Math 391B & C

Solutions to Homework Assigniment

Pyroblews from Chapley 3

#2

Leu A be the event thay the first die vurns a 6, and B; the event thay Lhe
sum of the dice is i. Now, P[AN B = P[(6.i—6)], and this is the same
as the probabilivy of vwo dice coming up with wwo specilied poins - % for
i=T7.8,...,12 (il i < 6, the intersection is clearly empuy). Dy delinition of
condivional probabilivy,

PANB)| 1 1

PIAIB] = =BT =% PB)
far i = 7.8,....12. Since,
PB:] = 2 PBy = 2 P[By| = = P [Byy] = —.P[Bu] = —.P[By] = —
7 3e UM T 3e T Y T 36 T, ST T

(ie., P[B)] = 57, we geL

1
PAIB] = 5=

#7 (C)

This can be handled with a very small sample space: Lwa children, either can bie
a boy or a girl, hence the possible oulcames are BB, BG,GB,GG. The evenu
“ane of them (Lhe king) is a bay” is B = {BB, BG,GB}. Condilioning an B,
il A is the event thay one of vhe children is a girl, AN B = {BG.GBY}, and,
il we assume thav all four aurcomes were a priori of equal probabilivy, knowing
that ane of the children is a bay (Lhe king), gives a condivional probabilivy for
a sister as
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R

The same resuly is olrained il we svary by considering B (Lhe eveny we already
knaw happened) as the sample space, with each af iLs three painus having the
same probabilivy.



48 (C)

There is a big dillerence [ram the previaus prablem. Iere, we know vhe pender
of a specifie child (Lhe [ese Born), nov of ene of Hie clildren The known eveny
is now B = {GB.GGL, with probabilive L, and vhe evenu vhal houh are girls

is a subser of B, A = {GG}, and has prEnl>a,hiliL}-' i- Hence, he condilional

probabiive PlA D] = -:;- =

# 15

This is an example af induclive reasaning, emplaving Bayves’ lule. Tel S be Lhe
event “a randomly chosen waman smakes”, and E whe evenu thay a randamly
chasen woman has an ecloplc prejinancy.

We are Lald thal (5% = 024 8§ Is the event thay a randomly chasen woman is
a non smoker)

o« P[S] = .32
e« P[E|S]) =2- P[E|S5

and we are requesied v evaluale PS5 E].
Applving Bages’ rule, we have
P[E|S] P[9]
PE|S|F[5] + FP[E|5<]| P[5

P[S|E] = [
We know thay P[S9] =1 — P[8] = .68, and thar P[E|S] = 2P [E|5°]. Sub-
suituing vhe lacer in (1), and dividing both numerawor and denominavar by
PE|S"], we have

) ) 2..32

'JA' ] — __!.‘Hr
PIS|E] = 5555 = 48485

#16

Lel (7 ke Lthe eveny of a Cesarean secuion. We have Lhar P[] = 15, Lel 5 be
the eveny thay vhe child survives birch. We are wld thar P[S] = 98, and thau
P5|C] = 96. We are asked [or P[50

Clearly,

PlS]=P[SNC|+ P[SNC%| = P[SIC) P[C)+ P[%7|C=] P[C¥]
and, plugring in our numbers, Lhis means
98 = .96-.15+ P[S|C°] - .85

- 98 — .96 - .15
P[S|C%) = —=——— = .98353



21

Caonsider the evenis H (husband sarns more than 23,0000, and W (wils sarns
more than $25 0001, The vabile means

PHAW] = 2
: a GIL
0%
PHAWY = 22
: '~ 500
36
P[H W] = =
. " 212
P[H NW®] =
: ) G
plg) - 198+54 25
el 500 500
Bey
P_H': _ 36 4+ 54 _ )

300 a0
Ii is now easy Lo answer:

a P[H9=1-22 = 496

b PW|H| =ZEEH = & — 91429

i lore] . PIWOHS _ 36 _

Note that e lost bwo onsteers do ned fiove ony specilic relotionsldp with each
other: they refer fo fuww differend conditions, ond henee sl fo wnreloded prob-
alilities, They defiitely do notl odd wp to onef



