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Partitions of Sample Spaces

So far our inference problems concerned means or medians of populations.

Now we will focus on inference concerning sample space probabilities.

Let Eq,...,E C S be mutually exclusive events such that their union is S.

Such a collection of sets, Eq, ..., E, is called a partition of S.

Example 1: A single die is rolled. S = {1,2,3,4,5,6}.
Letk=6and E; = {i},i=1,2,...,6.

Example 2: Let X be a discrete random variable with X (S) = {0,1,2,3,...}.
letk=5and E;={i—1}fori=1,2,3,4and E5 = {4,5,6,...}.

Example 3: Let X be a continuous random variable with X () = (—oo, o).

Let k =7 with E| = (—o,—5), Ey = |—5,-3), E3=[-3,—1), E4 = [—1,1),
Es = [173)= LEe = [375)= IES [5700)'



Testing Hypotheses

Given a partition of §, our interest centers on the cell probabilities

P1 :P(El),...,pk ZP(Ek) with ﬁz (pl,...,pk) e I1, where

k
H{(ﬂ:l,...,nk):niZO,i1,...,k, and Znil} c R¥
i=1

The generic testing problem consists of partitioning IT = Iy UII; with IIoNIT; =0
and then testing Hy : p € I against H; : p € I1;.

Example: When rolling a die we can test the fairness of the die by specifying k = 6

1 S -
: —)}CHCR6 and I ={rell:n¢Ily}



Example

In 1882, R.Wolf (with time on his hands) tossed a die n = 20000 times, observing

j| o 2 3 4 5 6
0j| 3407 3631 3176 2916 3448 3422

One way to become “famous.” Was Wolf tossing a fair die?

For each cell the expected countis e; = np; = 20000/6 = 33333,

Are the discrepancies explainable by pure chance, even with a fair die?

There are many ways to measure discrepancies betweenthe o;ande;, j=1,...

best known is Pearson’s chi-squared statistic X% =

|
7
—
S
&Q
~—
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Maximum Likelihood Estimates (MLESs)

Given the cell probabilities pq,..., p; we can ask:

What is the probability or likelihood of the observed counts o1, ...,0;. Itis

L(p17'°°7pk) :P(Ol :Ol,...,OkZOk) :CpTlka
where C counts the number of ways of how the cell occurrences in the r trials can

result in counts of 01,...,0,. C=n!/(o1!---0!), similar to binomial case.

The maximum likelihood estimates (MLEs) of py,..., p; are those values pq, ..., pk

that maximize L(py, ..., py) for the given observed counts oy, ..., oy.

These estimates are those values of py,..., pi that would make most probable

what we observed. This is a powerful and useful estimation principle.

Without further restrictions beyond p; > 0and p; +... +p; =1
the MLEs of py,...,py are py =o1/n,...,pi =o0r/n (the plug-in estimates).
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Likelihood Ratio Discrepancy Measure

The maximum value of the likelihood thus is

A ~ ~ R 01\°91 O\ %k
L p =i it =C (D) (%)

Under our previous null hypothesis we have Hy : p; = ... = p;, = 1/6.
Under that restriction, the MLEs of py,...,pyare py =1/6,....p, =1/6

0 0 1 01 1 Ok
with likelihood L(pl,...,ﬁk):cpll...ﬁkk:c(8) “'(g)

L(py,---,Dx)
—  L(P1,--- . Pk) SL(P1s---sPr) or A= — €10,1]
L(py,---,Pr)

since (P, -- ., Px) maximizes over the much more restricted set I1y = { <%, %, e %) }

If L(py,...,Pr) =L(p1,-..,Ppr) or A=1,then Hywould be plausible, because
(P1s---,Pr) = (1/6,...,1/6) is almost as good as (py,- .., Pi) in giving highest

probability to oy, ..., 0. A small A is evidence against Hy.



A Second Null Hypothesis

Consider the hypothesis that opposing faces on the die have same probability,

then p1 = pg, P2 = ps, p3 = p4 and our null hypothesis takes the form

Hy:pellyg={(p1,p2,p3,p3,P2,P1) 1 2p1 +2p2+2p3 =2(p1 + p2+p3) =1}

Using calculus, the maximum likelihood estimates restricted to this Hj are

. . 01+0¢g)/2 . or+o0s5)/2 . 03+ 04)/2
p1:P6:( " )/ ; P2:p5:( nS)/ ; p3:p4:( )/

i.e., under Hy the estimates of 2p; = p1 + pg, 2p2 = pr + ps and 2p3 = p3 + py
are again just the plug-in estimates

. 017106 ., 0105 ., 03104
2p = " , 2pp= " , 2p3=

n
A=L(p1,--.,Pr)/L(P1,--.,Pr) =~ 1 again supports the current hypothesis H,

(equal opposing face probabilities), for the same reason as before.

