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SUTWVXTZY*[�\^]_VX`bacYdTeVdfhgi\^Tegb\dj�Vdfkf;]_VdTelmY*n#opVX]_acVdqrfc\^gtsvuEw xKw y�VX]_\�lmacg_z8]_\8`_\{svVdTel}|eTrak`b\�y~w
���ra�gha�g;akT,`b�r\�gbVdn�\�gi\^Tegb\�Vdg^j3Yd[.\�]�Vp`bacYdT�VXfcfk�*j*�?\�z^VXT�Y*Trfk��lm\�VXf.�Ra�`_�,]�Vp`bacYdT�VXfeT��rn��
q.\�]�g�svakT,�vVdz~`�jX��]_\^Vdf���T��rn�q.\�]�ghVd]b\�lm\8|�Tr\^l,YdTrfc��`b�r]_Yd�r�*�tfkacn�a�`�Yd[.\�]�Vp`_akY*Teg�Y*T�]�Vp`bacYX�
TeVdf�T��rnKq�\^]_g�y~j�qr�m`�ak`��?Yd�efcltq.\�\8��`b]_\�n�\�fc�tz8�rnKq�\^]_gbYdn�\�`bY�[�\^]i��Y*]bn�VXT��tVdlro�VdTez8\�l
z�Vdfcz��rf�Vp`bacYdT�g;ak�	�;\�]_\^gi`b]_acz8`b\^lIYd�e]_gb\�fcod\�gh`_�eVp`���V��dw

� uNw x�w�z�VdT�q.\�o�ac\��?\^ltVdg�`b�r\�]_\^gb�rfk`�YX��VNgb[�\�z8ak|�zRn�\^V*gi�r]_\�n�\^T*`��R�eacz���lm\^[�\^Telrg
YdTI`b�e\N]b\�gi�rfk`RYX��V�]_VdTelmYdn�\��m[�\^]bacn�\�T3`R�hVK���rTez~`_akY*T

X : Ω 7→ R

� acTez8\�Yd�e]�n�\�Vdgb�r]bacTr�IakTegi`b]_�rn�\�T3`�g�Vdfkf	�eV�o*\KV,|eTrak`b\�]�VXTr�*\Is�TeY��iakTr|eTrak`b\~��]b\�VdlmacTr�3g
��acT��vVdz8`^j�Yd�e]�]b\�VdlmacTr�3g�VX]_\�q�Y*�rTelm\�l�q��&`_�r\ g_z�VXfc\�YX��`_�r\{acTeg�`_]b�en�\^T3`_g�y~j�VXT�l¡V
|eTrak`b\�[r]b\�z8a�giacYdTQs�\*w ��wkj*�Ra�`_��V�[r]_\^z8a�gbakY*T�z��r]_YdTeYdn�\8`_\�]�jXakT�`_]_V*z�¢�VXTel�|�\�f�lK\^od\^T*`�g�jd`b�r\
fcYp�;\^]R`b�r]_\^gb�rY*fclG��Y*]�[r]_\^z�acgbakY*TQacg�z8�r]_]_\�T3`bfc� 1

100s
y~j�VXT��Gn�\^Vdgb�r]_\�n�\�T3`��Racfcf�[r]_Ymlm�ez�\

T��rn�q.\�]�g�]_\^gi`b]_acz8`b\^l �Ra�`_�racTWV,|�Tra�`_\�gi\�`���[�Y3gbgbacqrfk�£VI���r�*\tgi\�`^j�qe�m`�g�`_akfcf	|eTrak`b\£s�acT
`b�e\,`_]_V*z�¢ZVdTel¤|�\�f�lW\8�rVdn�[efk\*j��;\Gz8Y*�rfcl&YdTrfc�¤Ydq�gi\^]bo*\�T��rn�q.\�]�g k

100

jh�R�r\�]_\
k =

0, 1, 2, . . . , N × 3600 × 100
j;�R�r\�]_\

N
acg�`_�r\{fcYdTr�*\^gi`�`bacn�\(s�acT��rYd�r]�g�yE`_�eVp`,`b�r\

z��r]_YdTrY*n�\8`b\^];a�g�Vdqrfk\�`_Yt]b\^[�Y*]i`~y~w
� gITrYX`_\^l!jRak`I�?Yd�efcl¡q.\ od\^]b�¡V��R¢��?Vd]_l&`bYW�?Yd]_¢&�Rak`b�eakT�`_�ra�g���]�VXn�\djRVdTel��;\

�Racfkf	acTelm\�\�l acT3`b]_Ymlm�ez8\KakTr|eTrak`b\�s�q.\8`b`b\�]Eg_VXa�l!j!�rT�q.Yd�rT�lm\^ley�uNw x�wc¥ g^j�VdTel(¦�§p¨�©«ª¬¨�e§p�®
uNw x�wc¥ g^w=S¯`�a�g��*Y�Y�l�j^`_�rYd�e�d��j�`_Y�]_\�n�\�nKq�\^]�`_�eVp`	�R�eVp`=ntVX¢d\�g�gb\�Tegb\hY*[�\^]_VX`bacYdTeVdfkfc��VX]_\
YdTefk��lma�gbz�]b\�`b\�VdTelQ|eTea�`_\�Vd[r[r]_Y���acntVp`_akY*Teg�`bY,`b�r\�gi\�\�T3`_a�`_ak\�g�°�Vdfkf	lm\8|�Tra�`_akY*Teg�gi�rY*�rf�l
q.\�z8Y*Teg�`_]b��z~`b\�lIV*gRfcakn�ak`_gR��]_Ydn±`b�r\Klmacg_z8]_\8`_\�svVdTelI|eTrak`b\�y�gi\�`i`_akTr�tacT�Yd]�lm\^]�`bYtntVX¢*\
gb\�Tegb\��rTeVXnKqrac�d�rY*�egifc�dw

