
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NLFRER OF RUNS = 40000
NLMBER OF SHIPMENTS = 12
VARIANCES = 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1.
OF(.) =444444444444
ALPHA (.) = .1 .05 .025 .01 .005
TOTAL DIVERSION = LMBD = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROS. OF EXCEEDING
.LWEL CRITICAL VALUE

,

1 .1000 .0988'

2 .0500 .0481
3 .0250 .0240
4 .0100 .0091
5 .0050 .0043

PROCEDURE 2 BANERJEE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0656
2 .0500 .0192
3 .0250 .0039
4 .0100 .0001
5 .0050 .0000

PROCEDURE 3 CSCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0656
2 .0500 .0192
3 .0250 .0039
4 .0100 .0001
5 .0050 .0000

PROCEDURE 4 $UM OF DEG. FREEDOM
. ALPHA PROB. OF EXCEEDING
LEVIL CRITICAL VALUE

1 .1000 .0999
2 .0500 .0498
3 .0250 .0253
4 .0100 .0101
5 .0050 .0050

Figure B.4 Corpparison Of a Values, Equal Variances, fj = 4, n = 12

i
1
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SHIPPER - RECEIVER OlFFERENCE. TEST STATISTIC

NUMBER OF RUNS = 40000
NLAWER OF SHIPf1ENTS = 12
VARIANCES = 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1.
DF(.) = 10 10 10 10 10 10 10 10 10 10 10 10.
ALPHA (.) = .1 .C5 .025 .01 .005~ .

TOTAL DIVERSloN * LMBD = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0988
2 .0500 .0495
3 .0250 .0247
4 .0100 .0097

| 5 .0050 .0048
:

PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

i .1000 .0847
| 2 .0500 .0387
i 3 .0250 .0138

4 '0100 .0032
5 .0050 .0010.

PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0847
2 .0500 .0387
3 .0250 .0136
4 .0100 .0032
5 .0050 .0010

PROCEDURE 4 SUN OF DEG. FREEDOM
'

ALPHA PROB. OF EXCEEDING
LEVEL ~ CRITICAL VALUE

1 .1000 .0990
2 .0500 .0497
3 .0250 .0249
4 .0100 .0098
5 .0050 .0050

Figure B.5 Comparison Of a Values, Equal Variances, f4 = 10, n = 12

i

.
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUlWER OF RUNS s 40000
NLMBER OF SHIPMENTS = 12
VARIANCES = 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1.
DF(.) = 20 20 20 20 20 20 20 20 20 20 20 20
ALPHA (.) = .1 .05 .025 .01 .005-
TOTAL DIVERSION = LMBO = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0998
2 .0500 .0505
3 .0250 .0253
4 .0100 .0104
5 .0050 .0051

PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0933
2 .0500 .0432

i 3 .0250 .0192
4 .0100 .0064
5 .C050 .0023

PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE .

1 .1000 .0933
2 .0500 .0432
3 .0250 .0192
4 .0100 .0064
5 .0050 .0023

PROCEDURE 4 SUM OF DEG. FREEDOM
ALPHA PROS. OF EXCEEDING

r
LEVEL CRITICAL VALUE

1 .1000 .0998
2 .0500 .0506
3 .0250 .0255
4 .0100 .0104
5 .0050 .0051

|-

Values, Equal Variances, fj = 20, n =12! Figure B.6 Comparison Of a

,
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUPRER OF SHIPMENTS = 18
VARIANCES = 1. 1. 1. 1, 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1.
OF(.) =444444444444444444
ALPHA (.) = .1 .05 .025 .01 .005
TOTAL DIVERSION = LMBO = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. 0F EXCEEDING
LEVEL CRITICAL VALUE'

1 .1000 .0987-
2 .0500 .0491
3 .0250 .0234
4 .0100 .0095
5 .0050 .0044

PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0644
2 .0500 .0177
3 .0250 .0033
4 .0100 .0002
5 .0050 0.0000

PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1. .1000 .0644
2 .0500 .0177
3 .0250 .0033
4 .0100 .0002
5 .0050 0.0000

PROCEDURE 4' SUM OF DEG. FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0996
2 .0500 .0504
3 .0250 .0246

*

4 .0100 .0099
5 .0050 .0048

,

I
|

Figure B.7 Comparison Of a Values, Equal Variances, f$ = 4, n = 18
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 18'
VARIANCES = 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1.

' DF(.) = 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10 10
ALPHA (.) = .1 .05 .025 .01 .005
TOTAL DIVERSION = LMBO = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0991
2 .0500 .0503
3 .0250 .0258

.0100 .0103'
.

5 .0050 .0051

PROCEDURE 2 BANERJEE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0856
2 .0500 .0357
3 .0250 .0143
4 .0100 .0031
5 ,.0050 .0008

PROCEDURE 3 CSCHRAN
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1C00 .0856
2 .0500 .0357
3 .0250 .0143
4 .0100 .0031
5 .0050 .0008

PROCEDURE 4 SUM OF DEG. FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 0993
2 .0500 .0504
3 .0250 .0260
4 .0100 .0104
5 .0050 .0052

;

t

Figure B.8 Comparison of a Values, Equal Variances, f9 = 10, n = 18

c l

2-9

- _ - - . - ._.___-. . , . =_



.

i
1

.l

(;

I
1

.

SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC
,.

NLA18ER OF RUNS = 40000(

' NUPRER OF SHIPMENTS = 18 I
1VARIANCES = 1. 1. 1. 1. 1. 1. 1. 1, 1. 1. 1. 1. 1. 1. 1. 1. 1. 1.

DF(.) = 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20ALPHA (.) = .1. 05 .025 .01 .005
TOTAL DIVERSION = LM80 = 0.

PROCEDURE I SATTERTHWAlTE-
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0993
2 .0500 .0483
3 .0250 .0246
4 .0100 .0095)
5 .0050 .0053

iPROCEDURE 2 BANERJEC
ALPHA- PRO 8. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0S29
2 .0500 .0415
3 .0250 .0184
4 .0100 .0060
5 .0050 .0022

PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0929
2 .0500 .0415
3 .0250 .0184

-4 .0100 .0060
5 .0050 .0022

PROCEDURE 4 SUM OF DEG. FREEDOM
| ALPHA PROS. OF EXCEEDINGt

LEVEL CRITICAL VALUE
1 .1000 .0994
2 .0500 .0484
3 .0250 .0246

[ 4 .0100 .0095
| 5 .0050 .0053

Figure B.9 Comparison Of a Values, Equal Variances, f$ = 20, n =18

.
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NEABER OF RUNS = 40000
NUPRER OF SHIPMENTS = 6
VARIANCES = 1. 1. 1. 1. 1. 1.
DF(.) = 4 4 4 20 20 20

i

| ALPHA (.) = .1 .05 .025 .01 .005
TOTAL DIVERSION = LMSD = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROS. OF EXCEEDING

' LEVEL CRITICAL VALUEi

1 .1000 .1009
2 .GSCO .0520
3 .0250 .0246
4 .0100 .0097
5 .0050 .0045

PROCEDURE 2 SANERJEE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0831
2 .0500 .0323
3 .0250 .0103
4 .0100 .0016
5 .0050 .0004

PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0835
2 .0500 .0333 -
3 .0250 .0108
4 .0100 .0018
5 .0050 .0005