#12 (C)

Iu is uselul Lo represent Lhe situalion as a wres: each nods repressnls an exam,
with Lwo branches depariing, depending on whether the gradiuale passes or Lails
e can aach Lo each biranch Lhe probabilive of waking iv, conditiencd on the
padle abowe 4

Leit branch: pass Right branch: fail

a

[(We'll see many avher examples where such a picuire can be helphl) Now,
il we call Lhe evenls of passing exams |, 2, and 3 Ey, Es, Es, we have

f’ .“".l n .1‘:.3 n j‘.':;: = 1“ ,h.'i f:'[ mn L_.l 1“ _1':'[ mn L_.l =

P _j‘.':s .1‘:'[ N .1‘._.! P _f:.g J‘..L P _f:ll:

Tn avher words, the prababilive af reaching vhe lowest righumast “leal™, is given
b the product of vhe condivional protiabilivies of vhe branches leading vo thal
leal.

a We just found vhan Lhe prabaabilive of paseing all three exams iz 8-.8-.7 = 504

I ram vhe picture, we see vhal
P[ES] = .1
1)

P|ES| = P|E\|P|ES|E: )= 9-.2 =18
P[ES) = P[E\| P Bz |E, ) PES By N Es) = 9- 8-.3 =216

Hince she cannou [ail more than ane exam, whese chree evenis are disjoin,
and vheir union represents the event we are condivioning vo. The event al



[ailing the second exam is a subser of this, so Lhe inersection with iu is,
again, £5. All in all, the condiional probabilivy we are looking for is

A8
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# 27(C)

In a way, the “carrect” answer cepends an whau you are asking precisely. As
stated, the question seems Lo be “given a randomly chosen car, haw many work-
ers rade on LY, and hence the correcy procedure is 2. Procedure . answers
the question “given a randomly chesen worker, with how many co-warkers did
he/she share a ride™ - which Is a dillereny quesiian, and has, in general, a dil-
fereny answer (big carpaals enhance the prababilivy of picking a worker whao has
many co-riders, buw thau does nou necessarily mean thay many cars are paaled).

#31(C)

We can proceed in a number of ways. For example, we can use a tree dingram, like the following one:

w2

@ @ 9O 0

(for typographical reason the probability called « in the problem is denoed byp in this diagram).

Alternatively, one can contruct a picture of a sample space, with four events, C, C°, H,T that intersect to
form four atoms, which we can call CH,CT.CH,CT. We have P|C] = a =1~ P{CY]. and P[H] = P[T] e%.
Finally. C' is independent of H and T, as is C°. In fact, it is more clegant to consider two independent
random variables, each taking on two wvalues - essentially the indicator functions, respectively, of C and H.

Given independence,

1~ 1-a
> , P[CT| = >

PICH) = % P(CT| = % PICH) =

Given the rule, the event “the doctor does not call”, call it N, is the complement of the only case in which
he would call, which is CH. Hence, P[N] = 1- P[C<H] =1 - 152 =222 = 122 (it is also, of course,
the sum of the probabilities of the other three atoms).

We are looking for = P[C|N] = Z5. Now, since N =CHUCT UCT, it is clear that € C N, so that

PCNN| = P[C] = a. Summing it all up,

P[CNN P a 200
PIN] ~ A\"-l%-l-!-n

8= P[C|N]=

To campare a with 3, we calculate

2a _n+nz—2n_nz—n_n(n—l)<0

14a  l4+a  l4a l+a

a-f=a-—

since 0 <a < 1. While a call can only bring good news, not receiving a call, quite intuitively, means that the
probability of bad news has increased.



#48
We are in vhe region of the questions of vype “three prisaners”, “Monte 1lall”,
eve. You would think thau the prabatilivy shauld be §, buu look cleser...

