Solutions to the Random Collection of Problems
Math 394

Quizzes

Suppose A and B are such that P [A] = 6. P [B| = 8, P[4|B| = .375. Then,
P[AUB] =

O .6
O 8
) .95

@ None of the above - the system is not coherent . You will notice that
P[ANB] = P[B][A|B] = 8+ .375 = .3, so that [AUB] = P[4] +
P[B|-P[AUuB]=14-3=11>1

Consider n independent Bernoulli RVs, all with parameter p. The distribution
ofthe BV Y = X, - X, . ...- X, is

() Binomial birn{n, p)
() The same as the distribution of ¢"~, where N, is a binomial bin(n, p)
O PY=kK=p" k=0.1,....n

O Py =kl=—2rr k=01

[1—p]

@ PlY=kl=p"k=1 PY =k =1-p"k=0. A product of 0s and 1s
can only be 0§ or 1 = but will not be 1 unless all factors are equal tol.

OPY=K=p k=1, PY=kl=(1-p)" k=0



Recalling the definition of variance for a RV, what is the gemneml formula for
Var [X — Y], where X, and Y are two general RVs (no special assumptions are
made, except that their first and second moments are all well defined). You
hawve your book, so you shouldn’t need this, but, anyway, here goes:

Var [X] = E [X?] - (B[X])*
Cov[X.Y] = E[XY] - E[X]|E[Y]
O Var[X] + Var[Y]
O Var[X] - Var[Y]
O Var[X] + Var[X] + Cov[X,Y]
O Var[X] + Var[X] — Cov[X,Y]
O Var [X] + Var [X] 4+ 2Cov [ X, Y]

@ Var | X]+ Var [ X]—2Cor (X, Y]. It's possibly faster to do with the alternate
definition (there is no substantial difference, anyway), and

Var[X — Y] = E [{X Y- E[X - }-];.2] _

E[(X - E[X])*+(Y - E[Y)’ —2(X - E[X])(Y - B[V])| =
= Var [Y] + Var [X] — 200 [X. Y]

If 4 and I3 are independent, themn...
Solution: the only possible correct answers would be
PANB|=F[A| FP|[B|
or
FlA|B] = P|A]

Beware of answers like P [A M B] = 0 which are especially false... (in the
sense that it is a serious and frequent mistake)

If A C B, then (P[A|B] =, P[B|A] =, P[AU B] =, P[ANB| =...)

Solution: If A C B, then P[ANB] = A and P[AUB] = B. Hence, for

instance,
PlAn B B PlA] B

PlA] - PlA]
(you see, Cis connected to the logic “implies”, and if an outcome is in A,
it certainly will be in B, so A implies I3), while

P[B|A] = 1

Pl

P[A|B] = i

(which is also pretty intuitive)



Suppose X, Xa,..., X, are independent Bernoulli Vs, Then the distribution
of

Xi+Xi+.. .+ X] is..

e [

phitdet 4 Xn g |

Solutions: The trick is to see what values are taken, and with which probabil-
ity, by the functions we are presented with. For instance, if X, = (lor 1,
X7 = X, so that the first sum has a binomial distribution bin(n. p), just
like the sum of the X;. Note that, if the X; take the values =1, then all
X? =1, and the sum would have been equal to n with probability one.
In the case of the sum of the "¢, the summands take values ¢ if X, = 1,
and 1if X; = (). Hence,

P [f:""-l +e*r 4+ tefr =ke+in— |i|!:|] = ( ‘; ) p* (1 - 'P:I”_k

N+ Xat. .+ X, ¥

Finally, we have that e
where ¥ ~ hin{n, p). Thus,

has the same distribution as e

P |'t._,."fl—.'l¢'-z+...+."n'u = r_J-'] - ( ;Ir )p.': [1 _ p:llf—-'-'

Let X be a standard normal RV, Then
PllX|=1] =
PlX| = 2
PllX]=

L3

n.l\:a

Solution: These are simple exercises in reading tables, or punching your cal-
culator. So

plry)=P[|X|<z]=1-P[|X|=a]=20(x) -1
and we have for

. =1 plr) = G269
E

. =2 plr) = 95450

o =13 pix) = 09730, etc.

If A and B are independent events, then (there could be more than one correct
answer)

O P[AUB]= FP[A] + P[B]
@ PlAN B = P[A] P Bt just the definition.
O P[AYB] = P[A] - P[B]

v PlA] = 0, or P[B] = 0, or both Note that if any of the conditions men-
tioned are true, 4 and B would be independent {in the sense that their
intersection would have 0 probability, equal to the product of zero with
anything else), but you obviously would not infer that one of the sets has
zero probability, just because you knew they were independent!