PROCEDURE 4 SUM OF DEG. FREEDOM
,

| ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1034
1 2 .0500 .0545

3 .0250 .0268
4 .0100 .0111
5 .0050' .0056

|

Values, Equal Variances, f4 = 4,20, n = 6Figure B.10 Comparison of a
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NLNER OF RUNS = 40000
' NUPRER OF SHIPMENTS = 6
VARIANCES = 1. 1. 1. 1. 1. 1.
DF( ) = 4 4 10 10 20 20
ALPHA (.) = .1 .05 .025 .01 .005
TOTAL DIVERSION = LMBD = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1006
2 .0500 .0505
3 .0250 .0253
4 .0100 .0103
5 .0050 .0052

PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0833
2 .0500 .0344
3 .0250 .0124
4 .0100 .0023
5 .0050 .0009

PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0836
2 .0500 .0350
3 .0250 .0129
4 .0100 .0027
5 .0050 .0009

PROCEDURE 4 SUN OF DEG.F'tEEDOM
-ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1023
2 .0500 .0522
3 .0250 .0269
4 .0100 .0116
5 .0050 .0057

Figure 8.11 Comparison of a Values, Equal Variances, f; = 4,10,20, n = 6:
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 12

|
VARIANCES = 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1.
DFC.) = 4 4 4 4 4 4 20 20 20 20 20 20|

ALPHA (.) = .1 .05 .025~.01 .005
TOTAL DIVERSION = LMBD = 0.

PRCCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0991
2 .0500 .0 SOS
3 .0250 .0256
4 .0100 .0102
5 .0050 .0052

PROCEDURE 2 BANERJEE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0786
2 .0500 .0300
3 .0250 .0089
4 .0100 .0014
5 .0050 .0003

PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0791
2 .0500 .0307
3 .0250 .0096
4 .0100 .0016
5 .0050 .0003

PROCEDURE 4 SUM OF DEG. FREEDOM
ALPHA PROS. OF EXCEEDING

| LEVEL CRITICAL VALUE
|

1 .1000 .1005
'

2 .0500 .0522
3 .0250 .0269
4 .0100 .0109
5 .0050 .0059

Values, Equal Variances, f4 = 4,20, n = 12Figure B.12 Comparison Of a
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 12
VARIANCES = 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1.
DFt.) = 4 4 4 4 10 10 10 10 20 20 20 20
ALPHA (.) = .1 .05 .025 .01 .005
TOTAL DIVERSION = LMSD = 0.

PROCEDURE 1 SATTERTHWAITE'
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VAL'E

1 .1000 .1019
2 .0500 .0510
3 .0250 .0249
4 .0100 .0092
5 .0050 .0050

PROCEDURE 2 BANERJEE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0849
2 .0500 .0314
3 .0250 .0089
4 .0100 .0016
5 .0050 .0004

PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL- CRITICAL VALUE

1 .1000 .0852
2 .0500 .0319
3 .0250 .0101'

4 .0100 .0018
5 .0050 .0005

PRCCEDURE 4 SUM OF DEG. FREEDOM
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL val,UE

1 .1000 .1031
2 .0500 .0523
3 .0250 .0259
4 .0100 .0099
5 .0050 .0053

.

I

Figure B.13 Comparison Of a Values, Equal Variances, f4 = 4,10,20, n = 12

4
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SHIPPER - RECEIVER OIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 18
VARIANCES = 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1. 1.

| OF(.) = 4 4 4 4 4 4 4 4 4 20 20 20 20 20 20 20 20 20
l AL?HA(.) = .1 .C5 .025 .01 .005

TOTAL OIVERSION = LM80 = 0.

PROCEDURE 1 SATTERTHWAITE
l ALPHA PROS. OF EXCEEDING
! LEVEL CRITICAL VALUE

1 .1000 .1008
2 .0500 .0488
3 .0250 .0241
4 .0100 .0094
5 .0050 .0048

PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING-

LEVEL CRITICAL VALUE
1 .1000 .0778
2 .0500 .0271
3 .0250 .0077
4 .0100 .0010
5- .0050 .0002

PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0780
2 .0500 .0278
3 .0250 .0081
4 .0100 .0012
5 .0050 .0003

PROCEDURE 4 SUM OF DEG. FREEDOM
ALPHA PR08. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1018
2 .0500 .0498
3 .0250 .0248
4 .0100 .0101
5 .0050 .0054

Figure B.14 Comparison Of a Values, Equal Variances, fj = 4,20, n = 18

B-15
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUPSER OF RUNS e 40000
NUMBER OF SHIPMENTS = 18
VARIANCES = 4. 4. 4. 4. 4. 4. 4. 4.-4. 4. 4. 4. 4. 4.'4. 4. 4. 4.
DFt.) = 4 4 4 4 4 4 1010 10 10 10 10 20 20 20 20 20 20ALPHA (.) = .1 .05 .025 .01 .005
TOTAL DIVERSION = LMBO = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROS. OF EXCEEDING,

LEVEL CRITICAL VALUE
.1 .1000 .0987
2 .0500 .0495
3 .0250 .0246
4 .0100 .0090
5 .0050 .0043

i

PROCEDURE 2 BANERJEE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0795
2 .0500 .0296
3 .0250 .0089
4 .0100 .0013
5 .0050 .0003

PROCEDURE 3 COCHRAN
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0799
2 .0500 .0302
3 .0250 .0092
4 .0100 .0016
5 .0050 .0003
,

PROCEDURE 4 SUM OF DEG. FREEDOM
ALPHA PROB. OF EXCEEDING |LEVEL CRITICAL VALUE !

1 .1000 .0995.

2 .0500 .0502
3 .0250 .0252
4 .0100 .0096
5 .0050 .0045

l

|

!

Figure B.15 Comparison of a Values, Equal Variances, fj = 4,10,20, n = 18
|

|
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC-

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS.= 6
VARIANCES = 1. 1. 1. 3. 3. 3.

,

| DF(.) = 4 4 4 20 20 20
| ALPHA (.) = .1 .05 .025 .01 .005

TOTAL DIVERSION = LMBO = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL - CRITICAL VALUE

|
1 .1000 .0959

i

2 .0500 .0465
3 .0250 .0236
4 .0100 .0092
5 .0050 .0045

PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1C00 .0833
2 .0500 .0339
3 .0250 .0123
4 .0100 .0028
5 .0050 .0008

PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0836
2 .0500 .0344
3 .0250 .0127
4 .0100 .0032
3 .0050 .0011

PROCEDURE 4 SUM OF DEG.FREEDON
ALPHA PROB. OF EXCEEDING
LEVEL CRITI0AL VALUE

1 .1000 .0965
2 .0500- .0470
3 .0250 .0244
4 .0100 .0095
5 .0050 .0046

.

I

Figure B.16 Comparison of a Values, Variance Ratic 1 to 3, f4 = 4,20, n = 6

.
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 6
VARIANCES = 3. 3. 3. 1, 1. 1.
DF(.) = 4 4 4 20 20 20
ALPHA (.) = .1 .05 .025 .01 .005
TOTAL DIVERSION = LM80 = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1- .1000 .0981
2 .0500 .0486
3 .0250 .0233
4 .0100- .0096
5 .0050 .0049

PROCEDURE 2 BANERJEE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0769
2 .0500 .C279
3 .0250 .0091
4 .0100 .0014
5 .0050 .0003

PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0771
2 .0500 .0285
3 .0250 .0094
4 .0100 .0017
5 .0050 .0003

PROCEDURE 4 SUM OF DEG. FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1049
2 .0500 .0552
3 .0250 .0292
4 .0100 .0134
5 .0050 .0074

Figure 8.17 Comparison Of a Values, Variance Ratic 3 to 1, f$ = 4,20, n = 6
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 12
VARIANCES = 1. 1. 1. 1. 1. 1. 3. 3. 3.~ 3. 3. 3.

| DF(.) = 4 4 4 4 4 4 20 20 20 20 20 20
= .1 .05 .025 .01 .005| ALPHA (.)