² 5#<R7�9;:=6~OQ68DG³´@CBEDIFGH�J L�BN:	68BNOQP8<R7

µ}\�z�YdTegba�lm\�]���Yd]�`_�r\�n�Y*n�\�T3`NYdTrfc�{lma�gbz�]b\�`b\tVXTel{|eTrak`b\�uNw x�wc¥ g�w�¶�\�`
X
q�\tgb�ez��£V

uNw x�w�·rY*]�VXT��
x
j.`b�e\E���rTez8`bacYdT

pX (x) = P [X = x]
a�g��;\^fkf	lm\8|�Tr\^l!°�ak`�a�g�\�¸3�eVXf�`bY

¹ \^]bY�j�\8�rz8\^[m`�Vp`�VK|eTrak`b\ET��rnKq�\^]RYX�=o�Vdfk�e\^g^jegbV�� x1, x2, . . . , xn

jeVdTel
n

∑

i=1

P [X = xi] = 1

º



���r\;���rTez~`_akY*T
pX (x)

acg	z�Vdfkfc\^l�`_�r\N»pª�®~©«¼~ªv½�m©¾ªv§p¨tYd]�`b�e\�¿�¼b§d½�Àd½�ª¬Á�ª¬©¾ÂNÃ�Àp®�®�Ä�m¨�¦8©¾ªv§p¨
YX�

X
jmVXTelIak`Rz^VX]_]bac\^g?VXfcf![r]_YdqeVdqracfka�g�`_acz�acTm��Yd]_ntVp`bacYdT,`b�eVX`�lm\�[.\�T�lrg�YdT

X
s«VXTelIYdT

XYdTefk�ry~w�Å��r]rÆ�Y*qE�Racfkf3q�\*j�akTK�d\�Te\�]�VXf¾j8`bY�z8Y*n�[e�m`b\;[r]bY*qeVXqeakfca�`_ak\�g�Yd��\^od\^T*`�g!`_�eVp`	lm\�[.\�Tel
YdTG�R�eVX`�o�Vdfk�e\^g

X
`_VX¢*\^g^jmVXTelI`b�e\Elmacgi`b]_acqr�m`bacYdTG�Racfkf�q.\�`b�e\NqeVdgbacz�`_Y3Y*f«w

Ç�ÈiÉ Ê�ËUÌmÍ�Î�Ï�Ð=ÌrÑUÒhÍ�ÓÔÐ!Õ�Ö¤Ìm×1Ø ÎrÍ�Ö3Í�Ï;Ì&ÙÚÑbÖ*Ì�Î�Ñ�Û�Ü�ÌrÑ�×hÏ�Ö
S¯`Ka�g�giY*n�\8`bacn�\^gKz8YdT�o*\�Trac\�T3`E`_Y£�egb\IVdf�`_\�]_TeVp`_ako*\t���rTez8`bacYdTegK�R�ra�z��&z�Vd]b]_�£`b�r\QgbVdn�\
acTm��Yd]_ntVp`bacYdTQVdg

pX (x)
w����r\N[e]bacn�\�\��rVXn�[rfc\�a�g

Ý�Þvß.Þvß àEá=â£ãKä=å£ä=ævçmè�é�ê.â�ëIé«ì�è^í�évî=ä�è^é«ï�ð�ñ�ä�ð=òXè�évï.ð
���ra�g�acg�VXf�giY�giY*n�\8`bacn�\^gRz^VXfcfk\�l�`_�r\��ió�a�g�`_]bacqr�m`_akY*TQ·e�rTez8`bacYdT��~jeVXT�l,a�g�lm\�|eTr\^lGVdg

FX (x) = P [X ≤ x]

ô fc\^VX]_fc�dj�a��
X
`_VX¢*\^g�Y*T,`_�r\NopVXfc�r\^g

x1 < x2 < . . . < xn

j�VXTel
xk ≤ x < xk

j

FX (x) =
∑

xj≤xk

pX (xj)

� ��\���[r]_Yd[.\�]b`bac\^gRVX]_\�\^Vdgb�t`_Y�gb\�\*°
º w

0 ≤ FX (x) ≤ 1

õ w
FX (x)

a�gRTrY*Telm\^z�]b\�VdgbakTe�
ö w

FX (x)
acgEz�YdTegi`_VdT3`E\8�rz8\^[m`KVp`K[�Y*akT3`_g

xj

j�gb�ez��}`b�eVX`
pX (xj) > 0

j��R�r\^]b\,a�`
��VdgRV�Æ��rn�[{lma�gbz�YdT3`bacT��ra�`��,\^¸3�eVXf�`_Y

pX (xj)

÷ w � akTez�\I�?\ZsvVX]_qrak`b]�VX]_akfc�ry��egb\^l(V
≤
acTW`_�r\Glr\8|eTrak`bacYdT(YX�

FX

j�acTeg�`_\^V*l¤YX��V
<gbac�dT�j

FX

a�gQ¦�§X¨e©¾ª¬¨ee§p�®�Ä�¼b§pÃø©¬ùeúQ¼~ª�û�ùm©«j;a«w \dwcj���Y*]K\^od\^]b�
x
s��R�r\�`b�r\^]ta�`�a�g�V

Æ��en�[{lracg_z8Y*T*`_akT��rak`���[.YdacT3`?��Y*]
FX

Yd]�TrYd`�y

FX

(

x+
)

:= lim
x↓y

FX (x) = FX (y)

ü w
limx→−∞ FX (x) = 0

ý w
limx→∞ FX (x) = 1

þ?�,gbakn�[rfc\Egi�eqm`b]�Vdz8`bacYdT�j

pX (xk) = F (xk) − FX

(

x−
k

)

s¬`_�r\Nf�Vdgi`R`b\�]_nÿa�g�`b�e\Nfk\��¬`�fkacn�a�`�Yd�
FX

VX`
xk

y8jegbYK`_�eVp`�¢�TrYp�Rfc\^lr�d\�YX�
FX

VXfcfkYp��g?�eg
`bYtz^VXf�z8�rf�Vp`_\

pX

j�Vdg��?\�fcf�Vdg�o�acz�\8�¯od\^]_g_Vrw
Å�Tr\���[e]baco�akfc\��*\~��YX��`b�r\�z8�en��rf�Vp`_ako*\Glma�gi`b]_akqr�r`bacYdT(���rTez~`_akY*T(a�gK`b�eVX`ta�`ta�g�\^Vdgbacfk�

