A Random Collection of Problems
Math 394

Quizzes

Suppose A and B are such that P [A] = 6. P[8] = 8 P[4 |8] = 475 Then,
PlAuB]=

O 6
O .8
) 95

0 Mone of the above - the system is Dot coheTent

Consider o independent Bernoulli RVs, all with parameter p. The distribution
ofthe RBW Y = X, - X2 ... - X, Is

(") Binomial bise{n, p)
71 The same as the distribution of ¢™ | where &, is a bincmial bin(n, p)
O P¥=k=p" k=0L....,n

0 :=|r=a.-|=“—_%.-r =11

DO P¥=k=p"k=1 P¥=§=1-p"k=0

o P |:|" = kl =p" k

1, PY=¥K=(l-p"k
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Recalling the definition of varanes for a BV, what is the general formula for
Var [X — V], where X, and ¥ are two general FVs (Do special assumptions are
made, except that their first and second moments are all well defined). You
have youT book, so you shouldn't need this, but, anyway, hele goes;

Var [X] = E [x?¥ - (E[x])*

Cov [X,¥] = E[XY] - E|X]E[¥]

O
o
O

Car [X] + Var [¥V)

Car [X] — Var [¥]

"rar'|.‘['| + Var Ix] + o |.‘['. l'|

0 Var[X] + Var [X] - Cov [X,Y)
O Var[X] + Var [X] + 2Co0 [X, Y]
O Var[X] + Var [X] - 2000 [X, Y]
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Write a consequence that follows from the following statements:

If Aand 5 are independent, then...
If AcC B, then (P[A|B] =, P[B|A| =, P[AUB]=, PlANE]| =.)

Suppose Xq, Xa, .., A, are independent Bernoulll BVs, Then the distribution
of

X+ Xi+ ..+ X 16,
et 4o =+ ...+ g is...

eXitXatotXa o

Let X be a standand normal BV, Then
P[X|<1]=
P[IX|<2]=
Pl|X] = 2] =

5

If A and & ame independent events, then (there could be more than one cormect
answer)

) F[AuUB]=F|A] + F|[B|
) P[AnB] = P|4]P|B]
O P[A\ B]=P[A]- P[B

O PlA] =0, or P[B] =0, or both
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If X is a BV with binomial dist ibution with parameters (., p), then P [nX = | =(there
could be more than one cormect answer)

2
O [i r-lk ).IFE':J-—I-']II-E

ri rak n—mnk
M\_)n (1=l

-

)p-‘-u—p:n""

R|’.‘

- S
g )#”[l -pt

2
n e e n—nk
ks )p [L— @l

o
P e SR e T i TR o T
=1

E )p*'[l -t

~

Suppeee X is a normally distributed BV, with p = 1.#* = 2, then (there could
be more than one correct ans wer)

0 PX <1]=PlX =
O FX <0]=PX =
0 FPX = -2 =PX =1

O PIX <2 =PX =2



Problems

1

A test for defects in a shipment is performed on a sample, and this procedurs is
known, from statistical theory, to have a probability of 5% of wrongy rejecting
the shipment, and a probability of 10% of wrongly accepting the shipment. The
oliginal manufactuer is kiown to have a 2% rate of defective shipments.

1. When the test Tesult is negative (heiioe, the shipment is accepted), what
is the probabity that the shipment is actually defective?

2. When the test result is positive (hence, the shipment is mjected), what is
the probability that the shipment s indeed defective?

3. If the procedure is amended to indude a second test (independent, but
with the same correctness as the first cne) when the test is falled, and the
shipment is rejected only if both tests are positive, what are the probabil-
itles that a good shipment will be rejected | and that a bad shipment will
be accoptad?

