Average Rate of Change for
Trigonometric Functions

Part I. Sine and Cosine

1 Direct Computation

1.1 Addition Formulas
Using the addition formulas , we find

sin(z + h) —sin(x) sinxcosh+sinhcosz —sinz . cosh—1 sinh
p— n S S

(1)

h

In the same spirit

cos(z+h)—cos(x) coszcosh —sinzsinh — cosz cosh—1 . sinh
= = cosx —sinx
h h h h
(2)

1.2 Sum-Product Formulas

Since most people are more familiar with the addition formulas than the “product-
sum” formulas, the previous calculations are the ones you are most likely to find
(e.g., in your next Calculus class). However, the product-sum formulas are just
as good, if not better: for example, since sinx — siny = 2cos % sin %3¢, we

have that

h— h h h
sin (z + h)—sin (z) = 2sin <I+ 5 I) cos <x+2—|—x) = 2sin (5) cos <x+ 5)

Hence,
i h) — si sin (& h
sin (# + }2 sin (z) — %(2) coS <x + §> (3)
Similarly, since cosz — cosy = —2sin 2 sin 2-¥
cos (x 4 h) — cos (x) — _9qin rthta sin w = _Sin(%) sin | « + ﬁ
h 2 2 3 2
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2 Casting The Formulas In a Better Form

Both formulas (1) and (2) are in the form A cosz+ Bsinz. These can always be
rewritten in terms on a single trigonometric function at the “price” of introducing
a phase. The trick is to find an angle y such that

A=Csiny, B=Ccosy
or an angle z such that
A=Dcosz, B=Dsinz
By the Pythagorean Identity, the coefficients C' or D must be such that
C?=D?= A%+ B?

that is

C=D=+A2+ B2

(we could, equivalently, choose the negative square root, of course). Conse-
quently, we must satisfy

. A B
SNy = —————,CO08Y = ————
Yy ’/A2+B2 Yy 4/A2+B2
or
A i B
COSZ = —————,SINz = ———
VAZ + B2 VAZ + B2

result in, respectively, in
C'sin(z +y)

and
Dcos(z — z)

Applying these formulas to our case, we have that

. cosh—1 sin h .
smxT + cosx = Asinz + Bcosz
. . ,- 2 . o2
with A = COS;LL 1,B _ buﬁh- Hence, A2 _ l4cos Zz 2(:0:’ij _ buﬁzh, and

2 : .
A2 4 B2 _ 1+cos h+2h521nh72cosh _ 217}(;;)sh‘ Flnally,

A cosh—1 1
= = ——+1—cosh
VAZ+ B2 2y/1—cosh 2

B sinh

VAZ+ B2 2y/1—cosh
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Hence, if we define
€=sin"! (—l\/l — cos h) =cos! <&>
2 2v/1 —cosh
we can write

sin (z +h) —sin(z)  /2(1 —cosh)
Y = - cos (z +¢) (5)

could get similar formulas for the cosine, as well as the same in terms of a cosine,
instead of a sine.

3 The Case When h is Very Small

The main observation that allows us to get a good feel for the situation when

~ 0 is the geometric observation (look at the unit circle, a very small angle,
and a little intuition — the argument will be made precise very early in your first
Calculus class) that for h very small,

sinh =~ h
Hence,
sizh ~1
Consequently, sinh B2
- ~ - = h~0

It follows from this that

2 2
sin“h  1—cos’h (1 —cosh)(14cosh) 1—cosh

Since 1+ cos h is, at most, equal to 2, the really small value implies that, at this
level of approximation (that is i =~ 0)
1—cosh _
o ~
In particular, this implies that, at this level of approximation, cosh = 1, and,
as a side consequence,

inh h
sin ~ P (6)

1
Inserting these approximation in (1) and (2), results in

Sin (I + ) s (I) — SiHIL + co ;ESIL =~ COST (7)
h h
h) — h—1 inh
cos (z + }z cos (x) _ cosx% _ sinw% ~ —sinx (8)



You may notice that we get to the same results much faster if we start from
the expressions obtained through the “product-sum” formulas. Looking at (3),
sin(%)

we end up with (7), if we observe that h ~ 0, and —2* ~ 1. Similarly, looking
2

at (4), we find (8) by the same arguments.

Remark: We have already argued that % ~ 0. If we compare the approxi-
mation in (7) with the expression in (5), we see that it must be € =~ 0, and

v/2(1—cos h)

- ~ 1, when h =~ 0. That implies

2 (1 —cosh) ~ h?

2

1—- h~—

cos 5

or )
h

h~1-—

cos 5

Part Il. Tangent and Cotangent

The formulas for the tangent and the cotangent do not look as elegant, as long
as we don’t go to the approximation for small A :

h h N

tan(z + h) —tanz 1 [ tanz + tanh
= —tanx
1—tanxtanh

tan:z:—l—tanh—tan:z:—l—tan?:z:tanh] 1 [tanh(l—i—tanzx)]

1
h 1 —tanztanh h 1 —tanztanh

__ tanh 1+ tan? )
T h 1 —tanxtanh
The identities we listed did not include a formula for the cotangent of the
sum of two angles, but it’s easy to get one

_ 1 cot x cot y—1
cot (z+y) = 1 _ 1l—-tanztany 1 cotmcoty _  cotmcoty
B o - 1 1 ~  cotytcotz
tan (z + y) tanx + tany 4 = oty ot

cotzcoty — 1
cotx + coty

(note the similarity with the tangent formula). Consequently

h :E cotx + cot h T h cotx + cot h

cot (x+h)—cotz 1 [cotxcoth—l . ] 1 {cot:vcoth—1—cotx(cotx+coth)
———————— —cotx| ==
1 1+ cot’x

T h [_cotx—l—coth} (10)



If we now assume h to be very small, we will have, as observed in (6) that
tanh =~ h. Looking at (9), we have then that

tanh 1+ tan?h 1+ tan®z 1+ tan? 1
. Ml———— & an“ T = ———
h 1—tanztanh 1—htanz cos?

(the last step is an identity you may find in any list).
Going now to (10), we have

1 1+ cot’z 1+ cot?z 1+ cot’z 9 1
S [ [~V — N — :—(l—l—cot x):—.Q
h cotx + coth heotz + 1 sin® x

The last step follows easily:

cos? x sin x + cos® 1
1 2 ) = 2
sin“ x sin“ x sin“ x