\8��`_\�Telm\�l¤`_Y `_�r\Gz^Vdgb\IYd��TrY*Tm�¯lracg_z8]_\8`_\,uNw x�wcj;VXT�lW\�o*\�T¡VXfcfkYp��gE`bY}�;Y*]b¢ZYdT¡giY*n�\
lma���z8�rfk`�z�Vdgb\^g=q���[eVdg_gbakTr��jpVp`	fk\�Vdgi`	acTrak`ba�VXfcfk�*jp`b�e\?Te\^z8\�gbg_VX]_��`b\^z��eTracz^VXfma�gbgb�r\�g�acT�odY*fko*\^l
acTQV*lmopVXTez�\^lIakT3`_\��d]�Vp`_akY*T�`_�r\�Y*]b�{svn�Y*]b\NVdq�Y*�m`R`b�ra�gRf�Vp`_\�]~y

õ



Ý�Þvß.Þ�Ý àEá=â���ä�í�ê�évêrçræ�ñ�ä=ð�òdè^évï.ð
Å�q�o�akY*�egifc� \�¸3�rakopVdfk\^T*`K`bY

FX

j	`b�eacgKacg�V����eTez~`_akY*TW\^gb[�\�z8a�VXfcfk�Z[.Yd[r�efcVd]�acT£�igb�r]_o�akopVXf
VXT�VXfc��gba�gU�}svn�Y�lr\�fcakTr�W`b�r\ gb�r]_o�akopVXfRYd��Y*]b�3VXTra�gbn�g�acT�qracYdfcYd�d�(VXTel�n�\^lracz�akTr\�y~jRVXT�l
�i]b\^fka�VXqracfca�`���`_�r\�Y*]b�*��svn�Ymlm\^fkacTr��`_�r\EgbVdn�\�`_�racTr����Yd]RntVdz��eakTr\�g_y8°

RX (x) := P [X > x] = 1 − FX (x)

SUT�`_�r\�z^Vdgb\�YX�=VX[r[rfca�z�Vp`_akY*Teg�`_Y�gb�r]_o�akopVXf.VXTeVdfk�mgbacghYd]?]b\^fka�VXqeakfca�`��*j
X
�;Y*�rfcl�q�\�`b�r\

�ifkak��\8`_akn�\~��YX��`_�r\tYdqrÆ�\^z~`�YX��g�`_�elm�*j�VXTel£ak`��?Yd�efcl{`b�r\^T}q.\�Tr\^z�\^g_gbVd]bacfc�
X ≥ 0

j!qr�m`
`b�e\�]_\�a�g^jrYX�	z8Yd�e]_gb\dj�TrYt]_\^V*giY*T�`bY�qeVdTG`b�r\��egb\NYX�

RX

acTQn�Yd]_\��*\�Tr\^]_Vdf!giak`b�eVX`bacYdTeg^w
��Yd�{Vd]b\��r]_�d\�l,`_Yt�R]bak`b\��r[Q`b�r\�[r]bY*[�\^]i`_ak\�g�YX�

R
`_�eVp`���YdfcfkYp��lmak]_\^z8`bfc�,��]_Ydn±`b�r\

[r]_Yd[.\�]b`bac\^g?YX�
F
w

Ç�È«Ç ØQÐ	ÎrÐ�� Í�Ì�Í�ÎeÖ��
	,Ê Ù�ÑiÖ*ÌmÎeÑ�Û�ÜRÌrÑ�×hÏ
þ?\8��Y*]b\�fkY�Yd¢�acTr��Vp`��d\8`Rn�Yd]_\��?V��mgh`bY�z��eVX]�Vdz8`b\�]_a ¹ \R`_�r\Nlmacgi`b]_acqr�m`bacYdTGYX�	VKuEw xKwkjmak`Racg
Tr\�z8\^g_g_VX]_�I`_YQTrYX`_\K`_�eVp`�j�YX�¬`_\�TZ\�TeYd�r�*��j!a�`Ea�g�[r]_\8`b`��{�eVX]�l�`_Y�z8Ydn�\��r[}�Ra�`_�¤V����rfcf
lm\�gbz�]bac[m`bacYdTKYX�!V�uNw xKwkj3VXTelK�?\?ntV��Nfcakn�ak`�Yd�r]�gb\�fcod\^g�`_Y�fcacn�ak`b\�l�akTm��Y*]bntVX`bacYdT�w=���eVp`�¥ g
�R�����?\�acT3`b]_Ymlm�ez8\�\���[.\^z8`b\�lIopVdfk�r\�g�jmopVd]ba�VXTez�\^g^j�\8`_zdw

Ý�Þ�Ý�Þvß � ï.åWâ�ð�è^ì����AëGévì^è�ípévî=ä�è^é«ï�ð
� g�lma�gbz��eg_gi\�lZakT¤`_�r\,q.Y�Yd¢�j�VXT�l¤akT(z8f�Vdg_g�j=�;\GVX]_\�fc\^lZ`_Y acT*`_]bYmlm��z8\t`_�r\���Y*fkfcYp�RakTe�
T��rn�q.\�]�g^jrVdg_giYmz8a�Vp`_\^l�`bY�`b�r\Elracgi`b]_akqe�m`bacYdTQYX�	V�]_VdTelmY*n�o�Vd]ba�VXqefk\*°

•
� qegbYdfc�m`b\���Y*n�\�T3`_gNs«giY*n�\�`bacn�\^gRz�Vdfkfc\^lt�bz8�rnK�rf�VXT3`_g���y8°

mk := E
[

Xk
]

k = 1, 2, . . .