TOTAL DIVERSION * LMBO = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

- 1 .1000~ .0991
I 2 .0500 .0504

3 .0250 .0263
4 .0100 .0105
5 .0050 .0051

PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0848
2 .0500 .0362
3 .0250 .0129
4 .0100 .0026
5 .0050 .0006

PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0851
2 .0500 .0369
3 .0250 .0135
4 .0100 .0030
5 .0050 .0008

PROCEDURE 4 SUN OF DEG. FREEDOM
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0994
2 .0500 .0506
3 .0250 .0267
4 .0100 .0106
5 .0050 .0052

Figure B.18 Comparison Of a Values, Variance Ratic 1 to 3, f4 = 4,20, n = 12
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NLMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 12
VARIANCES = 3. 3. 3. 3. 3. 3. 1. 1. 1. 1. 1. 1.
DF(.) = 4 4 4 4 4 4 20 20 20 20 20 20
ALPHA (.) = .1 .05 .025 .01 .005
TOTAL DIVERSION = LMBO = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0992
2 .0500 .0500-
3 .0250 .0240
4 .0100 .0091
5 .0050 .0042

PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0730
2 .0500 .0246
3 .0250 .0062
4 .0100 .0010
5 .0050 .0001

PROCEDURE 3 COCHRAN
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0735
2 .0500 .0251
3 .0250 .0064
4 .0100 .0011
5 .0050 .0002

PROCEDURE 4 SUM OF DEG. FREEDOM
ALPHA PROB. OF EXCEEDING |LEVEL CRITICAL VALUE

1 .1000 .1033 |
2 .0500 .0540
3 .0250 .0274

34 .0100 .0115
.

5 .0050 .0058 |

l

|

|

Figure B.19 Comparison of a Values, Variance Ratic 3 to 1, f4 = 4,20, n = 12
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 18
VARIANCES = 1. 1. 1. 1. 1. 1. 1. 1. 1. 3. 3. 3. 3. 3.3.3.3.3.
OF(.) = 4 4 4 4 4 4 4 4 4 20 20 20 20 20 20 20 20 20
ALPHA (.) = .1 .05 .025 .01 .005

| TOTAL OIVERSION = LMBD = 0.

PROCEDURE I SATTERTHWAlTE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE<

| 1 .1000 ,1005
2 .0500 .0511
3 .0250 .0259
4 .0100 .0100
5 .0050 .0050

PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0856
2 .0500 .0355
3 .0250 .0122
4 .0100 .0026
5 .0050 .0006

PROCEDURE 3 COCHRAN
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0861
2 .0500 .0360
3 .0250 0131
4 .0100 .0028
5 .0050 .0008

PROCEDURE 4 SUM OF DEG.F~tEEDOM
ALPHA ~ PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1010
2 .0500 .0511
3 .0250 .0261
4 .0100 .0102
5 .0050 .0051

t

Figure B.20 Comparison of a Values, Variance Ratic 1 to 3, fj = 4,20, n = 18
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 18
VARIANCES = 3.3.3.3.3.3.3. 3. 3. 1. 1. 1. 1. 1. 1. 1. 1. 1. .DF(.) = 4 4 4 4 4 4 4 4 4 20 20 20 20 20 20 20 20 20 a.ALPHA (.) = .1 .05 .025 .01 .005 i

TOTAL DIVERSION = LMBD = 0.
J

PROCEDURE 1 SATTERTHWAITE g
ALPHA PROB. OF EXCEEDING >~
LEVEL CRITICAL VALUE

1 .1000 .0990
2 .0500 .0471

13 .0250 .0226 )1 4 .0100 .0087
5 .0050 .0044

-PROCEDURE 2 BANERJEE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0706
2 .0500 .0219
3 .0250 .0053
4 .0100 .0006
5 .0050 .0000

PROCEDURE 3 CSCHRAN
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0712
2 .0500 .0223
3 .0250 .0056
4 .0100 .0007
5 .0050 .0001

PROCE[A)RE 4 St.Pl CF DEG. FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1012
2 .0500 .0500 t
3 .0250 .0246 1s

4 .0100 .0103 *

45 .0050 .0054 r'y''
, t.

,

<

l

Figure B.21 Comparison Of cx Values, Variance Ratic 3 to 1, f4 = 4,20, n = 18
'

.

I
'
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 6
VARIANCES = 1. 1. 1.3.3.3.
OF(.) =444444
ALPHA (.) = .1 .05 .025 .01 .005
TOTAL OlVERSION = LMBO = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0994
2 .0500 .0486
3 .0250 .0234
4 .0100 .0095
5 .0050 .0048

PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0723
2 .0500 .0231
3 .0250 .0064
4 .0100 .0008
5 .0050 .0001

PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0723
2 .0500 .0231
3 .0250 .0064
4 .0100 .0008
5 .0050 .0001

PROCEDURE 4 SUN OF DEG. FREEDOM
ALPHA PRc8. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1029
2 .0500 .0523
3 .0250 .0269
4 .0100 .0115
5 .0050 .0062

.

1

Figure B.22 Comparison of a Values, Variance Ratic 1 to 3, f$ = 4, n = 6
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHI PMENTS = 6
VARIANCES = 1. 1. 1.3.3.3.
OF(.) = 10 10 10 10 10 10
ALPHA (.) = .1 .05 .025 .01 .005
TOTAL OlVERSicN = LMSO = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000. .0998
2 .0500 .0500
3 .0250 .0261
4 .0100 .0108
5 .0050 .0051

j

PROCEDURE 2 BANERJEE
| ALPHA PRO 8. OF EXCEEDING

LEVEL CRITICAL VALUE
1 .1000 .0878
2 .0500 .0393
3 .0250 .0166
4 .0100 .0041
5 .0050 .0014

PROCEDURE 3 COCHRAN
ALPHA PROS. OF EXCEEDING .

LEVEL CRITICAL VALUE I
1 .1000 .0878 '

2 .0500 .0393
3 .0250 .0166
4 .0100 .0041
5 .0050 .0014

PROCEDURE 4 SUM OF DEG. FREEDOM
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1009
2 .0500 .0509
3 .0250 .0272
4 .0100 .0115
5 .0050 .0057

|

Figure B.23 Comparison Of g Values, Variance Ratic 1 to 3, fj = 10, n = 6

|
|

,
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS * 6
VARIANCES = 1. 1. 1.3.3.3.
DF(.) = 20 20 20 20 20 20
ALPHA (.) = .1 .05 .025 .01 .005
TOTAL DIVERS!cN = LMBD = 0.

PROCEDURE 1 SATTERTHWAI TE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1018
2 .0500 .0501
3 .0250 .0236
4 .0100 .0093
5 .0050 .0047

PROCEDURE 2 BANERJEE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0962
2 .0500 .0433
3 .0250 .0193
4 .0100 .0066
5 .0050 .0027

PROCEDURE 3 CCCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0962
2 .0500 .0433
3 .0250 .0193
4 .0100 .0066
5 .0050 .0027

PROCEDURE 4 SUM OF DEG. FREEDOM
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1022
2 .0500 .0507
3 .0250 .0239
4 .01.00 .0096
5 .0050 .0049

Figure B.24 Comparison Of a Values, Variance Ratic 1 to 3, f3 = 20, n = 6
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 12 ;

VARIANCES = 1. 1. 1. 1. 1. 1.3.3.3.3. 3. 3. '

0F(.) =444444444444 1.