Small A would present evidence against that null hypothesis.



A Third Null Hypothesis

To round out the possible hypotheses we also consider
Hy:p1+pe=p2+ps=p3+ps=1/3,
l.e., the combined probabilities of the three opposing face pairs are the same.

Under Hy we can view p; and pg as two-stage probabilities, namely
p1 = Puy({1}) = Pay({1; N({1}U{6})) = Pry({1}[{1} U{6}) - Pry ({1} U{6})
1

= P13 UL6}) - Pry({17U{6}) = P({;}(?l(}{i}{z}{)@)) | % B p1ljr1p6 3

P6 — r6 'l:l_pl P2 = £z l P5 — £ l
pi1+ps 3 3 ’ p2+ps 3 p2+ps 3
p3+pg 3 p3+ps 3

Within each pair (p1, pg) (p2, p5) and (p3, p4) only one can be freely chosen under
Hy), since within each pair they have to add to 1/3.



MLEs Under Third Null Hypothesis

With calculus one can again find p = (pq,..., pg) that maximizes L(py, ..., pg)

subjectto  pelly={(p1,...,P6) : P1+P6=P2+p5=p3+ps=1/3}
That maximizing g = (p1,..., Pe) is given by

v pAl 1_ 01/n 1_ 01 1 v 06 1
pl_ﬁl—l—ﬁ6 3 o1/n+tog/n 3 o01+o0g 3 P6 01+0¢ 3
. 0 1 o5 I, o3 L o4 1
p2_02-|-05 3’ p5_02-|—05 3’ p3_03—|—04 3’ p4_03-|—04 3

basically using the plug-in estimates p; in the H\ representation of p;.

A=L(py,...,pr)/L(p1,---,Pr) = 1 again supports the current hypothesis H,

(equal opposing face probabilities), for the same reason as before.

Small A would present evidence against that null hypothesis.



The Likelihood Ratio Chi-Squared Statistic

Let €; = np; be the expected cell count when p; = p;, as estimated under Hy.

o o vO1 O C (l)al...(e_k)ok v 19) v 9]
K:L(pla--wpk)_ Cry P~ \m " _(e_l) 1,,,(%) ‘

L(p1,-- Pr) € (L)1 (Z)% ¢ (L) ()%

k
G?> = —2logh =2 Z ojlog(o;/é;)

J=1

Since A € [0, 1], we have G > 0. Large values of G, are evidence against Hy.

The null distribution of G2 can usually be well approximated by a

chi-squared distribution with appropriate degrees of freedom.

Under Hjy both Pearson’s X 2 and the G? statistic are fairly close to each other

and the approximate null distribution applies to X2 as well.



Appropriate Degrees of Freedom

The appropriate degrees of freedom for the approximating chi-squared distribution
is obtained as the difference of the full dimension of I1, i.e., k— 1, and the dimension

of the space in which I is embedded.

In our first example, where Iy = { (%, %, . ,%) } that dimension is zero, so the

degrees of freedom for the approximating chi-squared distribution are (6—1) —0 =
5.

In the second example the dimension of I is 2. Of the parameters p1, p2, p3

only 2 can vary freely, since p1 + pp + p3 = 1/2. The degrees of freedom for the

approximating chi-squared distribution are (6 — 1) —2 = 3.

In the third example the dimension of I is 3, as alluded to previuosly. The degrees

of freedom for the approximating chi-squared distribution are (6 —1) —3 = 2.
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Analysis of the Wolf Dice Data

Testing Hy : p1 = ... = pg = 1/6 we find &; = 20000 ; = 20000/6
6 6
G*=2Y ojlog(0j/¢;)=95.8023 and X*= Y (0;—¢&;)*/¢;=94.189
j=1 J=1

1-pchisq(95.8023,df=5)=0 and 1-pchisqg(94.189,df=5)=0,

the evidence against Hy) (the die is fair) is overwhelming.