•
ô \^T3`b\�]_\^l���Y*n�\^T3`_gNs�Y*]	Æ��egi`?��n�Y*n�\^T3`_g���y

M1 = m1

Mk = E
[

(X − M1)
k
]

k = 2, 3, . . .

���r\Nz8\^T3`b\�]_\^l õ T�lIn�Y*n�\^T3`�a�gR¢�TrYp�RTGVdg?`b�e\���x�Vd]ba�VXTez�\~�~w
S¯`�acgtV}q.Yd]_akTe�ej?qr�m`,gi`b]�VXac�d�3`i��Y*]b��VX]�l¤z�Vdfcz��rfcVX`bacYdT�s��egbakTe� ����\���`bY*T�¥ gtþ;acTrY*n�a�VXf

·rY*]bnK�rf�V��iy�`bYQz��r\�z�¢I`_�eVp`N�?\�z^VXT£]b\�z8YdT�g�`_]b�ez8`�VdqegiY*fk�r`b\�n�Y*n�\^T3`_g���Yd]_n `b�r\^ak]Nz�\�Tm�
`b\^]b\�lIz�Yd�egbacTegRVXTelIo�acz�\8�¯od\^]_g_Vrw

���r\ º gi`�VXT�l õ Tel}n�Y*n�\�T3`_gNVd]b\�`b�e\tn�Y3g�`�z�Ydn�n�YdTrfc�{�egb\^l�j�VXT�l£ak`�gb�rYd�rf�l}q�\
z8fc\^Vd]�`b��Vp`�`_�r\��tVX]_\Rod\^]b���vVX]h��]bY*n1V����efkf.lm\^g_z8]_ak[r`bacYdTtYX��VEuEw xKw���Trfk\�gbghod\^]b��gi[.\^z�a�|�z
Vdg_gb�rn�[m`bacYdTeg�Vd]b\�ntVdlm\*j�`b�r\^�IlmY�acTG�vVdz~`�z^VX]_]b�t\���`b]_\�n�\�fc��n�akTeakntVXf�akTm��Y*]bntVX`bacYdT�w

·rY*]=V�lmacg_z8]_\8`_\hVXT�l�|eTrak`b\�uNw x�wmsvV*g��?\hVX]_\h[e]b\�gi\^T*`_fk��z8Y*Tegbaclm\^]bacTr��y~j�a��e\^TrYd�e�d�En�YX�
n�\�T3`_g�Vd]b\��*ako*\�T�j��?\�z^VXT,]_\^z�YdTegi`b]_�ez8`�`b�r\�lma�g�`_]bacqr�m`_akY*T���qr�m`?`b�eacg?[r]_Ydqrfc\�n sv¢�TrYp�RT

ö



Vdgh`b�e\R�in�Ydn�\�T3`�[r]_Ydqrfc\�nK�iy�a�g;TeYX`�Tr\^Vd]bfc��Vdg;\^V*gi�*j3Y*];\^od\^TIgbYdfco�Vdqrfc\dj�akT,`b�r\��*\�Tr\^]_Vdf
z�V*gi\*w	SUT,�vV*z~`^je�;\�TrYd`b\�`b��Vp`

m1 = E [X ] =

n
∑

i=1

xipX (xi)

mk =

n
∑

i=1

xk
i pX (xi)

s º y

�R�r\^]b\
xi, i = 1, 2, . . . n

Vd]b\�`_�r\N[�Y3gbgbacqrfk\�opVXfc�r\�g�YX�
X
w

� �r[r[.Y*gb\��;\�¢�TrYp��`b�r\�|e]�gi`
n− 1

n�Y*n�\^T3`_g^w	���e\�T�j�`_Yd�d\�`b�r\^];�Rak`b�I`b�e\�]_\�f�Vp`_akY*T
∑

pX (xi) = 1
j.s º y=[e]bYmlm�ez�\^g�V�gb��gi`b\^n Yd�

n
\^¸3�eVp`_akY*Teg	acTK`_�r\

n
�rTr¢�TrYp�RTeg

pX (xi)
w

���r\Nz8Y�\��tz^z8ac\�T3`�ntVp`_]bak�,YX��`b�ra�g�gb�mg�`_\�nÿa�g












1 1 . . . 1 1
x1 x2 . . . xn−1 xn

. . . . . . . . . . . . . . .
xn−2

1 xn−2
2 . . . xn−2

n−1 xn−2
n

xn−1
1 xn−1

2 . . . xn−1
n−1 xn−1

n













���r\ gb�mg�`_\�n lmY�\^g,TrYX`,��V�od\{V¤�rTeac¸3�r\}giY*fk�m`_akY*T�a���VdTel�YdTrfc�¡a��N`_�r\�]_\{a�g,V¤fcakTe\^VX]
z8Y*n�qracTeVX`bacYdT,Yd��`_�r\N]_Yp��gh`_�eVp`�a�g�\^¸3�eVdf�`bY ¹ \�]_Yej�a«w \dw�ak�

n−1
∑

k=0

akxk
j = 0 j = 1, 2, . . . , n

a¾w \*wkjrak�	`b�r\
n
opVXfc�r\^gR`_VX¢*\�TGq��

X
�eVX[e[�\^TI`_Ytq�\

n ¹ \^]bY3g�YX��V�[�Y*fk��TrY*n�acVdf!YX��lm\��*]b\^\
n− 1

��VXTel!j�gbakTez�\�`_�r\��tVX]_\�VXfcf�lmacgi`bacTez8`^j3`b�r\^�tz�VXTeTrYX`hq.\Ks�`b�r\^]b\�VX]_\dj�Vp`hn�Y3g�`�j
n− 1gb�ez��,opVXfc�r\�g_y8w�Å��	z8Y*�r]_gb\dj�®�§pÁ���ª¬¨3ûIgb�ez��IV�gi�mgi`b\^nGj���Y*]

n
fcVd]b�*\dj�a�g?V�`bYd`_Vdfkfc��lma��.\^]b\^T*`

VXT�l,o*\�]_��fkY*Tr��z�VXf�z8�efcVX`bacYdT�w

Ý�Þ�Ý�Þ�Ý ��� �hâ�òXè�çmè^é«ï�ð=ì!��Rñ�ä�ð=òXè�évï.ð�ìtï"��ç$#{Þ&%£Þ
���r\�n�Ydn�\�T3`�g�Yd�

X
VX]_\KVQgb[�\�z8a�VXf�z�V*gi\�YX�?\8�m[.\^z~`�Vp`_akY*T YX��VI���rTez~`_akY*T£Yd�

X
°�`b�e\��

VX]_\�`b�r\N\���[.\^z8`_VX`bacYdTeg�Yd��`_�r\N[�Yp�?\�]�g?YX�
X
w'��Yd]_\��d\�Te\�]�VXfcfk�*j3�?\N�eV�o*\�gb\�\^T,`_�eVp`

E [f (X)] =
n

∑

i=1

pX (xi) f (xi)

s��Rak`b�£`b�e\�g_VXn�\�TrYX`�Vp`_akY*Teg�Vdg�akT�s º yiy~w����r\tlma�gbz��egbgbacYdT Yd��`b�e\N�in�Ydn�\�T3`�[r]_Ydqrfc\�nK�
gb�r�d�*\^gi`_g�`_�r\����r]b`b�e\�]	¸*�e\^gi`bacYdT�°!a�g�`_�r\�]_\hV�z�fcV*gbg�YX�����rTez8`bacYdTeg

f
jpgi��z��N`b�eVX`�¢�TrYp�Rfc\^lm�*\

YX�
E [f (X)]

��Yd]�Vdfkf�YX��`_�r\�n�acg�\�TrY*�r�d�I`bY�]_\^z8Ypo*\�];`b�r\Elracgi`b]_akqe�m`bacYdTQYX�
X (

Ç�È*) +�Í�Ï�Í�ÎeÐ�ÌrÑbÏ-,/.�Ü�Ï�0.ÌmÑi×hÏ�Ö&Ê�Ï�1 Ê�ËiË32�4�Ð=Ì
S¯`;gb�rYd�efcl�q.\�z�fk\�VX]�`_�eVp`�j3acTtYd�e];z�V*gi\RYd�!|eTrak`b\�lracg_z8]_\8`_\�uNw x�wc¥ g^j3`b�r\^]b\��Racfcfeq.\�VNfcYX`hYd�
`b�e\^gb\Kz8f�Vdg_gb\^g^w�5�Yp�?\�o*\�]�jr�;\Kn�ak�*�*`��?VdT3`�`bYIz8YdT�z8\�T3`_]_VX`b\EY*T z8f�Vdg_gi\�gR`_�eVp`�VX]_\E\^V*gi�
`bY��eVdTelmfc\djeVdTelI�;Y*]b¢�`_Y�`b�r\Eg_VXn�\�\6��\^z8`�akTGn�Yd]_\��*\�Tr\^]_Vdf!z�Vdgb\^g^w

÷



Ý�Þ87�Þvß àEá=â9� ï.åWâ�ð�è;:Gâ�ð=â3í�çrè^évð=<¤ñ�ä=ð=òXè^é«ï�ð
S¯`N`b�e]bTeg�Y*�m`N`b��Vp`�VG�egb\8���rfhz�fcV*gbg�Yd�;���rT�z~`bacYdT�gNacg�`_�r\��vVXn�acfk�

etx
j�Yd�?\���[.YdTe\�T3`ba�VXf�g�j

�Rak`b�Q[eVX]�VXn�\�`b\�]
t
s�\^V*z��Qo�Vdfk�e\�Yd�

t
�dacod\�g?V�n�\^n�q.\�]RYX�=`b�e\��vVXn�akfc�ry~w����r\����rT�z~`bacYdT

E
[

etX
]

= MX (t)

a�gRz�VXfcfc\^lt`_�r\�n�Ydn�\�T3`R�d\^Tr\�]�Vp`_akTr�����rTez8`bacYdT�jeVdTel,`b�r\�]_\^VdgbYdT,acg?`_�eVp`�jmq3�,\8�m[eVXT�lmakTe�
ak`�acT [.Yp�;\^]_g�YX�

p
j��?\N|eTel{`b�r\�VXq�giY*fk�m`_\En�Ydn�\�T3`�g�Yd�

X
akT�`_�r\�z8Y�\6��z8ac\�T3`�g�Yd��`b�r\

gb�ez�z�\^g_giacod\�`b\^]bntg^°

E
[

etX
]

=

∞
∑

k=1

E
[

Xk
] tk

k!

s�acT�Yd�e]�|eTrak`b\Kz�Vdgb\dje`b�r\^]b\�acg�TrY,¸3�r\^gi`bacYdTQYd��z�YdT�od\^]b�*\�Tez�\djegbacTez8\
|X | ≤ A

��Yd]�giY*n�\
T��rn�q.\�]

A
y~w ô fk\�VX]_fk�*jmÆ��egi`Eq3�£]b\���\�]_]bacTr�I`bY{gb\^zdw õ w õ w º j

MX

�Racfcf;VXfcfcYp� `b�r\t]_\^z�YdTm�
gi`b]_�ez~`_akY*TIYd�

pX

w
SUT�`_�r\�n�Yd]_\��*\�Tr\^]_Vdf�z^Vdgb\�YX��VKz8YdT3`_akT��rY*�eghuNw x�wcj3`b�r\�n�Ydn�\�T3`?�d\�Te\�]�Vp`bacTr�N���eTez~�

`bacYdTIacg�¢�TrYp�RT�`bYtVXTeVdfk�mgi`_g?Vdg;`b�e\�>�À_¿�ÁkÀd¦�ú�©«¼_Àp¨r®�Ä8§X¼~ÃÿYX��`_�r\Nlma�g�`_]bacqr�m`_akY*TIYd�
X
whÅ��

z8Y*�r]�gi\*j�]_\^z�Ypod\�]_acTr�G`b�r\Qlma�g�`_]bacqr�m`_akY*T¤��Yd]_n#`_�r\?�A@�·�akT¡V��d\^Tr\�]�VXf?gi\�`i`bacTr�£n�\�VXTeg
acT3o*\�]b`bacTr��V�¶�VX[rf�Vdz�\�`b]�VXTegi��Yd]_nQj3�R�eacz��Qa�g�TrYX`�VK`_V*gi¢���Yd]�`b�e\��vVXacT*`b�¾�e\^VX]b`b\�l!w

Ý�Þ87�Þ�Ý àEá=â£ãKá=çmípçròXè�â*ípé«ì�è�évò�ñ�ä=ð=òXè^é«ï�ð
���ra�g�a�g�`b�e\�TeVXn�\�`_�eVp`?s��rTm��Y*]i`_�rTeVX`b\�fc�ry�a�g��egb\^l�acTN[r]_YdqeVdqrakfcak`�����Yd]��R�eVp`�VdTeVXfc�mg�`�g!z�Vdfkf
`b�e\;B�§pm¼~ªvú�¼�©¾¼bÀp¨e®¬Ä8§X¼~Ã YX�	`b�e\�lma�gi`b]_akqr�r`bacYdT�w�����Vp`^¥ g��R�3�I`b�e\E���rTez8`bacYdT

1A (x) = 1��Yd]
x ∈ A

j
1A (x) = 0

��Y*]
x /∈ A

a�gRz�Vdfkfc\^lI`_�r\tª¬¨.»Xªv¦_ÀX©¯§X¼hÄ�m¨.¦�©¾ªv§p¨ q���[e]bY*qeVXqracfcacgi`_g^j
�R�racfk\�acT£VXT�VXfc��gba�g�ak`�a�g��egi��VXfcfk�{z^VXfcfk\�l,�iz���VX]�Vdz~`_\�]_acgi`ba�z����rTez8`bacYdT��QsvVX]_�d�DC y8w � T��3��V��dj
`b�eacg�acg�V£¦_§XÃ�¿�ÁkúFEHGI�pÀpÁ�eú_»I���eTez~`_akY*TWs¾ÅKJ�jrak`��?Yd�rf�lQq�\�[�Y3gbgbakqefk\�`_Y,z8Y*Tegia�lm\^]Ra�`�g�]_\^VXf
VXT�l,acntVX�dacTeVd]b�t[eVd]i`�gRVdgRV�[eVdak]�jmqr�m`�ak`�acg=Æ���g�`�`_Y�Y�z��rn�q.\�]�gbYdn�\�y8°

Cx (t) = E
[

eitX
]

= E [cos (tX)] + iE [sin (tX)]

ô fc\^VX]_fc�dj���giacTr��[.Yp�;\^]N\8�m[eVXT�giacYdTZVX�3VXacT�j�ak`�a�gE\^V*gi�{`bY gb\�\�`_�eVp`N`_�racgE���rTez8`bacYdTWVXf�gbY
z��eVd]_V*z~`b\^]ba ¹ \�gE`_�r\{lma�g�`_]bacqr�m`_akY*T�YX� X

w�S¯`_gtopVXfc�r\�fcak\�g�akT¡`_�r\Q�vVdz8`t`b�eVX`�a�`,z^VXT�q�\
lm\�|eTr\^l&��Yd]{ÀXÁ¬Á�uNw x�wc¥ g^j?�R�rakfc\G`b�r\L��Y*n�\�T3`@�\^Tr\�]�Vp`_akTe�}·e�rTez~`_akY*T(]_\^¸3�rac]_\^g�giY*n�\
]_\^gi`b]_acz8`bacYdTeg^j��R�r\�TQ�?\�Y*[�\^]_VX`b\�acT,���rfcf��*\�Tr\^]_Vdfkak`��dw

� �3VXacT�j�acTÚ���rfcf��d\�Te\�]�VXfca�`��*jR]b\�z8Ypod\^]bacTr�WV(lmacgi`b]_acqr�m`bacYdT���]bY*n a�`�gIz��eVd]_V*z~`_\�]_acgi`ba�z
���rTez8`bacYdTWa�gK\^¸3�raco�Vdfk\^T3`E`bY{acT�od\^]i`_akTr�£V{·rY*�r]bac\�]�`b]�VXTegi��Yd]_nQj��R�eacz��Wa�g�VdT&Vdlro�VdTez8\�l
[r]_Ydqrfc\�nQw

Ý�Þ87�Þ87 :Gâ�ð=â*ípçmè�évð=<¤ñ�ä=ð�òdè^é«ï�ð=ì
���r\^]b\�a�gRV�gb[.\^z8a�VXf!�*]bY*�r[,Yd�	lracg_z8]_\8`_\�uNw x�wc¥ g���Yd]R�R�ra�z��I`b�r\Ez��eVd]_V*z~`_\�]_acgi`ba�z����eTez~`_akY*T
z�VdT�q�\K]b\^�R]bak`i`_\�T�acT V�gb�r�d�*\^gi`bacod\���V��dw-��Vdn�\�fc�dj�z8YdT�gia�lm\�]�V�uNw x�w�`b�eVX`�`_Vd¢d\�g�YdTefk�
TrY*TITr\^�*VX`bacod\�akT3`_\��d\^]_g�V*g�o�Vdfk�e\^g^w	��Ytz8Ypo*\�]RVXfcf�z�V*gi\�g�jm�?\Ngi\�`

pi = P [X = i] i = 0, 1, 2, . . .