If X iz a BV with binomial distribution with parameters (n, p), then P [nX = k] =({there
could be more than one correct answer)

”2 I n—k
O . Jril-p

nik n—rnk
nk )p “(1-p)

"

usual, we'll read the formula to mean 0 if :‘—I is not an integer.

n

"y “:r nk n®—nk
A ( . )P ’ {}' _.I”J

o (})ra-a*

& ( T. )p'+ i1- p}"_%Since nX = k= X = Z, this follows immediately. As

Suppose X is a normally distributed BV, with ¢ = 1. 2% = 2, then (there could
be more than one correct answer)

@ P[X = 1] = P[X = 1]The normal distribution is symmetric around its ex-
pected value: both probabilities here are equal to .

(v P[X <= 0] = P/X = 0]This and the following answer would both be true if
g = (), but it is not.

O P[X < -2]=P[X > 2]

v P[X < 2] = P[X > 2|This would be true if g = 2. Note that the value of
% is not relevant for these questions.



Problems

A test for defects in a shipment is performed on a sample, and this procedure is
kpown, from statistical theory, to have a probability of 5% of wrongly rejecting
the shipment, and a probability of 10% of wrongly accepting the shipment. The
original mamufacturer is known to have a 2% rate of defective shipments.

1. When the test result is negative (hence, the shipment is accepted), what
is the probability that the shipment is actually defective?

2. When the test result is positive (hence, the shipment is rejected), what is
the probability that the shipment is indeed defective?

3. If the procedure is amended to include a second test (independent, but
with the same correctness as the first one) when the test is failed, and the
shipment is rejected only if both tests are positive, what are the probabil-
ities that a good shipment will be rejected, and that a bad shipment will
be accepted?

Solution: Let X = 1 if the shipment is good, and 0 if it is not. Let ¥ = 1 if
the test is negative (shipment looks OK), and 0 if it is not. The problem
says that

P[X =0] = 02

PY=1|X=1]= 95 Py =1|X =0] =1

1. We are asked for P |[X = 0|Y = 1]. This is

_PY=1|X=0]P[X=0] PlY =1|X =0]P[X =10 B
B PlY =1] S PY=1X=1|P[X=1+PY =1 X=0]P[X =0
102 = 0021436 (1)

TR T I
or about .2%.

2. Now itis P[X = 0|V = 0]. Similarly,

_PlY=0/X=0]P[X=0] PlY =0|X =0]P[X =0 B
- PlY =1) CPY=0[X=1]PX=1+P[Y =0|X=0]P[X=0]
902
= 26866

L5 954+ 8- .02

3. Now, if we think in terms of a tree, we have to compute the probability
that a good shipment is rejected, and a bad is accepted. Starting with the
good shipment, it will be rejected, if two tests fail. Hence we are looking
at

(P[Y =0|X =1])° = 5% = .25

Note that the point here is that we know the shipment is good. Similarly,
it is easier to compute the probability of rejecting a bad shipment

(PY =0|X =0])® = 97 = 81

and the probability of accepting it will be 1 — 81 = .19



MNote You might be thinking of a different question, such as “what is the probe
ability that a rejected shipment is bad”. Since we just found what the
conditional probabilities of a double failed test are, we can easily answer
that question too:

Hl-.02
H1-.02+ .25 - 98

more of them getting by. In fact, a passed shipment will be good with
probability

= Mdass

PX=1|{i=11u{¥1 =0.Y:=1}] =
P{{Y; =1} U{¥, =0.Y; =1} |X = 1] P[X = 1]
B PY, = 1}uU{Y; = 0.Y; = 1}]
A5 - 08 + .95 - .05 - 98
A5 8540505 95+ .02- 140291
still very good, but not as good as 1 — 0021436 = 99786 (from (1))

= 99613

Suppose X; j = 1,2,... are RVs with distribution
PIX; =1 =pP[X;=-1=1-p
and that they are independent. Let S, = 7| X
1. Write the pmf of 5,
2. Write E[S,], Var[S.], and the approximate distribution (e.g., the cdf, or

something equivalent) for 'I’.’]"__ ”‘["'_’_"'l when n is very large.
ar[Sn
3. Assuming now that the parameter p is of the form p, = L, for some
number p, write the approximate pmf for S,,, when n is very large.
Note: be very careful here! You need to adfust what you can find in the
book, in order to fit the present situation.

