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(
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• �J�����2� X = 0

• �J����� È X = 2

• �J��� È � X = −2

• �J��� È2È X = 0

• � È ���2� X = −3

• � È ��� È X = 0

• � È � È � X = 0

• � È � È2È X = 3

• È �����2� X = 3

• È ����� È X = 0

• È ��� È � X = 0

• È ��� È2È X = −3

• ÈJÈ ���2� X = 0

• ÈJÈ ��� È X = −4

• ÈJÈ � È � X = 4

• ÈJÈ � È2È X = 0
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
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




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]
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Û m2rÃiP{2g¤rjpHk*nHy[e�p��[s]m2�[�hkP�ø{2p�{og@kL�[iLrjpHk*nHm�kP}U{2�Nrj{onHk���s]m2r[vJy[�h� Åí� n]y[k   y[mJ�~k
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(
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j

)
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p
t�eNnHy

1− p
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1
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(

i

0
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= (i+2)(i+1)
2 − (i + 1)− 1

tF{&��p
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• . . .
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


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



(

i + k

k

)

−
k−1
∑

j=0

(

i + j

j

)




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pi (1 − p)

i−1
+pi−1 (1 − p)
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(
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(
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Ú {os
] = 3

20 , P [
Ú k8�N�

] = 1
10 , P [

ü �Nrj�
] = 1

20 ,

P [
º kP�~m2g

] = 0, P [ ¢ sT{og[vJk ] = 7
20 , P [

æxyjkPs]sH�
] = 7

20ù e�{o� É � P [
Ú {os

] = 1
20 , P [

Ú k8�N�
] = 3

20 , P [
ü �Nrj�

] = 3
10 ,

P [
º kP�~m2g

] = 1
5 , P [ ¢ sT{ogjv2k ] = 3

10 , P [
æxy[kPs]s]�

] = 0��y[kq}U{os]eNmJrjp�iLmJ���[ehgj{Un]eNmJgjp�yj{&}Jk��[s]m2�|{o�[eh�NeNnHehk8p
� ¬�Ú {2s�� Ú {osH� Ú {os�� Ë Ï ��� 1

20 · 3
20 · 1

20 = 3
8000 = .000375

È ¬�Ú k8�N�N� Ú k8�N�N� Ú k8�N��� È Ï �L� 1
10 · 1

10 · 3
20 = 3

2000 = .0015

É ¬�Ú k8�N�N� Ú k8�N�N� Ú {2s���� Í ��� 1
10 · 1

10 · 1
20 = 1

2000 = .0005

� ¬Fü �Nr[�*� ü �hr[�*� ü �hr[� ���8� �L� 1
5 · 1

20 · 3
10 = 3

1000 = .003

Ê ¬ ¢ sT{ogjv2kL� ¢ sT{og[vJkL� ¢ s]{2g[v2kq���+Ï �L� 3
20 · 7

20 · 3
10 = 63

4000 = .1575

Ë ¬ ¢ sT{ogjv2kL� ¢ sT{og[vJkL� Ú {2s�� Í ��� 3
20 · 7

20 · 1
20 = 21

8000 = .002625

Ì ¬ ¢ sT{ogjv2kL��æxy[k8sHs]�<� � g<�<n]y[eNgjv�� È ��� 3
20 · 7

20 · 1 = 21
400 = .0525

Í ¬ æxyjkPs]sH�<� À m£æxy[kPs]sH�<� � gf�<nHy[ehg[v���Ï ��� 7
20 · 13

20 · 1 = 91
400 = .2275

Î ¬ � gf�Jn]y[ehg[vzkP��p�kz���]� ���
1 − 3 + 12 + 4 + 24 + 126 + 21 + 420 + 1820

8000
= 1 − 2414

8000
= .69625

� É



Æ nzehp~{2�Ns]k8{ l �ÃkP}fe l kPg<n
n]yj{Un~n]y[k��j{&�2m2�÷p]iTy[k l r[�Nk¥e�p~g[mon~sHk+{o�h�N�»sT{Un]eNmJgj{o�:w�{og l {o��pHmkL�fn]sHk8�*k8�N��r[g���{oehsu��s]m2rj�NkPn�nHkJw[�[��{2iTÁ+Ô�{2iTÁ!w�iLsT{o�|pPw�{og l m2nHy[k8s�iP{Jp�ehg[m
n]{o�j�Nkqv<{o�~k8pFyj{&}Jk��r|iTyÿ�|kPn�n]kPs�m l[l p���m2s7nHy[kÄ�[��{&�2kPsTp8w�kP}2k8gÓ{2p�nHyjkP�ÿp�nHeh�N����{&}2mJs£n]y[k@yjm2rjpHk � ¬ ��y[kkL���4k8iLnHk l �j{&�Jmo����m2s�{*�[��{&�2k8s�ehp8w[rjpHeNgjv
n]y[k l {on]{~{o�4mU}2k

