Math 394

A collection of problems about probability
and conditional probability

1  Quizzes

1.1
Suppose that A ="Seautle will win whe division®, B ="Seattle will win vhe series
with Qakland®. The sev (A N B)° (the complement ol Lhe inversection) is

(O Seaule will not win the division, buu iv will win the series with QOakland

(O Seaulle will win the division and the series with Qakland

@ Seatule will not win the division or will lose the series with Qakland or both.
(O Seaulle will win either the division, or the series with Qakland, buu nou bovh

(O Seaule will win the division, or win the series with Qakland, or possibly
Lotk

Discussion: In general, (AN B)" = AU B*, and (AU B)" = A°N B°. Inour
case, we have Lhe union (“OR™) ol the complement of Seattle winninyg vhe
division and the complement of Seautle winning vhe series with Qakland.
ORR means, “either, or, or both™ hence Lthe answer.

1.2

Lev P[A] = 0.409, and P [B] = 0.612. Which of the [ollowing statements will

abitys be folse

O P[AuUB| < P[A + P|B)

(O A and B are independent

@ A and B are disjoint

O P[B|A| < P[B)

Discussion: The [irst opuion is actually always frwe! The second and [ourth
need a lou more information Lo be stated, bruw the one thing we know is that

the third is impossitle, because, ovherwise, P[AUB| = P[A| + P [B] =
1.21 > 1!



1.3

Leu A ="iL is raining voday”, B ="the sky is cloudy voday”®, C ="he sky will
bie clear wmorrow™. Which of the [ollowing relations will certainly be wrue (au
least in most circumstances)?

O ANB=10
O BNC =0
QOCNA=
®w ACB
O BCA
OAcCC
OCCcA
OBCC
OcCcB

Discussion: Like most “real word” logic statements, you could pick on this one.
But let us agree that, around here, au least, we can salely say that in case of
rain, the sky will be cloudy. As we all know, A, and B being stalements
aboul Loday’s weather, they bear livde relation w C (somelimes one is
tempted o say they are actually independent...), so we can rule out all
of the above thar mix C with either A or B. Note that saying A € B,
means that every win A is also in B, so that every Lime we observe A we
necessarily will also observe B. Since iu's nou wrue thal every Lime it is
cloudy iv will also be raining, we have our answer.

1.4

Let A and B be two events. We say they are independent if (choose the
answer that is always true in this circumstance)

O P[ANB] = P|4]

O PlANB] =0
@ P[ANB| =P[A|P|[B)
O PlA|B] = P(B|

Discussion: This is just the definition of independence.

[



1.5

Suppose A and B are wo digjoins events. Which ol the [ollowing statements is

adirays Lrie:

O P(ANB)=P(A)P(B)

O P(A|B) = P(A)

@ P(AUB) = P(A)+ P(B)

O P(A)=1-P(B)

Discussion: The [irst wwo statements are actually false (aL least [or events
ol positive probabiity). The fourth would be vrue only il, besides being
disjoint, A and B [ormed & partition (i.e., AUB = Q). The third {correct)

statement is actually one of the possibile lormulations of the basic axiom
ol probabiliy Ltheory.

1.6

We o0ss a [air die repeatedly, uniil, at the T'uh voss we get, [or the [irsu Lime, a
6. P(T >5) is equal w:

5 (14
O § (&)
Discussion: {7 > 5} means that we did nou get a6 over the [irst 3 throws. A 6
does not come up with probability £ av each wss, and we normally assume
that such wsses are independent, hence the probabilivy of our event is Lhe

5

product of 3 live umes by itsell.

1.7

A srore sells three dilferent brands of washers, A, B, C, with a relavive [requency
ol respectively, 5. %, 5. The vhree brands require warranuy repairs during their
lirst vear with respective probabilives 0.3,0.6,0.5. For one ol these washers,
whose brand we do nou know - it may be any ol the three - the probability of &

warranuy repair during the lirse year is (choose one)
O 0.3336
O 0.4011
= 0.4333



Discussion: We apply the “wotal probabilin® lormula. Lel's call A, B, C Lhe
events “we sold washer A, B, or C" respectively. Then P[A] = 1, P [B] =

5. P[C] = L. LeUs call R the event “washer needs a warranuy repair”. We
have

P[R|A] =03,P[R|B]|=06,P[R|C] =05
Hence,

11 1
P[R] = P[R|A] P[A+P[R|B| P[B|+P[R|C| P[C] = 0.3-5+06-3+0.5-2 = 0.433. ..

