Math 39113 Summer 2010

Solutions to Homework Assigniment

Drofleins from Chopler T

#2

Let A e vhe event vhar the first die vurns a G, and B, the event Lthal Lhe

sum al the dice is i. Now, P[An D] = P[(6,i—6)], and this is the same
as the probabilicy of wo dice caming up with Ltwo specilied poins - % [
i= T8, ..., 12 (il ¢« < G, the interseciion s clearly empuy). By delinivion of

conditional prababilivy,
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#7 (C)

This can be handled with a very small sample space: Lwo childeen, eivher can b
a boy ar a pirl, hence the possible oulcomes are B0, BGLGER, GG The eveny
“one of them (Lhe king) is a boy” is B = {BB, BG.GB}. Condivoning an B,
il A i= the sven, thal ane of vhe children is a pirl, AN D = {BG,GEY}, and,
il we assume thal all lowr aulcomes were a priord of egual probabdicy, knowing
tha one of the chileren is a bov (uhe king), gives a conedivional probabilive or
a sisler as

|
| b3

The same rezull is abained il we suary by considering B (Lhe evenl we already
know happened) as the sample space, with each al iLs three painus having Lhe
gatme probabilivy.



48 (C)

There is a big dillerence [ram the previaus prablem. Iere, we know vhe pender
of a specifie child (Lhe [ese Born), nov of ene of Hie clildren The known eveny
is now B = {GB.GGL, with probabilive L, and vhe evenu vhal houh are girls

is a subser of B, A = {GG}, and has prEnl>a,hiliL}-' i- Hence, he condilional

probabiive PlA D] = -:;- =

# 15

This is an example af induclive reasaning, emplaving Bayves’ lule. Tel S be Lhe
event “a randomly chosen waman smakes”, and E whe evenu thay a randamly
chasen woman has an ecloplc prejinancy.

We are Lald thal (5% = 024 8§ Is the event thay a randomly chasen woman is
a non smoker)

o« P[S] = .32
e« P[E|S]) =2- P[E|S5

and we are requesied v evaluale PS5 E].
Applving Bages’ rule, we have
P[E|S] P[9]
PE|S|F[5] + FP[E|5<]| P[5

P[S|E] = [
We know thay P[S9] =1 — P[8] = .68, and thar P[E|S] = 2P [E|5°]. Sub-
suituing vhe lacer in (1), and dividing both numerawor and denominavar by
PE|S"], we have

) ) 2..32

'JA' ] — __!.‘Hr
PIS|E] = 5555 = 48485

#16

Lel (7 ke Lthe eveny of a Cesarean secuion. We have Lhar P[] = 15, Lel 5 be
the eveny thay vhe child survives birch. We are wld thar P[S] = 98, and thau
P5|C] = 96. We are asked [or P[50

Clearly,

PlS]=P[SNC|+ P[SNC%| = P[SIC) P[C)+ P[%7|C=] P[C¥]
and, plugring in our numbers, Lhis means
98 = .96-.15+ P[S|C°] - .85

- 98 — .96 - .15
P[S|C%) = —=——— = .98353



21

Caonsider the evenis H (husband sarns more than 23,0000, and W (wils sarns
more than $25 0001, The vabile means

PHAW] = 2
: a GIL
0%
PHAWY = 22
: '~ 500
36
P[H W] = =
. " 212
P[H NW®] =
: ) G
plg) - 198+54 25
el 500 500
Bey
P_H': _ 36 4+ 54 _ )

300 a0
Ii is now easy Lo answer:

a P[H9=1-22 = 496

b PW|H| =ZEEH = & — 91429

i lore] . PIWOHS _ 36 _

Note that e lost bwo onsteers do ned fiove ony specilic relotionsldp with each
other: they refer fo fuww differend conditions, ond henee sl fo wnreloded prob-
alilities, They defiitely do notl odd wp to onef



#12 (C)

Iu is uselul Lo represent Lhe situalion as a wres: each nods repressnls an exam,
with Lwo branches depariing, depending on whether the gradiuale passes or Lails
e can aach Lo each biranch Lhe probabilive of waking iv, conditiencd on the
padle abowe 4

Leit branch: pass Right branch: fail

a

[(We'll see many avher examples where such a picuire can be helphl) Now,
il we call Lhe evenls of passing exams |, 2, and 3 Ey, Es, Es, we have

f’ .“".l n .1‘:.3 n j‘.':;: = 1“ ,h.'i f:'[ mn L_.l 1“ _1':'[ mn L_.l =

P _j‘.':s .1‘:'[ N .1‘._.! P _f:.g J‘..L P _f:ll:

Tn avher words, the prababilive af reaching vhe lowest righumast “leal™, is given
b the product of vhe condivional protiabilivies of vhe branches leading vo thal
leal.

a We just found vhan Lhe prabaabilive of paseing all three exams iz 8-.8-.7 = 504

I ram vhe picture, we see vhal
P[ES] = .1
1)

P|ES| = P|E\|P|ES|E: )= 9-.2 =18
P[ES) = P[E\| P Bz |E, ) PES By N Es) = 9- 8-.3 =216

Hince she cannou [ail more than ane exam, whese chree evenis are disjoin,
and vheir union represents the event we are condivioning vo. The event al



[ailing the second exam is a subser of this, so Lhe inersection with iu is,
again, £5. All in all, the condiional probabilivy we are looking for is

A8

N T T e

# 27(C)

In a way, the “carrect” answer cepends an whau you are asking precisely. As
stated, the question seems Lo be “given a randomly chosen car, haw many work-
ers rade on LY, and hence the correcy procedure is 2. Procedure . answers
the question “given a randomly chesen worker, with how many co-warkers did
he/she share a ride™ - which Is a dillereny quesiian, and has, in general, a dil-
fereny answer (big carpaals enhance the prababilivy of picking a worker whao has
many co-riders, buw thau does nou necessarily mean thay many cars are paaled).

#31(C)

We can proceed in a number of ways. For example, we can use a tree dingram, like the following one:

w2

@ @ 9O 0

(for typographical reason the probability called « in the problem is denoed byp in this diagram).

Alternatively, one can contruct a picture of a sample space, with four events, C, C°, H,T that intersect to
form four atoms, which we can call CH,CT.CH,CT. We have P|C] = a =1~ P{CY]. and P[H] = P[T] e%.
Finally. C' is independent of H and T, as is C°. In fact, it is more clegant to consider two independent
random variables, each taking on two wvalues - essentially the indicator functions, respectively, of C and H.

Given independence,

1~ 1-a
> , P[CT| = >

PICH) = % P(CT| = % PICH) =

Given the rule, the event “the doctor does not call”, call it N, is the complement of the only case in which
he would call, which is CH. Hence, P[N] = 1- P[C<H] =1 - 152 =222 = 122 (it is also, of course,
the sum of the probabilities of the other three atoms).

We are looking for = P[C|N] = Z5. Now, since N =CHUCT UCT, it is clear that € C N, so that

PCNN| = P[C] = a. Summing it all up,

P[CNN P a 200
PIN] ~ A\"-l%-l-!-n

8= P[C|N]=

To campare a with 3, we calculate

2a _n+nz—2n_nz—n_n(n—l)<0

14a  l4+a  l4a l+a

a-f=a-—

since 0 <a < 1. While a call can only bring good news, not receiving a call, quite intuitively, means that the
probability of bad news has increased.



#48
We are in vhe region of the questions of vype “three prisaners”, “Monte 1lall”,
eve. You would think thau the prabatilivy shauld be §, buu look cleser...

We are jraing w solve the problem in the “auwomacic way”, i.e., by applyving
Bayes’ Rule. A classraam nove will bre pested lusurating maore “hands-on” solu-
uons thar may (or may nou) help figure au vhe mechanism of these problems.

We have thar wwa evenws are SS and SG, describing the Lwa cabinews.
We found S, and ask for the condivanal prob:abilivy of SS, given S. Naow,
P[S|SS] =1, P[S|SG]| = 3. Alsa, we assume vhay the ¢haice of cabinel was
“randonm®, i.e. both have probiatilivy § (this assumption is erucial in devermining
the carrecy answer - see Lhe classroom note).

P(5|5S) P1SS]

P(SS|S] = B

and P[S) = P[S|SS) P[SS]+ P[S|G| P[G] =1-} + } - }. Substiwing

“wins

1.4 i
P[SS|S]=—3- =4 =

1 1 3

3ty 1

#49

This is an example of application of Bayes' Rule, as well as an illustration of
the power of “prior beliefs”. Consider the event C, that a random patient has
prostate cancer. We have, in the first version, that, according to the physicdan,
P[C] = 0.7. Let T be the event that the test was positive (i.e.,, showed an
clevated PSA level). We are told that P[T'|C'] = 0.268, and P [T'|C¢] = 0.135.