Testing HO : P1 = P6, P2 = P5, P3 = P4 We find with é] = I’lpvj

N¢
AN«

1 =8 = (3407+3422)/2 =3414.5

= (3631+3448)/2 =3539.5
4 = (317642916)/2 =3046.0
and obtain G* = 15.8641 and X? = 15.1971 with respective p-values
1-pchisq(15.8641,df=3)=.00121 and

N«
|
N«

N

<

¢

2
3

1-pchisg(15.1971,df=3)=.00166.
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Analysis of the Wolf Dice Data (oninues)

Testing Hy : p1 + pe = p2+ ps = p3+ ps we find with €; = np;

= 20000[3407 /(3407 +3422)] /3 = 3326.012
20000[3422 /(3407 + 3422)] /3 = 3340.655
20000[3631/(3631 + 3448)] /3 = 3419.504
( )
( )

SN =

200003448 /(3631 4 3448)] /3 = 3247.163
20000[3176/(3176 +2916)] /3 = 3475.596
— 20000[2916/(3176 +2916)] /3 = 3191.070

N

N VN NV V¢ V¢ ¢
o8 \o)

N

and obtain G2 = 79.9382 and X2 = 79.0992 with respective p-values
1-pchisqg(79.9382,df=2)=0 and 1-pchisqg(79.0992,df=2)=0.
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Density

Testing Hy: p1 = ... = pg = 1/6 Using G?

0.15

0.10

0.05

0.00
I

simulated G? distribution under Hy
with aproximating )(2 density

Nsim = 10000
df =5
2 _
G pserveq = 95.8023
p—-value =0
| | | | | |
5 10 15 20 25 30
G?forHp:p1=..=pg=1/6
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Testing Hy : p1 = pe, P2 = P35, P3 = P4 Using G?

Lo
(\! —
° simulated G distribution under H 0
with aproximating )(2 density
o
S | Nsim = 10000
I df = 3
\ C;\'gbserved =15.8641
9 \ p—value = 0.0012091
_Z\ o
= 1
c
[¢] 1
(@] 9! | \
o
§ | | |
o
o
o -
© |

I I I I
0 5 10 15 20 25

G?for Hy : p1 = Ps, P2 = Ps, P3 = P4
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Testing Hy : p1 + pe = p2 + ps = p3 + p4 = 1/3 Using G*

simulated G2 distribution under Hg
with aproximating )(2 density

<
o
Nsim = 10000
df =2
2 -
g - Gobserved = 79-9382
p—value =0
2
‘0
c
Q
o N |
o
—
o
o _|
o

0 5 10 15

G for Ho:p1+p6:p2+p5:p3+p4:1/3
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Density

TestingHy: p1=... = pg=1/6 UsingX2

0.15

0.10

0.05

0.00
I

simulated X? distribution under Ho

with aproximating )(2 density

Nsim = 10000
df=5
2 _
Xobserved =94.189
p—-value =0
| | | | |
10 15 20 25 30
X?forHg:p1=..=pg=1/6
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Testing Hy : p1 = pe, P2 = D5, P3 = p4 Using X2

Lo
(\! —
° simulated X? distribution under Ho
with aproximating )(2 density
o
df=3
2 —
Xobserved =15.1971
=T p-value = 0.0016557
_Z\ o
w
c
[¢]
O o
— ]
o
Lo
(3_ —
o
o
O_ 1
o

I I I I I I I
0 5 10 15 20 25 30

X for Ho : p1 = Pe, P2 = Ps, P3 = Pa
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Testing Hy : p1 + pg = p2+P5 = p3+p4 = 1/3 Using X2

0 _
o
simulated X? distribution under Hg
< | with aproximating x2 density
o
df =2
g - ngserved =179.0992
> p—value = 0
0
c
[¢]
a Q]
N
|
o
o _|
o

I I I I I
0 5 10 15 20

X for Ho: p1+Ps = P2+Ps=Pps+ps=1/3
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Some Comments

The 10000 simulated cell counts in 20000 rolls of a die with cell probabilities p = p
were generated via rmultinom (10000,20000,p) for p=(1/6,...,1/6)

and for the estimated value of p under the other two hypotheses.

The simulated distributions of G* and X2 are well approximated

by the respective chi-squared distributions.
At conventional significance levels all three null hypotheses should be rejected.