1.8

We throw uwo dice, and their respective poims are X and Y. Let A = {X+VY =T}, B =
{Y # 3}. Then {choose one)

@ A and B are independent, and P[ANB| = =
(O A and B are nou independent, and P[AN B| = &

O A and B are independent, and P[ANB| = =

Discussion: We know [rom the book and [rom our discussion in class that
A and {Y # 3} are independent {we showed that A and {Y = 3} are in-
dependent, buu thal’s the same, since the one is Lhe complement of Lthe
other). Since, P[A] = L, and P[Y #3]|=1-P[Y =3]=1—-f = 2, we
have the answer. We can also argue directy: A N B, means that Y # 3,
and the sumn of the poinus is 7. Hence, Y can be 12456, and X is
locked in each case Lo be equal w 7— Y. Hence we have 5 possibilities,

1

each with probabiliy -, for a votal of %, Since this also happens 1o be

P[A]-PY # 3|, we have proved again that they are independent.

1.9

Consider Lwo evenus A and B, such thar P[A] = 0.1, P[B] = 0.8, P[ANB] =
0.01. Then {(choose one)

O P[A°N B =0.53
O P[A°N B =0.78
® PlA°N B =0.71

Discussion: Again, we note thar A° N B° = (AU B)". Now, with the data
we have, we can easily compule P[AU B| = P[A]+ P[B] - P[ANDB] =
0.1+ (1 — 0.8)—0.01 = 0.29. Consequently, P[(AU B)] =1-0.20 = 0.71.
We could also compute directly,

P[A°N B = P[A%] + P[B] - P[A°UBY|
P[A°UBY ) =1-P[ANB| =099; P[A9 =1-0.1 = 09
PA“N B =0.9+408—0.99 =0.71



1.10

A lair coin is wossed live vimes, and every time the result is “Heads™ The
probabilivy that vhe sixih wss will result in yeu another “Head™ is {chioose one):

O 0.5°

Discussion: The standard model for coin wssing is that each voss is indepen-
dent of all others. Hence, the [acu that we had heads [or 3 consecutive
Losses doesn't allect Lhe probabilivies of the next voss in Lhe least.

1.11

There are Lwo copiers in an oflice, a and b. Deline the evenis A “a is working”,
B “bis working” e C' “aL most one ol the wo copiers is nol working”. Which
one ol the [ollowing holds?

O C = A°UB*®
Q C=ANBe
®w C=AuUB

O C=(AUB)*

Discussion: I[ aL most one copier is not working, we have that one copier is
working [or sure, and the other might possibly be working Loo. Hence, we
are in an “OR” sivuation: “either a, or b, or, possibly bowh work™ AU B



2 Problems
2.1

We have uwo coins, with respective probabilities of coming up heads py, and ps.
Assume 0 < p; < p2 < 1. One of us [lips coins in order |-2-1, and the other
llips thermn in the order 2-1-2. Consider the wwo events A ="the [irsL sequence
contains au least Lwo consecutive HY, and B ="the second sequence contains at
least Lwo consecutive TV

I. Express P[A] and P [B].

2. Can you tell which is grealer?

Solution: We have that A consists ol the sequences HHT , THH, HHH. They
have probabilities, py (1 — py)p2.p2 (1 — p1)pi, and pips. A similar lise
works [or B. Hence.

I. Respectively:
P[A] =2py (1 — p1) p2 + pip2 = 2p1p2 — pipe = p1p2 (2 — p1)

PBl=(1-p)(1=pi)p2+p2(1—p1) 1 —p2) + (1 —p2)* (1 —p1) =
=22 (1= p1) (L= p2)+(1 = p2)* (1 =p1) = (1= p1) (1 = p2) 2p2 + 1 — ) =
=(1—p)(1—p2) (14p2)=(1—p1) (L—p3) =1 —pr — p3 + p1p3

2. This is easier than iv looks, il you stop and consider the symmetry in the
problem. Note that the [iesu run uses |-2-1 where py < po, and we are
looking [or sequences sequences ol heads. The second uses 2-1-2, b look
al sequences ol wails, whose probabilivies are (1—p2) < (1—py)! Hence, Lhe
range we are interested in (the vriangle 0 < p; < p2 < 1 in the unit square
ol the plane) will spliv in wo equal subsels, one in which P[A] > P[B],
and one where the opposite holds. By symmeury again, the dividing line
should be the mid-line, i.e. p; = 1 — pa, or py + p2 = 1. Chedk thau the
limit values conlirm this inwuition:

pr=0= P[A] =0;P[B] =1 - p}

P2 =l=>P[A]=2p1—pf.P[B] =1l—-pr—14+p =0



pr+p2=1= P[A = P[B]