We apply Bayes' Rule to find the “reversed” conditional probabilities, which
are the ones we are asked for:

PICIT] = P[T|C]P[C] _ P[T|C]P[C]
B P[T] ~ P[T|C]P[C|+P[T|Cc|P[C
_ _0.268.-0.7 SR
0.268 - 0.7 + 0.135 - 0.3
P[Te|C]P[C P[T=|C]P[C

P[T]  P[I CeP[C
B 0.732 - 0.7
T 0.732- 0.7+ 0.865 - 0.3

Reversing the “prior probabilities” of the patient having cancer, we find

C]P[C]+ P[T*

= (.66

0.268 - 0.3 0.732-0.3

P[C|T] = 2= (.46 P|C|T] =

[ ] 0.268-0.3|i 0.135-0.7 [ ] 0.732 - 0.3 + 0.865 - 0.7
#52(C)
Le. A be the eveny the siudent is accepled: P[A] = 6. We are also given a

Labile [or all Lhe condidional prababilivies [or accepLance and rejeciion, lor sach
day of the week. Aciually, we have o be carelul in reading vhe tabile. What i
is saxing is vhae we have disjoint evens M. T W, Th, F.nm, indicacing the day
al the week in which the mall might atrive (e meaning no mail arrives in Lhe
week ), forming a pariivion of the sample space, and vwo disjaing evenis A, R
(accepled rejecied) that also form o pariivion of vhe sample space. We have

P[M|A]+ P[T|A] + P[W|A] + P[Th|A] + P[F|A] + Plam|A] =1
and similarly when we condivion on B, Tor example, vhis means thau
M=TUWUuUThuFUnm
sle. Also, we lind vhay Plum [A] =1 — 85 = 156, Plnm|R] = 1 — .6 = 4, and
FPnm| =P [nm|A]| P[A] + Pnm|R] P[R] = .15- .6+ 4-.4=.25
Applring “Latal prababilivies™, Bayes’ Rule, e, we hayve

a P[M

= P[M|A] P[]+ P[M|R]|P|R] = .15- 6 +.05- 4 = .11
b PIT[Me] = Eggptd bu T € M, sa the [raction is

P(T| P[T|A]P[A)+P[T|R|P[R 2-6+.1-4

P[M9] P[M"] 1= 1

= .17973

e PlAIMenT nWe| = HMDEOWAIPAl Ko Mo TN W = ThUF U

e, =0 Lhal

[MENT MW |A|P[A] = P[Th|A| P[A]+P[F|A]| P[A]+P [nm |A] P[A]

PMNT* MW =P[Th|A| P[A]+ P[F|A|P[A] + Pnm|A] P[A] +
+P|Th|R| P|R|+ P[F|R|P|R] + P[nm|R| PR

Bel15 405005
PlAIMENT NW<] = b1(sly el i,

o T O A R



o This asuraight applicavion of Bayes’ Tule:

. - P[Th|A] P[4] A5 .6
] Th] — . ] el RPN I
Bl Te] P[Th] T ER
e Again, apply Baves’ Tuls, and lined
. S o Al '
P[A|nm] = ——= — P[4
: ' P [nm)| i
Tram the wable, we gen thal
.15- .6 26
T T R



Theoretical Exercises

#1

We have

. . PANBIN(AUB) _ PI(ANB)NB] _ P[ANB
P[AnBlAUB]I P[AUB] T T P[AUB] ~ PAUB

and since P[A] < P[A|J B, we have that

plaNBlaUs| < P[[aN B 4] = PlANB|

P[4)
#5
The assumption is that
P[E|F) = —P[If[Q]F] <PE)
that is
P [Eﬂp] < P[E) P[F) )

(the difference between the two sides is sometimes called the “correlation” be-
tween the twe events, and, in this case, one speaks of “negative correlation”)

(a) (1) is symmetric in the two events (just as the concept of ‘independence”),
so the statement is true. The same argument applies with the inequality
reversed )"positive correlation”)

(b) A simple counterexample is given by the case when G C E.F[E = I
P [EﬂF] y [Gﬂp] —0<P[E|P[F] and < P[G]P|F)

while P[EG| = P |G| = P [E] P|G] (all inequalities will be strict, provided
none of the sets has probability 0 or 1).

#25

We are comparing PLEOFL iy PIEEAFNG PIFN G , PIENFNG] PIFN6"
"137’;‘“‘}3}?0'7’; PF(;r'P;'

Equality is obvious, since

eNF=(eNrNe)U(ENFNE)
with the right hand side being the union of disjoint sets.

Please, note the equality that this proves: it shows “how to condition a
conditional statement”, if we may use this awkward expression.

15