ALPHA (.) = .1 .05 .025 .01 .005
TOTAL DIVERSION = LMSD = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0981
2 .0500 .0489
3 .0250 .0242
4 .0100 .0091
5 .0050 .0048

1

PROCEDURE 2 BANERJEE
ALPHA PROS. OF EXCEF0thG
LEVEL CRITICAL VALUE

1 .1000 .0671
2 .0500 .0202
3 .0250 .0046
4 .0100 .0002
5 .0050 0.0000

PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING-
LEVEL CRITICAL VALUE

1 .1000 .0671
2 .0500 .0202
3 .0250 .0046
4 .0100 .0002
5 .0050 0.0000

PROCEDURE 4 SUM OF DEG. FREEDOM
ALPHA PROS. OF EXCEEDING

iLEVEL CRITICAL VALUE
i

1 .1000 .1006 )2 .0500 .0513
3 .0250 .0261
4 .0100 .0104
5 .0050 .0057

|

Figure B.25 Comparison of a Values, Variance Ratic 1 to 3, f$ = 4, n = 12
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 12

.
VARIANCES = 1. 1. 1. 1. 1. 1.3.3.3.3.3.3.

! DF(.) = 10 10 10 10 10 10 10 10 10 10 10 10
l ALPHA (.) = .1 .05 .025 .01 .005

TOTAL OlVERSION = LM80 = 0.

PROCEDURE 1 .SATTERTHWAITE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0990,

l 2 .0500 .0502
3 .0250 .0252
4 .0100 .0101
5 .0050 .0050

PROCEDURE 2 BANERJEE )
ALPHA PROB. OF EXCEEDING '

LEVEL CRITICAL VALUE l

1 .1000 .0865
2 .0500 .0370
3 .0250 .0142
4 .0100 .0036
5 .0050 .0010

PROCEDURE 3 CCCHRAN
ALPHA PRO 8. OF EXCEEDING
LEVEL- CRITICAL VALUE

1 .1000 .0865
2 .0500 .0370
3 .0250 .0142
4 .0100 .0036
5 .0050 .0010

PROCEDURE 4 SUN OF DEG. FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0996
2 .0500 .0508
3 .0250 .0258
4 .0100 .0104
5 .0050 .0051

,

Figure B.26 Comparison Of a Values, Variance Ratic 1 to 3, f$ = 10, n = 12

t
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 12
VARIANCES = 1. 1. 1. 1. 1. 1. 3. 3. 3. 3. 3. 3. '

,

0F(.) = 20 20 20 20 20 20 20 20 20 20 20 20 iALPHA (.) = .1 .05 .025 .01 .005 1

TOTAL DIVERSION = LM80 = 0.

PROCEDURE 1 SATTERTHVAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0990
2 .0500 .0503
3 .0250 .0251
4 .0100 .0102
5 .0050 .0051

, PROCEDURE 2 BANERJEE
| ALPHA PRO 8. OF EXCEEDING

LEVEL CRITICAL VALUE
1 .1000 .0928
2 .0500 .0430

i 3 .0250 .0189
4 .0100 .0064
5 .0050 .0025

.

PROCEDURE 3 COCHRAN
.

ALPHA PROB. OF EXCEEDING -

LEVEL CRITICAL VALUE
'

1 .1000 .0928
2 .0500 .0430
3 .0250 .0189
4 .0100 .0064

e 5 .0050 .0025
|'

PROCEDURE 4 SUM OF DEG. FREEDOM !
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0993
2 .0500 .0504
3 .0250 .0253
4 .0100 .0102
5 .0050 .0051

)

i

!

Figure B.27 Comparison Of a Values, Variance Ratic 1 to 3, fg = 20, n = 12
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NL.F18ER OF RUNS = 40000
NUMBER OF SHIPMENTS = 18
VARIANCES = 1. 1. 1. 1. 1. 1. 1. 1. 1.3.3.3.3.3. 3. 3. 3. 3.

| DF(.) =444444444444444444
| ALPHA (.) = .1 .05 .025 .01 .005

TOTAL OIVERSION = LMBO = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0980|

.0475| 2 .0500 .

; 3 .0250 .0229
4 .0100 .0089
5 .0050 .0044

PROCEDURE 2 BANERJEE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0641
2 .0500 .0179
3 .0250 .0038
4 .0100 .0003
5 .0050 .0000

PROCEDURE 3 COCHRAN
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0641
2 .0500 .0179
3 .0250 .0038
4 .0100 .0003
5 .0050 .0000

PROCEDURE 4 SUN OF DEG. FREEDOM
ALPHA PROS. OF EXCEEDING

' LEVEL CRITICAL VALUE
I 1 .1000 .0995
i 2 .0500 .0493
- 3 .0250 .0245

4 .0100 .0097
5 .0050 .0049

!

|

|

I

Figure B.28 Comparison Of a Values, Variance Ratic 1 to 3, fj = 4, n = 18

l

l

,
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SHIPPER - RECEIVER CIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
|

NUMBER OF SHIPMENTS = 18 |

VARIANCES = 1. 1. 1. 1. 1. 1. 1. 1, 1.3.3.3.3.3.3.3.3.3.
DF(.) = 10 10 10 10 10 10 t o 10 t o 10 t o 10 10 10 10 t o 10 t o
ALPHA (.) = .1 05 .025 .01 .005.

TOTAL DIVERSION * LPSD = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1055
2 .0500 . 051 t.
3 .0250 .0258 i
4 .0100 .0105' '

5 .0050 .0049

| PROCEDURE 2 BANERJEE
! ALPHA PROB. OF EXCEEDING

LEVEL CRITICAL VALUE
1 .1000 .0908
2 .0000 .0377
3 .0250 .0148
4 .0100 .0032

1'5 .0000 .0010 '

PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

| 1 .1000 .0908
2 .0000 .0377
3 .0250 .0146
4 .0100 .0032
5 .0050 .0010

PROCEDURE 4 SUM OF DEG. FREEDOM,

ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1057
2 .0500 .0518
3 .0250 .0264'

4 .0100 .0108
5 .0050 .0051

|

i |

|

] Figure B.29 Comparison of a Values, Variance Ratic 1 to 3, f4 = 10, n = 18
:

|

l
,
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 18
VARIANCES = 1. 1. 1. 1. 1. 1, 1. 1. 1.3.3.3.3.3.3.3.3.3.
DF(.) = 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20
ALPHA (.) = .1 .05 .025 .01 .005
TOTAL O! VERSION = LMBO = 0.

PROCEDURE I SATTERTHWAITE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0963
2 .0500 .0482
3 .0250 .0240
4 .0100 .0097
5 .0050 .0053

PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0899
2 .0500 .0410
3 .0250 .0175
4 .0100 .0063
5 .0050 .0027

PROCEDURE 3 CCCHRAN *

ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0899
2 .0500 .0410
3 .0250 .0178
4 .0100 .0043
5 .0050 .0027

PROCEDURE 4 SUM OF DEG. FREEDOM
ALPHA PRt2. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0985
2 .0500 ;0493
3 .0250 .0241
4 .0100 .0097
5 .0050 .0054

.