We can also note that on vhe remaining boundary,
pr=p2= P[A] = 2p* — ])"’:P[B] =1-p-p*+p°=>
= P[A| - P[B] =3p —2p° +p—1=f(p)

Note that ‘
f'(p) =6p— (ip') +1

is never zero in [0,1] (iv vanishes av § £ -\g ). hence is always positive,
and f(1) = 1, f(0) = =1, f () = 0. This analysis could tie repeated lor
every line p; +x = pa, x > 0 lixed, and show the same hehavior, proving
our intuition. Also, w gel a visual picuure, we could leu a computer plou
P[A] — P[B] as a [unction ol the wo variables py,pa over our Lriangle.
Here is a plot (by GNUplov) of P[A] — P[B] over the square 0 < py <
1,0 < ps < 1 - we are interested in the wriangle p; < pa. The lines on the
base are contour lines, as indicaved in Lhe legend.

X A 4.0

2.2

Here is a dillerent story line [or the very same problem as in 2.1: Abe and Ben
share uwo bicyeles. The lirst is in working order on any given day with probabil-
iy py, independendy of all other days, and the second is, again independendly,
working with probability pa. They switch bikes every day, over three days, Abe
starting with |, and Ben staruing with 2. Assume (0 < py < po < 1. Consider
the evenis A ="Abe has a non-working bike au least on Lwo consecutive days”,
and B ="Ben has 4 non-working bike au least on vwo consecutive days™

I. Express P[A] and P [B).



2. Can you tell wherher which is greater?

Solution: see 2.1

2.3

Given three [air six-sided dice, we le. Xy, Xo, X35 denote Lhe points they show
alter a voss. Determine il Lhe [ollowing events are independent:
A={X,>X2},B={Xs> X3}

Solution: First of all, i is easy 1o argue that P[A] = P[B] = 22 = % the wo

events must have the same probabilivy, and, moreover, Lheir probabilivy
can be computed by counting all pairs (7,7), with 7 < j. In [aseu, we need
Lo subtract the pairs with @ = j (there's 6), and, by symmetry, hall of Lhe
remaining 30 are as we desire. Hence, P [A] - P[B| = & = .17361.
Now, lev uslookat P (AN B| = P[X; > X5 > X3|. This is the probability
of all vriplews (4,7, k) with i < j < k, and can be obiained by simple
counting again: for i = 1,j = 2 we have 4 possible values [or k; [or
i = 1.7 = 3, we have 3, and so on; [or i = 2,j = 3 we have J possitle
values for k, and so on, and so on. The resulu is

d+3+2+D)+@B+2+)+(24+1)+1=
=104+6+3+1=20
out of the 6% = 216 possible wriplets. Hence,

20 _ 5 _ 92503
206 54

P[AN B =

. 80 the answer is “no'™
We could also count our “Tavorable cases™ in a dillerent way. We look [or
all uriplets with diflerent numbers, regardless of order (since we have a
lixed order in mind, we only need w0 know the eniries). One element ol
this wriplet can be chosen in 6 ways, the second in 3, the third in 4, and
then we have w divide by the number of possible arrangements ol the
.5 G
654 -

=, ) =20
Finally, we could [ormalize the [irst caleulation by repeated conditioning:

same Lhree numbers:

G
PANB] =P [X; > X2 > X5 = Y P[X, > X2 > X3

=1

.\,;; - ?I P[.\’;; - J] -

6 6
Y PIXi>Xy>i|Xy =i P[Xs=i] =Y P[Xi > Xz > i] P[Xs =i
=1 =1
We have used a not-so-obvious Lact (au [irsy glance), due to the [act that
statements involving Xy and Xo are independent of stalements involving



Xg: since we are conditioning on Xy = 7, we may subsuwute 7 lor X5 in the
inequaliuies, but now X3 does nou appear in Lhe inequalities any more, so

the conditional probabilivy is equal Lo the unconditional probabilivy! Now,
P[X; > Xy =i =0 lori = 6,5 (we are looking [or sirict inequaliuy).
Orherwise,

PlX) > Xs>i] =P[X, > X2|X2 >i| P[X2 > 1]
6
1)[](1 > J(g[](g > i]== :E: 1)[)(1 > J(QI)(QT: k.](g > i]})[){g ==k|j(g > i]==
k=i+1

6
> P[Xi >k P[X2=k|Xs > i
k=i+1
where we have used Lhe same argument we used in gewing rid of X5 above.
Again, P[X, > 6] =0, so vhe sum actually extends vo k= 5. Now we can
use Lhe numbers

