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2 Further Comments

2.1 The “Sample Variance” vs. the “Population Variance”

If you are going to take a course in statistics, or already took one, you have certainly
met the following topic.

Suppose you take repeated, say n, independent observation of some quantity, whose
behavior is modeled by a random variable. We describe this mathematically as observ-
ing n independent random variables, all with the same distribution X1, X2, . . . , Xn.
If the common distribution is assumed to be Gaussian1 with mean µ, and variance
σ2, then, as we know, the sample mean X = 1

n

∑

n

k=1
Xk is also normal, with mean

µ, and variance σ2/n. In general, we don’t know these values, and use inferential

statistics to get estimates for them. For this purpose, we use the fact that, by the
Law of Large Numbers, X should be close to µ. To find something close to σ2, we
note that E
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so we substitute X for it. Now, with a little patience, it is not too hard to realize
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1
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n
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Xi −X
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≈ σ2

for large enough n. The first expression is called, in statistical lingo, the population

variance, and the second the sample variance. Which to use for the purpose of es-
timating σ2 is clearly purely a matter of taste. First of all, if n is large enough, the
difference between the two is irrelevant (the whole estimation procedure is generally
much more approximate anyway). Second, if you want to find some virtue in one or
the other, both have theoretical features that may lead you to prefer one or the other:

• The “population variance” turns out to be the Maximum Likelihood Estima-

tor for σ2, a property with some theoretical advantages, especially in Bayesian
statistics.

• The “sample variance” happens to be unbiased , that is its expectation equals σ2

(the expectation of the “population variance is n−1

n
σ2), and is always (slightly)

smaller than the “sample variance”. This might seem impressive, but is of very
little practical significance. Being unbiased, allows some theoretical results on
the optimality of unbiased estimators to apply, but the practical consequences
are marginal, if any.

Nonetheless, standard practice is to use the sample variance for statistical purposes.
This is mainly a historical heredity, and, in theory, we could rewrite the whole chapter
in terms of “population” variances, but, obviously, the effort would not be worth it.

1 These tools are used also in non-Gaussian situations, assuming that n is large
enough for an application of the Central Limit Theorem, which tells us that X is ap-
proximately Gaussian. The size of the sample has to extra large, since the distribution

of
∑

n

k=1

(

Xi −X
)2

takes a lot longer to approach that of the Gaussian case (called

a χ2 distribution). People have shown that the procedure is justified for reasonable
sample sizes when the non Gaussian distribution is symmetric, and not to dispersed.
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One thing to remember, though, is that the attempt to convince students that the
“sample” version is the “correct” one, some introductory statistics books come out
with erroneous statements. Here are a couple of examples: you could read that

• The population variance always underestimates the true variance σ2. This is
so false on its face that you wonder how it got into print: both variances are
random quantities wobbling around σ2, so they can both under- or over-estimate
σ2 (and you cannot tell, since you don’t know σ2).

• The sample variance is half the time smaller than and half the time larger than

the true variance σ2. This author is confused between expectation (which is
what unbiasedness is about), and median, which is generally different form
the expectation unless the distribution is symmetric – and the distribution of

1

n−1

∑

n

k=1

(

Xi −X
)2

is not symmetric at all.

2.2 Multidimensional Normal Distributions

Even though there is, technically, not a great deal of extra work involved to deal
with this case, we will have to leave it for future developments.

Still, if you have some familiarity with conic sections – i.e., multi-dimensional
quadratic functions – the work involved here is not difficult. Basically, much
like in the 1-dimensional case, you are looking at a multi-dimensional “nega-
tive definite” quadratic polynomial in the exponent (we need the density to be
integrable).

Just looking at the exponent (and concentrate on the case of dimension 2 to
keep some visual intuition handy), you will see that the “iso-lines” (the curves
on which the exponent is constant) have to be ellipses, and, by completing the
square (plus the extra tricks involved when your ellipse has axes that are not
parallel to the coordinate axes), you can bring the exponents into a standard
form.

Also, you will notice that a linear change of variables (in fact, a rotation of

the axes), will change the exponent so that the mixed terms (in xy, as opposed
to x2, y2, x, y) disappear, and the quadratic polynomial can be written as a sum
of a polynomial in x and a polynomial in y. Since this is an exponent, the
function can can be written as a product of a density in x with a density in y.
In other words, any multidimensional Gaussian, can be transformed, via a linear
transformation of the variables, into a collection of independent Gaussians. For
example, starting from

e3x
2
−2xy+3y2

−12x+4y+12

changing to new variables u = x+y
2 , v = x−y

2 (a rotation of the axes by π
4 ), we

arrive at an expression like

e4(u−1)2+8(v−1)2 = e4(u−1)2e8(v−1)2