4. Suppose n = 1000, p = 3. Use one of the results above to evaluate
explicitly P[5, < 500]

Solution: We are considering a sum of i.i.d. “Bernoulli” RVs, whose values are
not 1 and 0, but 1 and —1 (like *win/loss™ or ®spin”, rather than “count
the wins).

1. 5, = W, — L,, where 1, is the number of “+1" in » trals, and L, the
number of “—17, Henee L, = n — W, while

PW, = k] = ( 1; )p"" (1—p)"*

P[S.=j]=P [Wﬂ = “;j] (2)

(the probability being zero if ZXL is not an integer). The pmf is thus

3

P[5, =j]= ( g )!Jq_j(l—p)%

(n— 247 — 2 J), The expression is assumed to be zero when ”;J- is not
an integer.



2. Clearly
EX;=p—(1—-p)=2p—-1

Var[X,) = p(1—(2p— 1)) + (1 - p) (-1 — (2p— 1))* =
=p-dpt +4(1-p)(p"+2p+1) =4(1+p—p’)

so that
ES, =2np—m;Var |5, =4n(1+p— pgjl

The Central Limit Theorem implies that, for n very large,

S, — ES,

1 5 P
Y L p— e ¥ dr
W Var |5',, - } v 2T ./: -

P

3. Essentially, we are looking at a Poisson approximation. However, we must
adjust the calculations, similarly to what we did in point 1: In fact, we
can use a Poisson approximation for W, and apply then (2) to get the
distribution of 5,,. Indeed, W, is the sum n standard Bernoulli BVs, with
pn = 4=, and hence, for large n, will be well approximated by a Poisson
RV, with parameter p. Le.,

k

P [Tri"'.. = k] o i—llrf_'"'

Applying (2)

N L A P
P[S',,—J]—P|:HJ, 3 J_{ ¢

where, again, we must agree to consider the expression equal to zero when
n+j : -
—— is not an integer.

4. With these values, E'S, = 300, and Var [S,] = 4-10° - (1+ .3 —.09) =
4840, so the better approximation seems to be the Gaussian one. Using
the result from point 2,

S, — ES, _ 500 — 300

VVar|s,]  69.57

P[S, <500 = P ] — 99TOR

3

Suppose [T is a uniform RV, with P[0 <7 < 1] = 1. Let g{x) = log + Write
the distribution of g (7).
Hint: compute the cdf or the survival function of g ({)

Solution: Follow the hint, and compute
P [lt;g -t = t] = P[— logll < f] =P |-f_-'7 = f:_".| =t

aslongas 0 < e ' = 1, i.e. 0= ¢ = oo, Thus log /! is an exponential
RV. This method is often used to “produce” an exponential RV when one
is given a uniform RV, specifically by a computer routine. Pseudo-code
would look something like

u=rnd () ;

x==log(u);



A binary signal is transmitted, each bit having, independently, a 10% chance of
being received wrongly.

1. If each packet is composed of 10 bits, what is the distribution of the
mumber of errors in the reception?

2, What is the probability that a packet arrives corrupted (i.e., not all bits
are received correctly)?

3. Suppose the 10th bit is a “parity” bit, i.e. a 1 of the other 9 bits have an
odd number of 1s, and a 0 if they have an even number (0 is even). What
is the probahility that a corrupted packet will go undetected?

Solution: This eventually gets a bit involved, but it starts easy enough:

1. Clearly, by independence, the disiribution of the number of errors over 10
bits is bin(10,.1)

2, The probability of corruption is 1 — Plno error], i.e., if £ is the number of
ETTOTS,
1-P[E=0]=1-.9"= (5132

3. This is a standard (minimal] “ancient” error-checking procedure. Orig-
inally, when all ASCII characters could be represented in 7 bits, some
protocols would use an 8th bit as a parity bit. 8 bits are needed for the
“extended ASCIT" code, the final bit is sometimes used as a “stop” bit -
signaling the end of the packet - and one would indeed hawve 10 bits, if one
added a parity bit - in reality, 8-bit protocols over voice lines, usually went
&-no stop-no parity. A good packet is one in which no bits were corrupted,
and the parity bit is correctly set. It is easy to see that the parity bit will
erroneously tell us that all is fine if an even number of bits were reversed
(including, possibly, the parity bit itself). Hence, we will have a false “all
clear” if there were 2,4,6,8, or 10 errors. This happens with probability

11 P Lo : 11 : 10 . 10
2 oE L g 6 by B g2 o _
( 9 ) A0 ( 4 )_1 4 +( G ) A0 ( 3 ).l A +( 10 ) 1

= 20501

A rat in a maze is confronted by a sequence of forks, where it has to choose
between going right or left. To test its sense of smell, a piece of cheese is placed
at the left end of a 20-fork maze, and its choices are recorded, in order to see if
they show a left-ward bias, compared to a no-cheese maze.