Compared with the other two, the null hypothesis Hy : p1 = pg, P2 = P5,P3 = P4

seems to fall within the realm of possibilities.

The three G2 discrepancy criteria add up 95.8023 = 15.8641 + 79.9382,
i.e., we have a decomposition of 95.8023. This suggests that the main reason

for rejecting the fair die hypothesis is the rejection of the third hypothesis.
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Testing Independence

Suppose the sample space S is partitioned two ways:
§ = AjU...UA;, withA;NA;=0fori# j
S = BjU...UB¢, WithBiﬂBjZQ)fOI’i#j
We can construct a third partition made of all intersections E;; = A;NB;j = A;B;.

r C
S=J JEij withA;B;nAyBy=0for (i,j)# (i, j)
i=1j=1

With respect to the A and B partitions it is often of interest

whether they are independent of each other, i.e., do we have

Dij :P(Eij) :P<AiBj) :P<AiﬂBj) :P(Ai) -P(Bj) for all (i,j)?

20



Karl Pearson’s Crime Example

Karl Pearson studied the relationship between the type of crime
and the drinking habits of the involved criminal.

Are these two categorizations or partitions independent of each other?

B{ =drink B, = abstain
A1 = arson 50 43
Ay = rape 88 62
A3 = violence 155 110
Ay = stealing 379 300
A5 = coining 18 14
Ag = fraud 63 144

Of course, one might argue that some of these classifications overlap and we
assume that such cases are resolved in a consistent manner, e.g.,
violence = violence without rape.
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Some Notation and Estimation

With p;; = P(El'j) we have

piv = Piit+pi+...+pic=PAiB1UA;ByU...UA;B.) = P(A;S) = P(A;)
P+j = plj—l—pzj—l—...—l—prj:P<AIB]'UAQB]'U...UA,~B]'>: (B) (Bj)
The hypothesis of interestis Hy : p;j = piy-p+; for i=1,....nn, j=1,... ¢

Let 0;; = the count of observing E;;, 0,1 = the count of observing A; = A;B; U
..UA;B., and o ; = the count of observing B; =A|B;U...UA,B;.

Then the unrestricted MLEs of p;;, p;+ and p ; are

C

A Ol] A A 0+ A 4 A 0+]
pij=—, Pir=Y bij=—, and pyj=Y pij=—
n - n ~ n
j=1 i=1
which are basically the plug-in estimates. Under Hy: mutual independence,
the restricted MLEs are
Oj+ " A~ 04

ﬁi+:ﬁi+:77 Pvj=P+j= " and  pjj = Pir Py
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Test Statistics G2 and X?

Under H() the estimated expected counts are

Ojy O+4j Qit"0+4j Oit 04j
n n n 04+

éij =npij=n since n=o44

and as our GZ and X2 test statistics we get

) e o (0 —&))
2220,]10g< ) and x>y Y

i=1j i=1j=1  €ij

The null distribution of either statistic is well approximated by a chi-squared

distribution with (r— 1)(c — 1) degrees of freedom. Here
(r—1)(c=1)=rc—r—c+1=(rc—=1)—(r—1)—(c—1)

rc — 1 of the p;; are free to vary in the unrestricted model, since Zl-jp,-j =1,

and under Hy the p;j = p;1 - p j are restricted to r — 1 + ¢ — 1 free parameters

P14y Pr+ and P41y P+c since Zipi—l— =1and Z]p+] = L.
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Analysis of Crime Data

PearsonCrime <- function() {
tab <- cbind(c(50,88,155,379,18,63),c(43,62,110,300,14,144))
rows <- apply(tab,1,sum); cols <- apply(tab, 2, sum)
r <- length(rows); c¢ <- length(cols); n <- sum(rows)
e0 <- outer(rows,cols,"*")/n
G2 <= 2*sum(tab*log(tab/e0)); X2 <- sum((tab-e0)"2/e0)
t.st <= ¢(G2,X2);names (t.st) <= c("G2","X2")
pG2=1-pchisqg (G2, (r-1)*(c-1)); pX2=1-pchisq (X2, (r-1)*(c-1))
p.tst <- c(pG2,pX2)
list (test.statistics=t.st,p.values=p.tst)
}
> PearsonCrime ()
Stest.statistics
G2 X2
50.51729 49.73061

Sp.values
[1] 1.085962e-09 1.573317e-09  # highly significant
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