Figure B.30 Comparison of a Values, Variance Ratio 1 to 3, f4 = 20, n = 18

B-31
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SHl.PPER - RECEIVER DIFFERENCE TEST STATISTIC '

NUMBER OF RUNS = 40000 l

NUMBER OF SHIPMENTS = 6 l

VARIANCES = 1. 1.2.2.3.3. l
iDF(.) = 4 4 10'10 20 20

ALPHA (.) = .1 .05 .025 .01 .005
TOTAL DIVERSION = LMBO =.O.

se PROCEDURE 1 . SATTERTHWAITE
ALPHA PROB. OF EXCEEDING: LEVEL CRITICAL VALUE

1 .1000 .0999
2 .0500 .0501
3 .0250 .0253
4 .0100 .0099
5 .0050 .0048

PROCEDURE 2 BANERJEE
AlLPHA PROS. OF EXCEEDING

<

'

LEVEL CRITICAL VALUE ,

1

1 .1000 .0871
2 .0500 .0373
3 .0250 .01353

4 .0100 .0034
5 .0050 .0009

PROCEDURE G COCHRAN.

ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .10C0 .0873
2 .0500 .03774

3 .0250 .0140
4 .0100 .0036j 5 .0050 .0011

PROCEDURE 4 SUN OF DEG. FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1006
2 .0500 .0506

.

3 .0250 .0258
4 .0100 .0101
5 .0050 .0050,

|

1

I

|

Figure B.31 Comparison of a Values, Variance Ratic 1 to 2 to 3, f3 = 4,10,20, n = 6

4
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 12

,

VARIANCES = 1. 1. 1. 1.2.2.2.2.3.3.3.3.l'

| DF(.) = 4 4 4 4 10 10 10 10 20 20 20 20
ALPHA (.) = .1 .05 .025 .01 .005
TOTAL DIVERSION = LMBO = 0. ,

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

,

1 .1000 .0987i
' 2 .0500 .0500

3 .0250 .0246
4 .0100 .0099
5 .0050 .0047

PROCEDURE '2 BANERJEE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0849
2 .0500 .0344
3 .0250 0129
4 .0100 .0026
5 . 0050 .0008

PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING

| LEVEL CRITICAL VALUE
1 .1000 .0852
2 .0500 .0348
3 .0250 .0133
4 .0100 .0029
5 .0050 .0008

PROCEDURE 4 SUM OF DEG. FREEDOM
| ALPHA PROS. OF EXCEEDING
| LEVEL CRITICAL VALUE

1 .1000 .0990
' 2 .0500 .0502

3 .0250 .0248
4 .0100 .0100
5 .0050 .0049

!

|

|

Figure 8.32 Comparison of a Values, Variance Ratic 1 to 2 to 3, f3 = 4,10,20, n = 12
:

| .

.
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
.

NUMBER OF SHIPMENTS = 18
VARIANCES = 1. 1. 1. 1. 1. 1. 2. 2. ~ 2. 2.2.2.3. 3. 3. 3. 3. 3.
DF(.) 444444101010101010202020202020=

ALPHA (.) = .1 .05 .025 .01 .005
TOTAL DIVERSION = LMBD = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1011 i
2 .0500 .0483<

3 .0250 .0249
4 .0100 .0098 .

5 .0050 .0050

PROCEDURE 2 BANERJEE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0868
2 .0500 .0337
3 .0250 .0122
4 .0100 .0025
5 .0050 .0006

PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

i 1 .1000 .0872'

2 .0500 .0341
3 .0250 .0127
4 .0100 .0027
5 .0050 .0007

~

PROCEDURE 4 SUM OF DEG. FREEDOM
i

ALPHA PROS. OF EXCEEDING j

LEVEL CRITICAL VALUE '

1 .1000 .1012
2 .0500 .0486
3 .0250 .0251

i4 .0100 .00994

i

') .0050 .0051
"

l

'

Figure B.33 Comparison of a Values, Variance Ratic 1-to 2 to 3, f4 = 4,10,20, n = 18

:

t

'
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SHIPPER - RECEIVER DIFFERENCE TEST STATIS'''

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 6
VARIANCES = 3. 3. 2. 2. 1. 1.
DF(.) = 4 4 10 10 20 to
ALPHA (.) = .1 .05 .025 .01 .005
TOTAL DIVERSION = LMBD = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1008
2 .0500 .C507
3 .0250 .0255
4 .0100 .0096
5 .0050 .0046

PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0821
2 .0500 .0329
3 .0250 .0103
4 .0100 .0018
5 .0050 .0004

PROCEDURE 3 CCCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0825
2 .0500 .0332
3 .0250 .0107
4 .0100 .0021
5 .0050 .0004

PROCEDURE 4 SUM OF DEG. FREEDOM
ALPHA PROS. OF EXCEEDING
LEVEL LRITICAL VALUE

1 .1000 .1060
2 .0500 .0549
3 .0250 .0294
4 .0100 .0124
5 .0050 .0064

Values, Variance Ratic 3 to 2 to 1, f$ = 4,10,20, n = 6Figure B.34 Comparison of a
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NLMBER OF RUNS = 40000
NUMBER LF SHIPMENTS = 12
VARIANCES = 3.3.3.3.2.2.2. 2. 1. 1. 1. 1.-

DF(.) = 4 4 4 4 10 to 10 10 20 20 20 20ALFHA(.) = .1 .05 .025 .01 .005
TOTAL DIVERSION = LM80 = 0.,

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

I1 .1000 .0991
l2 .0500 .0490

3 .0250 .0241
t 4 .0100 .0096

5 .0050 .0048

PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0760
2 .0500 .0275
3 .0250 .0083
4 .0100 .0012
5 .0050 .0002

PROCEDURE 3 COCHRAN
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0763
2 .0500 .0281
3 .0250 .0087
4 .0100 .0015
5 .0050 .0002

PROCEDURE 4 SIA10F DEG.FREEDCM
ALPHA PRCE. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1017
2 .0500 .0512
3 .0250. .0261
4 .0100 .0114
5 .0050 .0059

l
1

d

Figure B.35 Comparison of a Values, Variance Ratic 3 to 2 to 1, fj = 4,10,20, n = 12
4
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 18
VARIANCES = 3. 3. 3. 3. 3. 3. 2.-2. 2. 2. 2, 2. 1. 1. 1. 1. 1. 1.

; DF(.) = 4 4 4 4 4 4 to 10 10 10 10 10 20 20 20 20 20 20
| ALPHA (.) = .1 .05 .025 .01 .005

-TOTAL DIVERSicN = LMgo = 0,

PROCEDURE 1 SATTERTHWAITE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

i 1 .1000 .0968
2 .0500 .0485
3 .0250 .0236
4 .0100 .0092
5 .0050 .0050

PROCEDURE 2 BANERJEE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0750
2 .0500 .0258.
3 .0250 .0072
4 .0100 .0012
5 .0050 .0003

PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0754
2 .0500 .0262
3 .0250 .0076
4 .0100 .0013
5 .0050 .0003

PROCEDURE 4 $UM OF DEG. FREEDOM
ALPHA PROS. OF EXCEEDINGi

LEVEL CRITICAL VALUE
1 .1000 .0985
2 .0500 .0500
3 .0250 .0249
4 .0100 .0102
5 .0050 .0057

!