We are jraing w solve the problem in the “auwomacic way”, i.e., by applyving
Bayes’ Rule. A classraam nove will bre pested lusurating maore “hands-on” solu-
uons thar may (or may nou) help figure au vhe mechanism of these problems.

We have thar wwa evenws are SS and SG, describing the Lwa cabinews.
We found S, and ask for the condivanal prob:abilivy of SS, given S. Naow,
P[S|SS] =1, P[S|SG]| = 3. Alsa, we assume vhay the ¢haice of cabinel was
“randonm®, i.e. both have probiatilivy § (this assumption is erucial in devermining
the carrecy answer - see Lhe classroom note).

P(5|5S) P1SS]

P(SS|S] = B

and P[S) = P[S|SS) P[SS]+ P[S|G| P[G] =1-} + } - }. Substiwing

“wins

1.4 i
P[SS|S]=—3- =4 =

1 1 3

3ty 1

#49

This is an example of application of Bayes' Rule, as well as an illustration of
the power of “prior beliefs”. Consider the event C, that a random patient has
prostate cancer. We have, in the first version, that, according to the physicdan,
P[C] = 0.7. Let T be the event that the test was positive (i.e.,, showed an
clevated PSA level). We are told that P[T'|C'] = 0.268, and P [T'|C¢] = 0.135.



We apply Bayes' Rule to find the “reversed” conditional probabilities, which
are the ones we are asked for:

PICIT] = P[T|C]P[C] _ P[T|C]P[C]
B P[T] ~ P[T|C]P[C|+P[T|Cc|P[C
_ _0.268.-0.7 SR
0.268 - 0.7 + 0.135 - 0.3
P[Te|C]P[C P[T=|C]P[C

P[T]  P[I CeP[C
B 0.732 - 0.7
T 0.732- 0.7+ 0.865 - 0.3

Reversing the “prior probabilities” of the patient having cancer, we find

C]P[C]+ P[T*

= (.66

0.268 - 0.3 0.732-0.3

P[C|T] = 2= (.46 P|C|T] =

[ ] 0.268-0.3|i 0.135-0.7 [ ] 0.732 - 0.3 + 0.865 - 0.7
#52(C)
Le. A be the eveny the siudent is accepled: P[A] = 6. We are also given a

Labile [or all Lhe condidional prababilivies [or accepLance and rejeciion, lor sach
day of the week. Aciually, we have o be carelul in reading vhe tabile. What i
is saxing is vhae we have disjoint evens M. T W, Th, F.nm, indicacing the day
al the week in which the mall might atrive (e meaning no mail arrives in Lhe
week ), forming a pariivion of the sample space, and vwo disjaing evenis A, R
(accepled rejecied) that also form o pariivion of vhe sample space. We have

P[M|A]+ P[T|A] + P[W|A] + P[Th|A] + P[F|A] + Plam|A] =1
and similarly when we condivion on B, Tor example, vhis means thau
M=TUWUuUThuFUnm
sle. Also, we lind vhay Plum [A] =1 — 85 = 156, Plnm|R] = 1 — .6 = 4, and
FPnm| =P [nm|A]| P[A] + Pnm|R] P[R] = .15- .6+ 4-.4=.25
Applring “Latal prababilivies™, Bayes’ Rule, e, we hayve

a P[M

= P[M|A] P[]+ P[M|R]|P|R] = .15- 6 +.05- 4 = .11
b PIT[Me] = Eggptd bu T € M, sa the [raction is

P(T| P[T|A]P[A)+P[T|R|P[R 2-6+.1-4

P[M9] P[M"] 1= 1

= .17973

e PlAIMenT nWe| = HMDEOWAIPAl Ko Mo TN W = ThUF U

e, =0 Lhal

[MENT MW |A|P[A] = P[Th|A| P[A]+P[F|A]| P[A]+P [nm |A] P[A]