The results are:

# no-cheese: 12 left turns, 8 right turns

e cheese: 14 left turns, 6 right turns



1. Assuming no bias is really present, i.e. the probabilities of a left or right
turn are p = =, what are the probabilities that the rat would make a
number of left turns, n = 12, and »n > 147 Write an exact formula, and

use an approximation to get an explicit number.

2. The theory of the behavioral scientists was that the difference between
the two setups (left-right), would have been disiributed (in the Gaussian
approximation) with a g = 5, # = 2 (note: that is o, not 7). If that
model was correct, what would be the probability that we would observe
a difference (like we did) D < 27

Solution: This is a straight binomial distribution for the number of left (or
right) turns.
1. Hence,

PlL=12- Y ( > )%
and *:“l_

PLz14]=Y ( 2 )%
Rather than computing these eacp;;ﬂ:icms, it is much more relaxing to
compute

L—10 12 — 10 |- L—10 14 — 1{}]

P :: T L]  — -
V2001 v l,vfzn - Vs J

|

assuming that the first fraction is a standard normal RV (E [L] = np =
20- +, and Var [L] = np(l —p) = 20- % 2 = 5). The result is, respectively,

P[L = 12] ~ 18555
PL = 14] ~ 036819

2. Now, D would be the difference of two (assumed independent) normal
RVs. We have noted in problems, and elsewhere, that sums and differ-
ences of independent normals are normal - the expected values sum or
subtract, according to the operation, and the variances always sum (it is
very peculiar of normal EVs that their sum is Gaussian even when they are
not independent - they have, however, to exhibit what is called a jointly
Gaussian distribution - though, while the expectations sum or subtract,
as always, the formula for the variance needs to take the covariance into
account as well). Since D is supposed to be N{5.4),

D-5 2-5 ; -
- = — =& (—1.5) = D6GROT

PW5ﬁ=P[



A simple model of reliability for an electronic equipment would be the following:

= With probability p = .01 the equipment is DOA, i.e. is non operative from
the beginning

e Assuming it is not DOA, it starts with a hazard function of the form
hiit)=1—t0<t<05

then changes to
Fro(t) = 0L5; 005 < ¢ < 2

and finally ends with

Ba(t) =05+ (t —2)t =2

1. Write the cdf for the lifetime of the equipment.
2. How likely is the equipment going to fail between ¢ = 0 and ¢+ = 17

3. Assume the component comes with a full warranty up to time ¢+ = 1. If
the cost of replacement is 5 = 51, 000, what is the expected cost of this
warranty for the manufacturer?

4. Assuming the component has not fatled before ¢ = 1, an extended warranty
is offered for full replacement at $1,000, for the time period 1 < ¢ < 3
what is the expected cost of this for the warranty company?

Solution: This is a little mean, since the distribution of the lifetime is “mixed”.
Call the lifetime of an equipment L. We are told that

P[L=0]=.01

PIL>tL>0]=¢ Jo = < gy

(Note the phrasing about the case the piece is not DOA: it mentions a
conditional distribution).

1. The cdf is easily found from the survival function, which goes like this:
R, (0)= P[L > 0] = .99
Ry(t)=P[L>t=P[L>¢t|L>0]P[L=>0]=

t \
'_-_— _EI his=)ds ) .H!‘.'



Hence,
i =10 1
t=1I) A4

Ro(f)=4{ 0<t=.5 99 Jo ==t

H<t=2  6004Te I, -ads
| 2<t o8sede U
[ =0 0
t=10 01

Fy [fj = 4 0D=#<.5 1 — .99 .[;,“‘-*'Jr!.m

t

A=t <2 1 — 60047 I
| 2= 1 28364e Ja -2

BT

2. The probability of failure between (0 and 1 (excluding () is
F(l)=F(0)=1—.6004Te¢ *" — 0.1 = .52236
We add F(01), if we want to include the L = () case:
F(1) = .52236 + .01 = 53236

3. The probability of failure within the warranty period is £, (1), since the
DOA case is obviously included. Hence, the expected cost of the warranty
is

C - Fpily = 1000 - 53236 = 3532.36

4. This warranty kicks in if the first time period has gone by without failures.
Hence, we are looking at

Pll<L<3] F(3)—-F.(1)
P[L=1 Ry (1) a

P[L<3|L>1]=

L
- f__:_ [s—2)d=s

Fe(3)—1 R.(3 28364e 28364
1) R R P 71 ) R ‘

R.(1) R (1) G004Te— 28 60047

= 0270



Two theories are competing as explanation of a phenomenon. One assumes that
when input X = n (n is an integer), the output ¥ should be an exponential
RV with parameter ~. The other sssumes that, for the same input, the output
should be Gaussian with parameters p = n, o = n®.