ü



��Yd]?VXfcfeacT3`b\��*\�]�g�w�µ£\�z�VdTtakTez�fk��lm\�`_�r\�z^Vdgb\RYX��acT*`_\��*\�]b�¾opVXfc�r\�lKopVd]ba�VXqrfc\^g�`b�eVX`h`_Vd¢d\RY*T
acTm|eTrak`b\^fk��ntVdT3��opVXfc�r\�g�w	SUTQVXT��tz�Vdgb\dj��Rak`b�QgiY*n�\�Yd��`b�r\

pi

[.Y*g_gbakqrfc�tq.\�acTr� ¹ \�]_Yej3�;\
�Racfkf���V�od\

∞
∑

j=0

pj = 1

¶�\�`��eg��R]bak`b\NTeYp�Ú`b�e\ ô ·WYX�	gi��z��GV�uNw x�wc°

E
[

eitX
]

= E
[

(

eit
)X

]

= E
[

zX
]

= HX (z) =

∞
∑

j=0

pjz
j

ak���;\�lr\8|eTr\E`b�r\�z8Ydn�[rfc\8�QT��rn�q.\�]
z = eit = cos t + i sin t

w � lmak]_\^z8`�z��r\�z�¢Igb�rYp��g
`b��Vp`

|z| = cos2 t+sin2 t = 1
w=µ}\�z^VXT,V*z~`_�eVXfcfk��fc\8`

z
`_Vd¢d\�opVXfc�r\�g;gb�ez���`b��Vp`

|z| < 1`bY�Y�j3gbakT�z8\
HX

acg;lm\8|eTe\^l�V*ghVN[.Yp�;\^]hgb\�]_ak\�g��R�rY3gi\�]�Vdlrak�eg�YX��z8Y*T�od\�]_�d\^Tez8\�a�g�TrYKfk\�gbg
`b��VXT º jegbakT�z8\Ngi\�`i`_akTr�

z = 1
�3ac\�f�lrg

HX (1) =
∑∞

j=0 pj = 1
w

���r\�akT3`b\^]b\�g�`_akTe��`b�eakTr�QVXq.Yd�r`�`_�r\��d\�Te\�]�Vp`bacTr�t���eTez~`_akY*T a�g�`_�eVp`�`b�e\�z�Y�\6��z8ac\�T3`_g
YX�=a�`�gR[.Yp�;\^]?\��m[eVXTegbacYdTG�3ac\�f�l,`b�r\Elma�gi`b]_akqr�r`bacYdTQ�;\^ak�*�3`_gRlmac]b\�z~`_fk�*w

M N B�P89POGP8B�>=68DI³ 5 687!>�:=6~O?O,>�68HEDG7
���r\�[.YdacT*`�YX�?akT3`_]bYmlm�ez�akTe�,`_Y3Y*fcg�fcac¢d\K`b�rY3gi\�akTZgb\^zXw õ w ö a�g�`b��Vp`�`b�r\^� VXfcfcYp�±svgbYdn�\8�
`bacn�\^g�y;`bY��d\�`R`b�r\Elracgi`b]_akqe�m`bacYdTGYX��V�uNw xKwr]_\�f�Vp`bacod\^fk�t\�Vdgb�dw

��Yd�¤�Racfkf;�eV�od\tTeYX`ba�z8\�l£`b�eVX`E`b�r\,���rTez8`bacYdTeg��;\t�eV�o*\t�egb\^lZVX]_\�VXfcfhYd�;`_�r\t��Yd]_n
eaX

�R�r\�]_\
a
a�g�V,]_\^Vdf�Yd]�z8Y*n�[rfk\���T3�en�q.\�]�w � �r[r[.Y*gb\�`_�eVp`tsvV*g�Yd�¬`b\^T a�g�`_�r\tz�Vdgb\�y

�?\EVX]_\�acT3`b\^]b\�g�`_\^lGakT{z^VXf�z8�rf�Vp`_akTe�K`_�r\�lma�gi`b]_akqr�r`bacYdTQYX�
X + Y

je�R�r\^]b\
X
VXT�l

Y
Vd]b\

]�VXTelmY*nÿopVX]_acVdqrfc\^g^w�µ£\Ez^VXTG`b]_��`_Yt�dY�`b�r]_Yd�e�d�GYdTr\NYd��`_�r\^gb\N�d\^Tr\�]�Vp`_akTr�����rT�z~`bacYdT�g�j
VXT�l,�egb\�`b�e\�ntVdakTQ[r]_Yd[.\�]b`��tYX�	\8�m[.YdTr\^T*`_acVdfcg^°

E
[

ea(X+Y )
]

= E
[

eaXeaY
]

=
∑

x,y

P [X = x, Y = y] eaxeay

��Yp�Nj�`b�eacg�ntV��ITeYX`�q�\Kn��ez��{\�Vdgbak\^]�`_�eVXT `b�r]_Yd�r�*�{giY*n�\�YX`_�r\�]�]_Yd�m`_\dj.qr�m`^j�ª¬¨Z©�ùrú
�pú8¼~Â�®¾¿eú_¦�ªvÀpÁ	¦�À�®�ú�Q�ùeú8¨

X
ÀX¨.»