EX = 60· 3

8000
+20· 12

8000
+18· 4

8000
+14· 24

8000
+10· 126

8000
+8· 21

8000
+2· 420

8000
−1·5586

8000
=

= −2490

8000
= −0.31125

�P�



Theoretical Exercises From Chapter 4 (Part 1)

#3

The (cumulative) distribution function for a random variable X is defined as

FX(x) =P [X 6 x]

(this is just traditional, and results in a function that is continuous from the right, with left-hand limits –
but we could, just as well, have chosen P [X <x], except that this tradition is now consolidated).

Since we have that 1−Fx(x)=P [X >x], and P [X = x] =P [{X 6x}\{X <x}] =FX(x)− limy↑xFX(y),

P [X > x] = 1−FX(x)+FX(x)− lim
y↑x

FX(y)= 1− lim
y↑x

FX(y)

#4

The (cumulative) distribution function of eX will be

P
[

eX 6 x
]

=P [X 6 log(x)] =F (log(x))

Remark 1. Here we are following the notation used by the book, where “log” stands for natural loga-

rithm . This is also the convention used in practically all mathematical and physics texts above the
algebra/introductory calculus level, since natural logarithms are the only ones that anybody would con-
sider using. Recall that decimal logarithms are not practical as functions : they are still in use in situa-
tions like the evaluation of the pH of a solution, or the sound level in decibels. These are all static num-
bers, and since they are converting from scientific notation, decimal logs are convenient.

#5

Again, we only need to apply the definition:

P [αX + β6 x] =P

[

X 6
x− β

α

]

=F

(

x− β

α

)

#6

We have

EN =
∑

i=1

∞

iP [N = i] =
∑

i

i(P [N ≥ i− 1]−P [N > i])

Since
∑

i
iP [N > i− 1]=

∑

i
(i+1)P [N > i], the conclusion follows immediately.

Remark 2. We changed the summation index in the last formula. This proof does not follow the hint
from the book. Try that method, as “inverting summation order” is a useful trick in many situations.

1



#7

The hint from the book works immediately, but let’s try another route:

EN2−EN =
∑

i=1

∞

i2P [N = i]−
∑

i=1

∞

iP [N = i] =

=
∑

i=1

∞

i2(P [N > i− 1]−P [N >i])−
∑

i=1

∞

i(P [N > i− 1]−P [N > i])=

=
∑

i=0

∞

(i+1)
2
P [N >i]−

∑

i=0

∞

i2P [N > i]−
∑

i=0

∞

(i+1)P [N > i] +
∑

iP [N >i] =

=
∑

i=0

∞

(2i+1− i− 1+ i)P [N >i] = 2
∑

i=0

∞

P [N >i]

#8 (not suggested, but, oh, well...)

We will have that

E
[

cX
]

= pc+(1− p)c−1

pc+(1− p) c−1=1� pc2− c+1− p=0

c=
1± 1− 4p(1− p)

√

2p

This has always a real solution since p(1− p)6
1

4
, with the maximum occurring at p=

1

2
. Also,

1− 4p+4p2
√

= (1− 2p)
2

√

= |1− 2p|

We see that

• for p6
1

2
, the “+” solution is equal to

1+ 1− 2p

2p
=

1− p

p
, while the “− ” solution is

1− 1+2p

2p
=1

• for p>
1

2
, the “+” solution is equal to

1+ 2p− 1

2p
=1, while the “− ” solution is

1− 2p+1

2p
=

1− p

p

Thus we have a continuous solution equal to
1− p

p
for 0< p6 1, and another continuous solution, equal to

1, for all p.

2



The following graph shows both solutions: the “+” is in blue, the “− ” in green:

x

y

+0.1 +0.2 +0.3 +0.4 +0.5 +0.6 +0.7 +0.8 +0.9

+0.4

+0.6

+0.8

+1.0

+1.2

+1.4

+1.6

+1.8

+2.0

+2.2

+2.4

+2.6

+2.8

+3.0

+3.2

+3.4

+3.6

+3.8

+4.0

+4.2

+4.4

+4.6

+4.8

Figure 1.

#9

This is a commonly used fact. Indeed, in general,

E[αX + β] =αEX + β

Var[αX + β] =E
[

(αX + β −αEX − β)
2
]

=E
[

α2(X −EX)
2
]

=α2Var[X ]

Hence, having set µ=EX, σ2=Var[X ], we have from Y =
1

σ
X −

µ

σ
,

EY =
1

σ
EX −

µ

σ
=0

Var[Y ] =
1

σ2
Var[X ] = 1
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