1. How would the two theories differ in predicting the likelihood of an out put
in the range ¥ = Zn, for X = n.

2. A blind experiment is performed and an output of ¥ = (9,12). Using ta-
bles and calculator, find the conditional probability for X = 10, according
to both models, with P[X = n] = qin = 1,2,....10.

Solution: Note that both theories assume the same value for mean and vari-
ance,

1. For an exponential RV with parameter = (i.e., expected value n)
P¥Y »2n] =e 5 =2 = 13534
For a normal RV, with distribution N (n.n?),

1 = :

F [}- e 2”] = e——— {E_;iul;"l_!’ff
vamont Ja,

ar

Y —n In—mn
P = =P[Z=1]=1—3(1)= 15860
n n

(here Z is a standard normal BV). The two values are different, but not
by much.

2. We are looking for P[X = 109 = ¥ < 12] for the two models. This is,
by Bayes’ Rule

_PH<Y<12(X=10]P[X=10] _ P[9<¥ <12|X = 10]P[X = 10]
PO<Y < 12] ! FO<Y < 12]

For the exponential model,

for a result of




In the Gaussian case,

PO<Y <12|X =n] = SR dr

1 12
—_— e
Var-n? ~/I-J

ar

9-n Y-n 12— 12 9
3 i S L - |X—n] —ih(——l) —:1:(-—1)

:r il 1t il

and

10
e ! 12 9

PlO<Y <12 Z_:lm(qa(T 1) cr:(; 1))

for a result of
@ (.2)— B (—.1)

Yoo (@ (B e (2o1))

In other words, neither result makes a huge case for X = 10 (fact is, with
such a flat distribution, many values of X are likely for a given output),

but, as opposed to the normal model, the exponential model builds a
conditional probability on this value larger than the “a prion” probability.

A BV has density

B cre(l —x) O0<mx<1
fx { 0 otherwise
1. What is the value of 7

2. What is the expected value of X7

3. What is the variance of X7

Solution: This is not a very creative problem. It consists of a few simple
integrations...

1. Since

f‘ ‘ ya [.;-2 .ri‘]' 11 1
xr —x)ldr = |=— — — = —— == =
o 2 3l, 2 3 ©

we have ¢ = 6. This distribution is called the Betail,1) distribution.

2. Again, it is a direct integration... Or, we can look at the graph, note that
it is a downward parabola, zero at © = 00 and = = 1, so that the expected
value will be at the midpoint, which is a symmetry axis for the curve,
EX = % If vou really want to do the integration,

1 v
_ L1 i 1
rjf #? (1l —x)dr =6 (__ _) - L
o 34 12 2

3. We might as well keep up with simple integrals, and compute

. ! 1 1 G 3
E}i.'z—hf ;r'“[l—.r]rh'—h(———)——)——
0 4 5 20 10

and the variance is

EX? _(EX)? = 2L
w4 20



Let X;, i = 1,2,....10 all take values 0, +1, each with probability .

1. What are the possible values for § = 3" x,7

i=1

2. Assuming that all X; are independent, what are the probabilities P [§ = 10)],
and P[5 = —10]7

3. Again assuming independence, what is the probability P[5 = 9]7

Solution: Note that we now have three possible values for X, and this changes
all of the answers, compared to the 2-values case

1. Since () is a possible value, 5 can now range through all integers between

—10, and 10

2. The only way we can get § = =10, is if all the X% take simult aneously
the value 1 or —1 respectively. Due to the independence assumption, both
cases happen with probability (1) Y 1.6935 - 1070

3. In order to have a value of 9 for the sum of 10 summands, we need 9
1z and a 0 (sorry for the silly mistake in the previous version). No other
combination will do. There are 10 ways to have each of these two sequences
(depending on the position of the non-1 entry), and all have the same
probability as any given sequence, Le., L6935 1077 (we assumed that all
digits had the same probability). Hence, the answer is

10 16935 - 1077 = 0.00033870