Y
Àp¼bú�ª¬¨.»*ú¯¿eú�¨.»dú�¨e©*R

P [X = x, Y = y] = P [X = x] P [Y = y]

s�q��,lr\8|eTrak`bacYdT.y~j�VdTelGgiY
MX+Y = MXMY�R�r\^]b\

M
a�g?VdT���Yd��`_�r\��*\�Tr\^]_VX`bacTr�E���eTez~`_akY*Teg�akT3`_]bYmlm�ez�\^l,akTGgi\�zXw õ w ö wTS�fc\^V*gi\*j3TeYX`b\

`b��Vp`R`b�eacg��eVdTelm�,�vVdz~` ï.ð�æVU(á=ï�æ*W�ì�é«ð(è�á�â òdçrì�â{ï"�Révð=W�â��hâ�ð=W�â�ð�è;#{Þ&%£ÞVXcìZY

)�ÈiÉ Ê�Ï Í [RÐ��]\�Ë�Í_^a`�Ü��]� ÑbÏ-,cb3Ï�1�Íd\NÍ�Ï�1�Í�Ï;Ì/eZÍ�ÎeÏ�×hÜ�ËiËbÑLf Ð	ÎeÑIg
Ð	Û�ËiÍ�Ö

ô YdT�gia�lm\�]RVdT3�,T3�en�q.\�]RYX��ª¬¨.»*ú¯¿eú�¨.»dú�¨e©RuNw x�w
Xi

jrVXfcf��Rak`b�G`b�e\Elmacgi`b]_acqr�m`bacYdT

P [Xi = 1] = p; P [Xi = 0] = 1 − p

ý



x�VX]_a�VXqrfc\^g?�Rak`b�I`b�ra�g�lma�g�`_]bacqr�m`_akY*TGVd]b\�z�Vdfkfc\^l��bþ;\^]bTeYd�rfcfka�uNw x�wc¥ g��~w�S¯`�acg�\�Vdgb��`bYtz8Y*nK�
[r�m`_\�Vdfkf�`b�e\�ac]����eTez~`_akY*TegKs�`b�r\�gi\�YdTefk��lm\^[�\^Tel Y*T�`b�e\�lma�gi`b]_akqr�r`bacYdT�j!gbY�`b�e\��{VX]_\�Vdfkf
\^¸3�eVdf�y8°

MX1
(t) = pe1·t + (1 − p) e0·t = 1 + p

(

et − 1
)

CX1
(t) = peit·1 + (1 − p) eit·0 = 1 + p

(

eit − 1
)

HX1
(z) = (1 − p) + pz = 1 + p (z − 1)

��Yp�Nj�ak�N�;\ V*lrl
n
YX��`b�r\�gi\ akTelr\�[.\�Telm\^T3`,opVX]_acVdqrfk\�g�j��?\��Rakfcf���V�od\Ws�fcY�Yd¢�acTr�ej?��Yd]

gbakn�[rfcacz�a�`��*jrVp`R`_�r\N�d\^Tr\�]�Vp`_akTr�K���rTez8`bacYdTQYdTefk��°=`b�r\NYd`b�r\^]_gRVd]b\?Æ��egi`�gbakn�acfcVd]�y8°

HP

n
1

Xj
(z) = (HX1

)
n

= ((1 − p) + pz)
n

=

n
∑

k=0

(

n
k

)

zkpk (1 − p)
n−k

uR\�z�VXfcfcakTr���rYp�Ú�?\�]b\�z8YdT�g�`_]b�ez8`h`_�r\Nlmacgi`b]_acqr�m`bacYdTI��]_Ydn `b�e\��*\�Tr\^]_VX`bacTr�E���eTez~`_akY*T�jm�;\
�eV�o*\

P





n
∑

j=1

Xj = k



 =

(

n
k

)

pk (1 − p)n−k

���ra�g?lracgi`b]_akqe�m`bacYdT�a�g?z�VXfcfc\^l�`_�r\��bþ?akTeYdn�acVdf�ó�acgi`b]_acqr�m`bacYdTm���Ra�`_�,[eVd]_Vdn�\�`b\^]_g
n, p

j
Yd]

b (n, p)
w;·eYd]RacTeg�`�VXTez�\djrak���dY*�GVd]b\N[rf�V���akTe�

n
acTelm\�[.\�T�lm\�T3`��3VXn�\^g��Rak`b�{z�YdTegi`_VXT3`

[r]_YdqeVdqracfkak`��
p
Yd�e�RakTeTrakTe�ejp`_�racg	a�g=�r\�lmacgi`b]_acqr�m`bacYdT�YX�e`b�r\�T��rn�q.\�]�g�YX���RacTeg=�dY*��g_z8Yd]_\dw

� gRVdT,\8�m\^]_z�acgb\�svqr�m`Rak`�a�g�Ydq�o�acYd�egh��]bY*n�`b�e\�z�YdTegi`b]_�ez8`bacYdT�y8j3�*Yd�Gz�VXTGz��r\^z�¢�`_�eVp`
`b�e\Kgb�rn YX��`��?Y,acTelm\�[.\�T�lm\�T3`NuNw xKwk¥ g��Ra�`_�£lma�g�`_]bacqr�m`_akY*Teg

b (n, p)
j!VXTel

b (m, p)
�eV*g

lma�g�`_]bacqr�m`_akY*T
b (n + m, p)

w

)�È«Ç f Ð	ÎeÑiÐ�ÌrÑi×hÏ�^ih"`j\�ÑiÏ_klf Ð	ÎeÑ�Ð	Û�ËiÍ�Ö
� opVX]_acVX`bacYdT£YdT£`b�r\�þ?\�]_TrY*�rfkfca�lma�g�`_]bacqr�m`_akY*T�sv�R�r\�]_\tuNw x�wc¥ g�`�VX¢*\�`_�r\topVXfc�r\^g
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Week 5 Errata

Page 2, Sec., 2.1.1

A misprint in line 11 should be obvious. It should read
“Clearly, if X takes on the values x1 < x2 < . . . < xn, and xk ≤ xk+1”

Page 3/4 “The Moment Problem”

It could have been written better. In case it seems unclear, the statement
means that the “moment problem” (reconstructing the distribution of a random
variable from the sole knowledge of its moments) is solvable for discrete finite
random variables (as explained there, it amounts to solving a linear system),
but is much more difficult, and possibly unsolvable (i.e., the moments may not
determine the distribution uniquely) in more general situations. As a matter
of fact, in more general situations, moments may even not be defined at all, as
we will see in the next chapter. Even when they are, though, some conditions
need to be satisfied for them to identify the distribution (for example, one such
condition is that the moment generating function exist and be real analytic).
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