2

Suppose X; 1= 1,2, are RVs with distribution
PX;,=1]l=mP[X;=-1]=1-p
and that they are independent. Let 5, =30 | X,
1. Wirite the pmfof 5,

2. Write E |5, . Var[5,], and the approximate distfibution (eg., the olf or
- . 2, -ES, -
something equivalent)) for — when n s very large.
3. Assuming now that the parameter g bs of the form pn = L for some
number p, write the approximate pmf for 5., when « is very large.
Note: be very caveful here! You need to mljust what you can find in the
book, in order to fit the present sifueation.

4. Suppose » o= 000, p = G5 Use one of the results above to evaluate
explicitly P[5, < 500|

Suppoee 7 is a uniform RV, with P[0 < 7 < 1] = 1. Let g{x) = log J'- Write
the dist ibution of 4 (7).
Hing: compute the edf or the survival function of 4 ([7)

4

A RV has density
JI___{r'u:l:I—le T |
o i otherwise

1, What is the value of 7
2, What s the expected value of X7

3, What is the varance of X7
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Two theories are competing as explanation of a phenomenon, One assumes that
when input X = = (n is an integer), the output ¥ should be an exponential
RV with parameter % The other assumes that, for the same input, the output
should be Gaussian with parameters & = n, o = n,

6

1, How would the two theories differ in predicting the lkelthood of an out put

in the range ¥ = 2n, for & =n,

2. A blind experiment is performed and an owtput of ¥ £ (9,123, Using ta=

bles and caleulator, find the conditional probability for X = 10, according
to both models,

Let X, i=1,2,..., L0 all take values 0, £1, each with probability %

7

1, What are the possible values for 5 = E:EI X7

2, Assuming that all X; are independent, what arethe probabilities P[5 = 10],

and P[5 = -10]7

3. Again assuming independence, what is the probability P[5 = 492

A binary signal is transmitted, each bit having, independently, a 10% chance of
being receved wrongly,

1, If each packet Is composed of 10 bits, what is the distribution of the

number of errors in the reception?

2, What is the probability that a packet arrives commupted (e, not all bits

are Tece ved cormectly])?

& Suppose the 10th bit is a “parity™ bit, Le, a 1 of the other 9 bits have an
odd number of 1s, and a 0if they have an even number (00 is even), What

is the probabfity that a cormpted packet will go undetect ad?

A rat in a maze is confronted by a sequence of forks, where it has to choose
between gzoing fght orleft, Totest its sense of smell, a plece of cheese s placed
at the left end of a 20+fork maze, and its cholees amwe reconded, in order to see if
they show a left=wand bias, compared to a no~cheese maze,

The results are:
& norcheese: 12 left turns, 8 fght tums

* cheese: 14 left furns, 6 dght tums

1. Assuming no bias is really present, Le, the probabilities of a left or fght

tum are g = _-1,, what are the probabilities that the rat would make a
number of left tums, n = 12, and n > 147 Wrte an exact formula, and
use an approximation to get an explicit number,

2, The theory of the behavioral scentists was that the difforence between

the two setups (left=right), would have been distibuted (in the Gaussian
approximation) with a # = 5, # = 2 (note: that is o, not #°), If that
model was correct, what would be the probability that we would observe
a difference (like we did) D < 27
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A simple model of reliability for an electronic egquipment would be the following:

« With probability ¢ = .01 the equipment is DOA, Lo, is non operat ive from
the beginning

& Assuming it is not DOA it starts with a hazard fumelion of the form
Ity =1—-60<t <05

then changes to
Talt) = 0005 =1 <2

and finally ends with

Rsltl =05+ [t — 208 = 2

1. Wirite the cdf for the lifet ime of the equipment,
2, How likely is the equipment going to fail between £ = 0 and ¢ = 17

3 Assume the component comes with a full warranty up to time ¢ = 1, If
the cost of replacement s 3 = 51 00, what s the expected cost of this
warranty for the manufact urer?

4, Assuming the component has not faied before ¢ = 1, an extondeod warranty
is offered for full replacement at 1,000, for the time period | < ¢ < &
what s the expected cost of this for the warmanty company?
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