. 1
P[.Y;; = l] = 6
i 5 L4 3 i 2
F’L\g > 1]== a:l)[)(g > 2]== 6:]3[)(2 > $]== GZI)L\Q > 4]== a
PlXo=k 1 1
PX:>i] 6 P[Xs>i
{since the conditional probabilivy is zero when k < ). Also,

Ia[J(g =k|X2 >~i] = (k>1)

A3 2 1
P[.\[ >2]=62P[.\1 >-;]=E:P[.Y|>4]=EZP[.\[ >-)]=a

Combine vhem all vogether:

P[ANB] =iﬂ.\@,=i] Z P[X, > K P[Xy = k| Xy >i| P[Xy >i] =

k=i+1
- 1 4 3 2 1 1 3 2 1 1 2 1 1 1 1 _
—a{(a+a+a+a)'a+(a+a+a)'a+(a+a)'a+a‘a}—
=L('4+2-3+3-2+4-1)=L(’4+12+4)= 5
216 216 216 54

P[ANB|—P|[A] P[B]
V PIAIP[A)\/ P(B|PBF)
lavion™ bewween the wwo evenus: il they are independent, iv is equal w U
{note that the denominavor is the product of Lhe “geomelric means™ of the
probuabilivies of A and B and cheir complements: iuserves as a normalizing
[actor, as we will bevter undersiand in the sequel). Tn our case, i is equal
Lo

is called vhe “corre-

Remark Sometimes, Lhe expression

5 _ 25 5 _ 25 1

54 144 — 54 144 I
5 7 5 7 33 3
Tz t

indicating some dependence, as we knew, and as could have been expecred
[rom the swarl (correlations vary beuween —1 and 1),



2.4

A manufacwurer has a well-established 2.5% probabilivy of producing a defective
piece of equipment. Each piece is screened [or delects belore shipping. and the
procedure is known 10 catch defective pieces au g 98% rave, as well as erroneously
[agging 3% ol good pieces. A random piece of equipment arrives [or screening:

I. What is the probability thac iv will be [agged?
2. What is the probability that the piece is delective and iu is Nagged?
3. What is the probabiliy thay & lagged item is, in ey, delective’

Solution: You will recognize the siruciure ol the problem: it is the “imperfect
diagnosis test” problem. Hence, the solution is the same:

I. We have P (D] = 0.025 [or a piece heing delecuive, and P [F |D] = 98,
PF|D%] = .03 [or & piece being llagged. depending on its stawus. Thus
{otal probabilivy):

P[F| = P|F|D|P|D)+ P[F|D| P|D*| = 98- 025+ .03- 975 = 05375
2. Here we are booking av vhe probabilivy of the inversection, net vhe condi-
vional probabilivy:

PFND|= P[F|D|P[D] = 98-.025 = .0245

3. This is the classical Bayes' Rule application:

PIFID|P[D| 0245

= 0.45581
P[F) 05375 ’

P|D|F)] =

(as usual, vhe rarivy of acvual delective pieces makes the diagnosis prob-
lemalic).
2.6

The same manulacuurer as in problem 2.4 has now adopred the [ollowing prow-
col: when & piece is [lagged as delective. iu is Lested again. 10 che resulu is suill
“delecuive”, Lhe piece is discarded, while v is shipped in every other case.

I. What is the probability that & random piece ol equipment will be dis-
carded?

2. What is the probability that a discarded piece is. in [act, delective?

3. What is the probability that & delecuive ivemn will be shupped anyway?



Solution: We can use the numbers we found in problem 2.4. We know that a

piece is discarded il iv is [lagged wwice. Consider a graph [or the sequence
ol events.

Dedelectve Felall Papass

The lirst ume, the piece is [lagged with probabilivy 03375, Now, s
conditionel probability of being delective is 43381 .

. Hence, the probabilivy of being discarded is

P[F:R] = P|F2|Fi] P[]
P[Fy|F\] = P[F2|DFy| P(D|Fy] + P[F2|D°Fy| P[D®|F]
and

P|FyFy| = (P |F2 |DF\|P[D|Fy| + P|F2|D°Fy| P [D°|Fy|) P [Fy| =
(h
= (.98 - 45581 + .03 - .54419) - 05375 = 024887

. We are asking [or P[D|F,F>|. By Bayes,

_ P[F,|DF,| P[DF)

P(D|F,F) P[FF)

The numerator is the [irst hall of the expression (1):
08 - 45581 - 05375 = 02401

and vhe resulu is
02401
024887
- a marked improvement over Lhe one-lest odds!

