
Long Division

�Division� between positive integers n and d 6= 0 means �nding two positive

integers q and r, with r < d, su
h that

n = q · d+ r

The 
ondition r < d ensures that there is only one solution to this problem.

�Division� between polynomials n(x) and d(x)means �nding two polynomials,q(x)
and r(x), with the degree of r(x) less than the degree of d(x), su
h that

n(x) = q(x)d(x) + r(x)

Again, the 
ondition on the degree of r ensures that there is only one solution

to this problem. Clearly, we'll have

deg q + deg d = deg n

Also, only the highest degree in q and in d will 
ontribute to the highest degree

n n. It is natural, then, to start by 
on
entrating on the leading terms.

Thus, if n(x) = axk + . . ., and d(x) = bxh + . . ., with h ≤ k, we start by


omputing

axk

bxh
=

a

b
xk−h

This will be the leading term of the quotient. Multiplying this term by d(x)
and subtra
ting from n(x) will allow us to �nd that

n(x)

d(x)
=

a

b
xk−h +

n′(x)

d(x)

where the degree of n′
is at most k−1. We 
an repeat the pro
ess with this new

fra
tion. The pro
edure stops when we end up with a numerator with degree

less than h.
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Here's a 
on
rete example to illustrate how it works.

Take

3x4 − 2x3 + x2 − x− 2

x2 + 3x+ 1

We start working toward the result by looking at the highest powers:

3x4

x2
= 3x2

This is 
ertainly not the desired q(x), but it will be its leading term, and we


an 
he
k how far we are form our goal: we 
ompare 3x2 · d(x) with n(x), and
the di�eren
e will be our �error term�.

3x2 ·
(

x2 + 3x+ 1
)

= 3x4 + 9x3 + 3x2

Subtra
t from the numerator:

3x4 − 2x3 + x2 − x− 2−
(

3x4 + 9x3 + 3x2
)

= 0 · x4 − 11x3 − 2x2 − x− 2

Let's write expli
itly what this result means:

3x4 − 2x3 + x2 − x− 2

x2 + 3x+ 1
−

3x2 ·
(

x2 + 3x+ 1
)

x2 + 3x+ 1
=

−11x3 − 2x2 − x− 2

x2 + 3x+ 1

or

3x4 − 2x3 + x2 − x− 2

x2 + 3x+ 1
= 3x2 +

−11x3 − 2x2 − x− 2

x2 + 3x+ 1

The di�eren
e is thus a new fra
tion, with a numerator that's got a lower

degree. We 
an repeat now the pro
ess on this new fra
tion. This will yield

a se
ond term. Repeating all steps, we keep going until we are left with a

polynomial whose degree is less than that of the denominator. This is the

�remainder� r(x).
The usual way of writing long division is just a mnemoni
 to automate this

pro
ess. The drawba
k is that we easily lose sight of what we are really doing.

There Is Another Way

The ability to write a rational fun
tion as �polynomial + rational fun
tion with

a numerator of lesser degree than the denominator� turns out to be useful in

Cal
ulus, as this form is easier to handle when 
omputing integrals (you'll see

what they are, and why you should 
are, in that 
lass)

However, I suspe
t that most people will not really use long division for this

purpose. There is an equivalent, and less arti�
ial way of obtaining the same

out
ome. Suppose you want to divide a polynomial, I'll take, as an example,

2x3+3x2− 2x+1, by another polynomial of lower degree, and I'll take x− 5 as

an example. How 
an you do it? You 
an use long division or syntheti
 division

(be
ause I 
hose a divisor like x − 5 - it would not be available for something

like x2 − 2x− 1). However, there's a simpler way.
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To explain how it works, let me remind you what �division of A by B results

in C with remainder D� means (this is true for whole numbers, and it is true

for polynomials): it means that

A

B
= C +

D

B

but, even better, it means that

A = B · C +D (1)

Now, it will turn out that

2x3 − 3x2 − 2x− 1

x− 5
= 2x2 + 7x+ 33 +

164

x− 5

that is,

2x3 − 3x2 − 2x− 1 = (x− 5)
(

2x2 + 7x+ 33
)

+ 164

We 
an guess immediately that the quotient will be of degree 2, sin
e, when

multiplied by x− 5 it must result in something of degree 3. We also guess from

the start that the remainder is a number, be
ause it has to be of a lower degree

than the denominator. So, let's just write that there must be some polynomial

of degree two. and a number that work as in (1) � we just don't know the

spe
i�
 values of the 
oe�
ients:

2x3 − 3x2 − 2x− 1 = (x− 5)
(

ax2 + bx+ c
)

+ d

Now, let's expand the right hand side:

2x3 − 3x2 − 2x− 1 = ax3 + (b− 5a)x2 + (c− 5b)x− 5c+ d (2)

If the two sides have to be equal, then the 
oe�
ients of ea
h power must be

the same. That is

a = 2

b− 5a = b− 10 = −3

that is b = 7
c− 5b = c− 35 = −2

that is c = 33
d− 5c = d− 165 = −1

that is d = 164.
We have shown that, indeed,

2x3 − 3x2 − 2x− 1 = (x− 5)
(

2x2 + 7x+ 33
)

+ 164

If the polynomials are big this 
an take some time, but, ex
ept for some 
are

in doing the multipli
ation (that is obtaining (2)), the 
al
ulations are trivial:
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as you see, the �rst 
oe�
ient is given right away, and the others follow in a


as
ade.

Here is another example:

2x3 + 3x2 − x− 5

3x2 + 4x+ 1

Sin
e the denominator is of degree one less than the numerator, the quotient

will have to be of degree 1. The remainder, if any, will have to be of degree less

than the denominator, hen
e it will also be (at most) of degree one. Now, we

don't know what these two linear fun
tions will be, but they will be of the form

ax+ b, and cx+ d. By de�nition, they must be su
h that

2x3 + 3x2 − x− 5 = (ax+ b)
(

3x2 + 4x+ 1
)

+ cx+ d

Now, if we expand the right hand side, and mat
h the 
oe�
ients of the 
orre-

sponding powers on the left hand side, we �nd

2x3 + 3x2 − x− 5 = 3ax3 + 4ax2 + ax+ 3bx2 + 4bx+ b+ cx+ d

2x3 + 3x2 − x− 5 = 3ax3 + (4a+ 3b)x2 + (a+ 4b+ c)x+ b+ d

2 = 3a ⇒ a =
2

3

3 = 4a+ 3b =
8

3
+ 3b ⇒ b = 1−

8

9
=

1

9

−1 = a+ 4b+ c =
2

3
+

4

9
+ c ⇒ c = −1−

10

9
= −

19

9

−5 = b+ d =
1

9
+ d ⇒ d = −5−

1

9
= −

46

9

and the quotient is

2

3
x+ 1

9
, while the remainder is − 1

9
(19x+ 46)