L

|

L

Figure 8.36 Comparison of a Values, Variance Ratic 3 to 2 to 1, f4 = 4,10,20, n = 18

|-
I
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC ;
1

NLPRER OF RUNS = 40000 |
NUPSER OF SHIPMENTS = 6 |VARIANCES 's 1. 1.2.2.3.3.
DF(.) =444444
ALPHA (.) = .1 .05 .025 .01 .005
TOTAL DIVERSION = LMBO = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000' .0990
2 .0500 .0482
3 .0250 .0238 .i

i4 .0100 .0088 '

5 .0080 .0040
1

PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0713
2 .0500 .0228
3 .0250 .0058
4 .0100 .0005
5 .0050 .0001

PfWOEIMIE 3 COCHRAN
ALPHA PROS. OF EXCEEDING
LEV!!L CRITICAL VALUE

1 .1000 .0713
8 .0500 .0228
3 .0250 .0056
4 .0100 .0005
5 .0050 .0001

PfWCEDURE 4 SLPI 0F DEG. FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1028
2 .0500 .0514
3 .0250 .0250
4 .0100 .0105
5 .0080 .0054

i

l

s

Figure B.37 Comparison Of a Values, Variance Ratic 1 to 2 to 3, f4 = 4, n = 6

i
,
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUPSEP ~J RUNS = 40000
NUMBER OF SHIPMENTS = 12
VARIANCES = 1. 1. 1. 1.2.2.2.2.3.3.3.3.|

| DF(.) =444444444444
ALPHA (.) = .1 .05'.025 .01 .005!

TOTAL DIVERSION = LPSD = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1014
.

2 .0500 .0503
| 3 .0250 .0253

4 .0100 .0094
5 .0050 .0048

PROCEDURE 2 8ANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0809,

2 .0500 .0214
3 .0250 .0042
4 .0100 .0002;

' S .0050 .0000

PROCEDURE 3 COCHRAN
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .068S
2 .0500 .0214
3 .0250 .0042
4 .0100 .0002
5 .0050 .0000

PROCEDURE 4 $UM OF DEG. FREEDOM
ALPHA PROS OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1033
2 .0500 .0523
3 .0250 .0270,

4 .0100 .0112
5 .0050 .0058

!
I

|

Values, Variance Ratic 1 to 2 to 3, f, = 10, n = 6Figure B.38 Comparison of a

.
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC-

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 8
VARIANCES = 1. 1. 2. 2. 3.~3.
DF(.) = 10 10 10 10 10 10
ALPHA (.) = .1 .05 .025 .01 .005
TOTAL DIVERSION = LMBD = 0.

PROCEDURE -1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1018
2 .0500 .0511
3 .0250 .0282
4 .0100 .010S
5 .0050 .0055

PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE ;

!-1 .1000 .0898
2 .0500 .0390
3 .0250 .0188
4 .0100 .0043
5 .0050 .0014

PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0096
2 .0500 .0330
3 .0250 .0186
4 .0100 .0043
5 .0050 .0014

PROCEDURE 4 SUM OF DEG. FREEDOM
ALPHA- PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .102S
2 .0500 .0519 ,

'3 .0250 .0289
4 .0100 .0114 !

5 .0050 .0058 |'

|

Figure B.39 Comparison of cx Values, Variance Ratic 1 to 2 to 3, fj = 20, n = 6

8-40
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SHIPPER - RECEIVER DIFFERENCE. TEST STATISTIC

NUM8ER OF RUNS = 400C0
NUMBER OF SHIPMENTS = 6.
VARIANCES = 1. 1. 2. 2. 3.~ 3.
DF(.) = 20 20 20 20 20 20
ALPHA (.) = .1 .05 .025 .01 .005
TOTAL DIVERSION = LMBO = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

| 1 .1000 .0968
2 .0500 .0482
3 .0250 .0235
4 .0100 .0091
5 .0050 .0048

PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0912
2 .0500~ .0419
3 .0250 .0183
4 .0100 .0058
5 ,.0050 .0027

PROCEDURE 3 COCHRAN
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0912
2 .0500 .0419
3 .0250 .0183
4 .0100 .0058
5 .0050 .0027'

i PROCEDURE 4 SUM OF DEG. FREEDOM
| ALPHA PROS. OF EXCEEDING
1 LEVEL CRITICAL VALUE

1 .1000 .0970'

l 2 .0500 .0484
3 .0250 .0237

' 4 .0100 .0092
l 5 .0050 .0048
,

I

|

I

Figure B.40 Comparison of a Values, Variance Ratic 1 to 2 to 3, fg = 4, n = 12

B-41
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 12

1VARIANCES = 1. 1. 1. 1.2.2.2. 2. 3. 3. 3. 3. IDFC.) = 10 10 10 10 10 10 10 10 10 10 10 10
ALPHA (.) = .1 .05 .025 .01 .005'.

TOTAL DIVERSION = LM80 = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1000
2 .0500 .0508
3 .0250 .0250
4 .0100 .0097
5 .0050 .0051

PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0872
2 .0500 .0378
3 .0250 .0138
4 .0100 .0035
5 .0050 .0009

PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0872
2 .0500 .0378
3 .0250 .0138
4 .0100 .0035

i 5 .0050 .0009

PROCEDURE 4 SUN OF DEG. FREEDOM
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1004
2 .0500 .0514
3 .0250 .0255
4 .0100 .0099
5 .0C50 .0053

!

;

Figure B.41 Comparison Of a Values, Variance Ratio 1 to 2 to 3, f4 = 10, n = 12

|

B-42

:
, , - . . _ _ _ _ - . _ . . _ __ _ _ . _ _ _ . . _ . _ _ _ . _ _ _ _ _ _ _ _. _ . . _ . _ . . . _ _ _ _ _ . . _ . . _ _ . . _ _ _ _ . _ _ . _ _ _ __



.. - - ..

|

SHIPPER - RECEIVER DIFFERENCE . TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 12
VARIANCES = 1. 1. 1. 1.2.2.2.2.3.3. 3. 3.

! DF(.) = 20 20 20 20 20 20 20 20 20 20 20 20
ALPHA (.) = .1 .05 .025 .01 .005
TOTAL DIVERSION = LM80 = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0999
I 2 .0500 .0510

3 .0250 .0248
4 .0100. .0097
5 .0050 .0050

! PROCEDURE 2 SANERJEE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0933
2 .0500 .0431
3 .0250 .0185
4 .0100 .0059
5 .0050 .0026

PROCEDURE 3 CCCHRAN
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0933
2 .0500 .0431
3 .0250 .0185
4 .0100 .0059
5 .0050 .0026

1

PROCEDURE 4 SUM OF DEG. FREEDOM
ALPHA PROS OF EXCEEDINGi

I LEVEL CRITICAL VALUE
|

1 .1000 .1001
2 .0500 .0512

<
3 .0250 .0250

| 4 .0100 .0098
5 .0050 .0051

!
:

i

:
i

Figure B.42 Comparison Of- a Values, Variance Ratic 1 to 2 to 3, fj = 20, n = 12
,

.
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NLMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 18
VARIANCES = 1. 1. 1. 1. 1. 1.2'2.2.2.2.2.3.3.3.3.3.3.DF(.) =444444444444444444ALPHA (.) = .1 .05 .025 .01 .005
TOTAL DIVERSION = LMBO = 0.

PROCEDURE 1 SATTERTHWAITE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0989
2 .0500 .0493
3 .0250 .0247
4 .0100 .0099
5 .0050 .0045

; PROCEDURE 2 SANERJEE'

ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0652
2 .0500 .0192
3 .0250 .0038
4 .0100 .0003
5 .0050 .0000

PROCEDURE 3 COCHRAN
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0652
2 .0500 .0192
3 .0250 .0038
4 .0100 .0003
5 .0050 .0000

PROCEDURE 4 SUM OF DEG. FREEDOM
ALPHA PROS OF EXCEEDING
LEVEL CRITICAL VALUE |1 .1000 .1002

2 .0500 .0508 '|3 .0250 .0261
4 .0100 .0'.09
5 .0050 .0051

-

1

Figure B.43 Comparison Of a
Values, Variance Ratio 1 to 2 to 3, fj = 4, n = 18

!