= 96475

3. This is P[F1F2 |D]. Note that, even though the vwo vests are given “in-

dependent]ly”, Fy and F, are not independent events, since they reler 1o
the same piece: knowledge that Fy occurred, markedly changes the probs-
abiliy that 5 will oceur wo! Tgnoring this small element causes some
mistakes in “double-tesuing” caleulaons. However, they are condilion-
ally independent, il we know the “starus” of the patient. Applying the
delinitions,

P[F\Fy|D] = P|Fy|DF,| P[F, |D] = 98- .98 = 9604



In other words, with this more expensive, bt more cautious, prolocol,
96% ol the delective items will be caughy, and there is less vhan a 4%
probuabilivy thay a good ivem will be discarded (that's from poinu 2).

2.6

Solve the probilerm that vradition suggests is au the origin of Probabilivy Theory:

Two playvers play a game ol pure chance, with probability p of
winning [or player /| {you can reduce Lo p = 0.5, the original, il
vou wish). They mawch up in a besi-ol-seven series ([lirst player
Lo win 4 games is the overall winner). A pou ol $100 is al stake.
Circumstances [orce them Lo interrupt the macch when player 5 1 is
abead 3-2. What is the [air' way 10 spliv the pou bewween the wwo?
100-0, 30-30, 60-40 (in the case p = 0.5), = puL your own suggestion
here

Solution: The argument adopred by the lounding fachers of probability was w0
compute the probability of either of the wwo players winning the overall
match, assuming each game is independent of Lthe rest, and is played with
the same p. Ol course, a graph is a good way ol listing the possitle
OULCOIMES.

Leuting “I™ denote 4 win by player |, and “2" a win by player 2, we have,
overall,
1;21; 22

Le., conditioning on the current score (3-2), we have vhat the mauch will
end in [avor of | in the [irst wwo sequences, atd ol 2 in vhe third. The [irsy
sequence has probabilivy p, the second p(1 — p), and the third (1 — p)°.
Hence, the protabilivy of /i | winning the match is
piplop) BV 2y
ptp(l—p)+(1—p) 2p—p +1-2p+p°

I p = 5, chis is equal Lo § - § = %, and the pou should bespliv 3 : 1.

L all agme Lhal “lairness”™ isa subjective quality, However, you are supposed Lo inlerpml
Lhe teen o the same spiril Lhal a game Lhal pays L oo a $L bel, and has even chanees of
Being vaon or sk, is “lair™,



2.7

Here is 4 sampling of 4 stavistical argument. A service (say, a prinver) receives
requests [rom wwo dillerent deparuments au regular invervals. Given the size of
the deparumnents, iu is reasonabile Lo assume Lhal proper use ol Lhe printer would
have p ol Lhe requests be [rom deparunent /1, and 1 — p [rom deparument 2.
To verily that none of the deparumencs is improperly hogging vhe prinver, 4 log
ol the requests is made over a day, and resuls in vhe [ollowing sequence:

I. What is the probabilivy of obuaining whis sequence i brovh deparunents are
operating properly?

2. I you vhe exact sequence is not recorded in the log, buw only the number
ol requests by each deparument over the day, what is the probabilivy of
observing the previous outcome (i.e., 6 requests [rom 5 |, and 4 [rom 5 2)?

3. Suppose now that p = 0.1 (i.e., Dept. 5| is supposed Lo ask [or vhe prinver
only 10% of the vime). Wha is the probabilivy of our log {under either
method)? What is the probabilivy vhal he number of calls by Depu. i |
would be greater or equal vo 6, out of 107

Solution:

I. We have 6 calls [rom Dept. /1, and 4 [rom Dept. 2, so this sequence
has probability p® (1 —p)*.

2. Now we don’t have the precise sequence, so the probability we are be-
ing asked is vhe probability of the event “6 calls from 51, and 4 [rom
2%, which is made up of all sequences with Lhe given number ol calls:

( 1(() ) P (1—p)* =210p° (1 — p)°*

3. The probabiliy of 6 or more calls is
10

100\ o0 10m
Z( ; )p (1-p)"

=6
With a good caleulavor, sewing p = 0.1, we get 1.469 - 1074

Remark: The logic of uhis last caleulation is Lo chedk Lthal the evenu we observed
has a very low probuabilivy, so one possible explanavion would be thau
the model used (ie., p = 0.1} is nouv appropriate - ol course, since Lhe
probabilivy is suill posivive, this is nov proof what the model is wrong, but
only evidence.