PMNT* MW =P[Th|A| P[A]+ P[F|A|P[A] + Pnm|A] P[A] +
+P|Th|R| P|R|+ P[F|R|P|R] + P[nm|R| PR

Bel15 405005
PlAIMENT NW<] = b1(sly el i,

o T O A R



d This a siraighy application of Bayes” Rule:
) . P[Th|A] P[A] A5 .6
. A B a— L ’ L B min S .
BT P[Th] T T

e Apain, apply Bayes” Rule, and [ind

. Plnm|Al
PlA|lnm] = — — P
3 7 P [nm)
Itram the wable, we pa chal
A6 .6 i
T O e i
# 53 (C)
We consider the [ollowing evenis: B “compaonent 27 (s worklng” (i = 1,2, ..., s

E “he sverem is working™

In vhis approach w reliabilivy theary, the svsiem is decampaosad in a number
al independent companents, and the overall svsiem siate is delined by canlig-
uralions of the components. Tore example, a “parallel svsiem®™ is a svsiem that
will be%an®™ when au lsasy ane campanent is “an®, and “oll™ il all componsnus are
“all™ Kove vhan “campanents” need nou be physical parus - they might e juse
a computational device masking a wery dillereny physical archiLeciire.

Now, vhe probabilive of being “on® [or Lhe svetem, 1o, P [E], Is 1o be caleu-
laved Gram che prababilivy of being “on® [or each component. - and here [ wheres
the assumplion of independence comes in handy. Ilar our parallel svsiem, iv is
simplest v svaluawe PE] =1 — P[E"], and

L L T
PE)=P|E| =TI PIE)=T](-p)
=1 i=1 i=1
il = PE]. Tor alarge n, this ormula is enormaously simpler vhan vhe full
product rule, involving very many, and very long coneivional protabilivies.
Note than, in our specilie case, P[E] = 1 — &, which is very close 10 1, as
saan as 1 is large - a parallel sysiem is very reliable, hecause i is very reduneant.
Or course, once 1 is big enough, the gain in reliabilivy of going [rom n o n+1 s
neglinible, compared Lo the cosl af adding wel one more redundanl companeant.
As for vhe specilic question in vhis protlem, we may apply Dayes’ Rule:
PE|E, ) P|E)
P[E]
and ihis is easy: FP[E|E| = 1, since 1 is enough wo keep vhe whole sysiem
poing. Hence

PE |E] =

1 g1

1
iy Y = 2
PE, |E] S S — Ty

= Tn—1
which is very clase w0 3, as sa0n a8 n s reasonably large. Tor relerence plrposes,
nowe thal gr = 0.031, 5l =9.8- 1074, eLc.



455

The madel vhal is sugpesied here iz that cthere are [our events, Fy “siudent
selecied s a [reshman bo™, Fs “suuden seleciad is o [reshman girl”, S “siudent
selecied is a saphomare boy”, and Ss “suudent selecled is a saphomare girl”. We
alsa know thay, il NV is the owal numbier af suidencs in the class,

PlRl= 4 pla)= 2 plsi)= &, pls) = X210

The Lasic evenis are disjoiny, so

: . 1 ; N-10 _ ) 10 . N —10
o5 ' | Fa| = —, P& US| = JE|FLUS = P [Fia ) 85s)| = =
P[FLUF) ~ P[5 US| N PFy U8, N P [Fi2U 8y N
We now want uo make sure thay B = Fy U S, and B = (G = Fy U 5 are
independen. ol F' = Fy U Fa, and F© = 5§ = 5, U S, I is only necessary 1o

check ane independence relalian, since we knew vhal i A s independent of 12,
iL is alza independent of B We neeed, [ar insLance,

P[(FLUF)N(FLUS))| = P[F UF)| P[F uS)

Now,
P(RUR)N(FUS) = P[F]= %
while 1y 10 101}
PIRLUR|PIRUS) == —=—
e L i TR T N AT R
andl (
4 _ 100)
N N2
il ar
&)
l=—
N

or N = 25, Sinece we already had accounved [or 16 suidens, we need G sopho-
mare girls.