1

i

4
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SHIPPER - AECEIVER DIFFERENCE TEST STATISTIC

NLESER OF RUNS = 40000
NUMBER OF SHIPMENTS = 18.

VARIANCES = 1. 1. 1. 1. 1. 1. 2. 2. 2.'2. 2.2.3.3.3.3.3.3.l

! DF(.) = 10 10 10 10 10 10 10 10 10 10 10 10 10 t o 10 10 10 10
' ALPHA (.) * .1 .05 .025 .01 .005

TOTAL DIVERS I ON = LMBO = . 0.

PROCEDURT* 1 SATTERTHWAITE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0994
| 2 0500 .0487
| '

3 .0250 .0229
4 .0100 .0090
5 .0050 .0045

,

PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0855
2 .0500 .0345
3 .0250 .0128
4 .0100 .0032
5 .0050 .0008

PROCEDURE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0055
2 .0500 .0345
3 .0250 .0126
4 .0100 .0032
5 .0050 .0008

PROCEDURE 4 SUM OF DEG. FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0997
-

2 .0500 .0491
3 .0250 .0232
4 .0100 .0092>

5 .0050 .0046*

!

Values, Variance Ratic 1 to 2 to 3, f$ = 10, n = 18Figure 8.44 Comparison Of a

!

i
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SHIPPER - |W||EIVElt DIFFERENCE T' ST STATISTIC

fRASER IF IMS = 40000 .

,pa#EER OF 8HIPPWITS = 18 -
VARIANCES = 1. 1. 1. 1. 1. 1. 2. 2. 2. 2. 2.~2. 3. 3. 3. 3. 3. 3.

)
DF(.) = 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20ALPHA (.) = .1 .05 .025 .01 .005
TOTAL DIVERSION = LfSO = 0.

PROCEDURE- 1 SATTERTHWAITE
ALPHA PRIS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0996
2 .0500 .0495
3 .0250 .0241
4 .0100 .0102
5 .0050 .0055

PfEICEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL- CRITICAL VALUE

1 .1000 .0921
i .0500 .04213 .0250 .0183
4 .0100 .0062
5 .0050 .0025

PIWCEDLNEE 3 COCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0921
2 .0500 .04212 3 .0250 .0183
4 .0100 .0062
5 .0050 .0025

PROCEDURE 4 SUPI 0F DEG. FREEDOM
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0998
2 .0500 .04973 .0250 .0242
4 .0100 .0103
5 .0050 .0055

Figure B.45 Comparison of a
Values, Variance Ratio 1 to 2 to 3, fj = 20, n = 18

i
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NLARER OF RUNS = 40000
NLA1BER OF SHIPMENTS = 2 s
MEAN(.) = 0. O.
VARIANCES = 1. 9.
DF(.) =48
ALPHA (.) = .1 .05 .025 .01 .006

|

SEED FOR RANF = 274580004annsmaene

PROCEDURE ISATTERTHWAITE
ALPHA PIER. W EMEEDIIS
LEVEL CRITtCAL VALAR

1 .1000 .1914 !

2 .0500 .000F
3 .0250 .03441

| 4 .0100 .0100
5 .0050 .005 1

|PROCEDURE 2 BAMERJEE
ALPHA PfM . W EXCEEDING |

LEVEL CRITICAL VALUE i

1 .1000 .0359
2 .0500 .0447

.019 13 .0250
- .00614 .0100

5 .0050 .0025

PROCEDURE 3 COCHRAM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0960
<

2 .0500 .0448
3 .0250 .0193
4 .0100 .0064
5 .0050 .0025

PROCEDURE 4 SUM OF DEG. FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1042
2 .0500 .0538
3 .0250 .027 1

4 .0100 .0113
5 9050 .0059

SEED FOR RANF = 274627395713817509
*WEOR

|

|

|
t

Figure B.46 Comparison of a Values, n = 2, f1 * 4' f2 = 8, Variance Ratic 1 to 9

|
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 2
MEAN(.) = 0. O. 1

VARIANCES = 1. 4. I

DF(.) =48 1

iALPHA (.) = .1 .05 .025 .01 .005 :

SEED FOR RANF = 274560804800025909

PROCEDURE ISATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1009
2 .0500 .0503
3 .0250 .0240
4 .0100 .0096
5 .0050 .0045

PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0922 !
2 .0500 .041 1 l
3 .0250 .016 1 l
4 .0100 .0044
5 .0050 .0015 ,

i

PROCEDURE 3 COCHRAN
i

ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0923
2 .0500 .0413
3 .0250 .0164
4 .0100 .0046
5 .0050 .0016

PROCEDURE 4 SUM OF DEG. FREEDOM
ALPHA PROS. OF EXCEE0 LNG
LEVEL CRITICAL VALUE

1
1 .1000 .1027 l
2 .0500 .0523 '

3 .0250 .0253
i4 .0100 .0107 '

5 .0050 .0053

SEED FOR RANF = 274627395713817509
sWEOR

|

l

Figure B.47 Comparison Of a Values, n = 2, ft = 4, fg = 8, Variance Ratic 1 to 4
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 2

'

MEAN(.) = 0. O.
VARIANCES = 3. 7.
DF(.) =48
ALPHA (.) = .1 .05 .025 .01 .005

SEED FOR RANF = 274627395713817509

PROCEDURE 1SATTERTHWAITE
ALPHA PROS. OF EXCEEDING .

*

LEVEL CRITICAL VALUE
1 .1000 .0978

.
2 .0500- .0478

! 3 .0250 .0239
4 .0100 .0088
5 .0050 .0043

'

PROCEDURE 2 BANERJEE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0873
2 .0500 .0384
3 .0250 .0148
4 .0100 .0038
5 .0050 .0014

PROCEDURE 3 CCCHRAN
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0874
2 .0503 .0387
3 .0250 .0150
4 .0100 .0039
5 .0050 .0014

PROCEDURE 4 SUM OF DEG. FREEDOM
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0993
2 .0500 .0497
3 .0250 .02534

4 .0100 .0096 -

5 .00B0 .0048

SEED FOR RANF'= 274563478625296445
| =WEOR

I
.

Figure B.48 Comparison Of a Values, n = 2, fy = 4, f2 = 8, Variance Ratic 3 to 7

.
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 2
NEAN(.) = 0. O.
VARIANCES = 2. 3.
DF(') =48.

ALPHA (.) = .1 .05 .025 .01 .005
,

SEED FOR RANF = 274563478625296445 I
'

PROCEDURE ISATTERTHWAlTE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1002
2 .0500 .0492
3 .0250 .0242
4 .0100 .0095
5 .0050 .0046

PROCEDURE 2 BANERJEE
ALPHA PRO 8. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0877
2 .0500 .0382
3 .0250 .0152
4 .0100 .0038
5 .0050 .0014

PROCEDURE 3 COCHRAN
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0878
2 .0500 .0385
3 .0250 .0155
4 .0100 .0039
5 .0050 .0015

PROCEDURE 4 SUM OF DEG. FREEDOM
ALPHA. PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1023
2 .0500 .0513
3 .0250 .0259
4 .0100 .0107
5 .0050 .005 1

,

SEED FOR RANF = 274680419755855045
*WEOR

l

Figure B.49 Comparison of a Values, n = 2, ft = 4, f2 = 8, Variance Ratic 2 to 3
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 2
MEAN(.) = 0. O.
VARIANCES = 1. 1.
DF(.) =48
ALPHA (.) = .1 .05 .025 01 .005 ,

SEED FOR ftANF = 274680419755855045
i .

P8t0CEDURE 1SATTERTHWAITE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0982
2 .0500 .0470 .

3 .0250 .C222 '
4 .0100 .0092
5 .0050 .0045

PROCEDURE 2 BANERJEE
ALPHA PROB.' 0F EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0861
2 .0500 .0348!

3 .0250 .0134
4 .0100 .0038
5 .0050 .0014

PROCEDURE 3 COCHRAN
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0862
2 .0500 .0350
3 .0250 .0137
4 .0100 .0040
5 .0050 .0015

PROCEDURE 4 SUM OF DEG. FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1012
2 .0000 .0503
3 .0250 .0240
4 .0100 .0105
5 .0050 .0052

*

SEED FOR RANF = 27448427269760866 1

*WEOR

;

Figure B.50 Comparison of cx Value.s, n = 2, f1 * 4' I2 = 8, Variance Ratio 1 to 1
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 2
NEAN(.) = 0. O.

<VARIANCES = 3. 2. '

0F(.) =48
ALPHA (.) = .1 .05 .025 .01 .005

SEED FOR RANF = 274680419755855045

PROCEDURE ISATTERTHWAITE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0983
2 .0500 .0475
3 .0250 .0227
4 .0100 .0096
5 .0050 .0047

PROCEDURE 2 BANERJEE !ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 '.0862
2 .0500 .036 1
3 .0250 .0139
4 .0100 .0039
5 .0050 .0014

PROCEDURE 3 COCHRAN
ALPHA PROS. OF EXCEEDINO
LEVEL CRITICAL VALUE

1 .1000 .0863
2 .0500 .0363 *

3 .0250 .0142
4 .0100 .004 1

5 .0050 .0015

PROCEDURE 4 SUM OF DEG. FREEDOM
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1031
2 .0500 .0525
3 .0250 .0256
4 .0100 .011 1
5 .0050 .0060

SEED FOR RANF = 27448427269760866 1
*WEOR

. Figure B.51 Comparison of a Values, n = 2, ft = 4, f2 = 8, Variance Ratic 3 to 2
i

|

|

!
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 2
NEAN(.) = 0. O.
VARIANCES = 7. 3.
DF(.) =48
ALPHA (.) = .1 .05 .025 .01 .005

SEED FOR RANF = 27448427269760866 1

PROCEDURE ISATTERTHWAITE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0978
2 .0500 .0488
3 .0250 .0233
4 .0100 .0096
5 .0050 .0050

PROCEDURE 2 BANERJEE
ALPHA PROS. OF EXCEEDING
LEVEL- CRITICAL VALUE

1 .1000 .0864
2 .0500 .0372
3 .0250 .0145
4 .0100 .0044
5 .0050 .0018

~i PROCEDURE 3 COCHRAN
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0868
2 .0500 .0375
3 .0250 .0147
4 .0100 .0045
5 .0050 .0019

PROCEDURE 4 SUM OF DEG. FREEDOM
t ALPHA PROS. OF EXCEEDING
l LEVEL CRITICAL VALUE

1 .1000 .1041
2 .0500 .0546
3 .0250 .0282
4 .0100 .0120
5 .0050 .0068

SEED FOR RANF = 27452417757092022 1

=WEOR

i
!

|

Figure 8.52 Comparison of a Values, n = 2, f1 * 4' f2 = 8, Variance Ratio 7 to 3

1
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WIPPGt - IECEIVER D.IFFERENCE TEST STATISTIC

IESBER W RSS = 40000
IENBER W SitrtWETS = 2
IEAfl(.) = 0. O.

1VAftI AfCES = 4. 1. '

0F(.) =48
ALPHA (.) = .1 .06 .025 .01 .005

SEED FOR RANF = 27448427289780888 1

PROCEDURE ISATTERTHWAITE
ALPHA PfEE. & EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .1000
2 .0500 .050 1

3 .0250 .0246
,

4 .0100 .0102 |5 .0050 .0055
Pp ultE 2 BANERJEE

ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALLE

1 .1000 .0890
2 ." .040 1 )3 .m .0157
4 .0100 .0047 l5 .0000 .0023 '

PfWCEIILNE 3 COCHRAN
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0891
2 .0000 .0402
3 .0250 .0159
4 .0100 .0049
5 .0050 .0024

PROCEDURE 4 SLPI M DES.FIEEDtft 1

ALPHA Plus. CF FWPFFnlNG -
LEVEL CRITICAL VALLE

1 .1000 .108e
2 .0500 .0587
3 .0250 .0324
4 .0100 .0144
5 .0050 .0093

SED FOR RANF = 27452417757092022 1

sWEINt

|

Figure B.53 Comparison of a Values, n = 2, ft = 4, f2 = 8, Variance Ratio 4 to 1
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC

NLASER W RUNS = 40000
NUPSER W SHIPMENTS = 2

1 MEAN(.) = 0. O.
VARIANCES = 9. 1.!

! DF(.) =48
ALPHA (.) = .1 05 .025 .01 .005.

|

SEED FOR RANF = 27452417757092022 1

PROCEDURE ISATTERTHWAITE
ALPHA- PRt2. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0995
2 .0500 .050*

| 3 .0250 .0267
| 4 .0100 .0123
| 5 .0050 .0068

PROCEDURE 2 BANERJEE
ALPHA PROB. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0937
2 .0500 .0425
3 .0250 .0198
4 .0100 .0089
5 .0050 .0030

PROCEDURE 3 COCHRAN
ALPHA PRIB. & EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 .0933
2 .0500 .0486
3 .0250 .0E00
4 .0100 .007 1

5 .0050 .003 1

PROCEDURE 4 SW & IMB.FREEDtm
. ALPHA Plum. & EXCEEDING

LEVEL CRITICAL VALUE'

1 .1000 .1141
2 .0000 .0650
3 .0000 .0374
4 .0100 .0193
5 .0000 .0118

SEED FINt RAM = 274447949492177429
sWEENt

GEED FINt RANF = 274687318523598953

i

Figure 8.54 Comparison of a Values, n = 2, fy = 4, f = 8, Variance Ratio 9 to 12
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SHIPPER - RECEIVER DIFFERENCE TEST STATISTIC !

NUMBER OF RUNS = 40000
NUMBER OF SHIPMENTS = 2
MEAN(.) = 0. O.
VARIANCES = .95 .05
DF(.) =48
ALPHA (.) = .1 .05 .025 .01 .005

SEED FOR RANF = 274442845740728101

PROCEDURE 1 SATTERTHWAITE
ALPHA PROS. OF EXCEEDING

- LEVEL CRITICAL VALUE'
1 .1000 0.1023
2 .0500 0.0521 1
3 .0250 0.0278
4 .0100 0.0120
5 .0050 0.0068

PROCEDURE 2 BANERJEE
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 0.0986
2 .0500 0.0472
3 .0250 0.0226
4 .0100 0.0080
5 .0050 0.0034

PROCEDURE 3 COCHRAN
ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 0.0987
2 .0500 0.0473
3 .0250 0.0228
4 .0100 0.0081
5 .0050 0.0036

PROCEDURE 4 SUM OF DEG.FREEDGM .

ALPHA PROS. OF EXCEEDING
LEVEL CRITICAL VALUE

1 .1000 0.1200
2 .0500 0.0713

%3 .0250 0.0429
4 .0100 0.0237
5- .0050 0.0149

Figure B.55 Comparison of a Values, n = 2, fl * 4' #2 = 8, Variance Ratic 19 to 1
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