#57 (C)

This maedel is the staring poine [or the so-called “inomial madal® [or siack
prices [Lhe name comes [rom the “binomial discritruion™, which, as we will saan
see, characierizes the probabilivies [or the ending price ol a swock alier n days.
As nalve as chis madel cleardy is, v s widely used lor compuiational purposes
in vhe linancial indusury, when complex [inancial insiruments, like camplicaLed
aplions, need Lo be priced.

O course, this is alsa the same madsl that we meel in vhe “gamblet’s ruin®
prablem, and is also the ®random walk” madel, where a pariicle (or same acher
maowing ivem) moves “up”™ and “down™ or “lell and “rghl”, swc. one siep al Lhe



time, with probabilivies p and 1 —p, and the direction af each suep is independent,
al whavever happened until chay poind.

Laus call U Lhe event Lhatl aur suack moved up au vhe i-th suep, and D, Lhe
event i maved dawn. We have P[] = p. P[] = 1 — p. Consider now Lhe
specilic gquesLions.

a Tar Lhe stock vo be back wovhe suarting price aller two days, ivhad w goeither
[irst up, then down, or lirse down, vhen up. The lirse eveny is U M Dg, and
vhe secand Dy Nz, They are disjaint, and bavh have prababilive p (1 — p),
fecancse we assuired that prioe chonges on dilerent doys are fndependend
Ilence, vhe prabiabilicy we were laoking [or is 2p (1 —p). Nove thay Lhe
[uneLion pil —p) = p— p°, bevween 0 aned 1, gaes fam 0 aL p = 0, 1@
its maximum i, aL p = 5, vhen back wo 0 [or p = 1. Hence, the highesy
prababilivy of recurning v the starving poine accurs when up- and dewn-
mavements are equally likely {a “symmewric randam walk”), and is equal
Lo 3.

b Ueing: vhe same lonic, we nesd vwo ups and one down o vhis evenu w ocour,
and vhe ane down could accur an vhe lirsy, secand, or hird day. All three
cambinalions have the same probabilivy: p@ (1 — p), and vhey are digjoin,
henece we have a probabilivy of 3p® (1 — p). Kove how vhis funelion vaa goes
[k O wooa masimum, chen back w0 0, as p ranges Gom 0w 1 B now
the maximum is aL 2p—3p° =0, ie. (p = 0 carresponds 1o a minimum,
when we loak au this [unciion over all reals) p = 3, when vhe probabilivy
is 3.

¢ We know alreacdy thau the evenu in question (swock up | aver Lhree days),
call iv B, is made up of the wunion of vhres disjoint events: Dy MUz M Us,
Uy Darn s, and U nllan Da. We are asked 1o evaluale

PH{thnDynUstu{thinUsn Dy} {Uy nDe N} u{thi Nt nDsl U {Dynlan Us}
This is equal Lo

PHhnDonUslu{UinthnDs}]  2p*(1—p) -
PE] I (l—p)

| b

(which was preLiy easy L0 puess anyway, sinee E Iz made up of three
equiprababile svenus, and we are laoking ay vwo of them].

¥ 58

We assume thay successive [lips are independent, and idendieal, trun thar Lhe
protaabilive of gewing 11 is unknown, say p.

The procedure indicated in the experiment consisis in Lhrowing Lwa Limes,
and ignore vhe residy 000 is HH ar TT. I v is HT aor TH we keep Lhe secand
tesulL.



a SHince each Loss is independent of all the previaus ones, iL doesn’s macter how
many times we had o go back Lo swep | Onee our two Lasses came ol T
at TH, thew happen with probabilivy p(l — p), and (1 — plp respecrively,
no matker what happened belore. Ilence we pick H ar T with the same
prababilivy. To be specille, we have a condidonal probabidivy of

p(l—p)
pll—pl+{l—plp

1
2

I The second procediurs works like vhis: we wass the coin novimes, with che
lirst, o — 1 being all equal, and vhe n-vh dillerenn. This means vhay we
always pick Lhe result vhay is appasice [rom whatever the resull of Lhe [irs
Loss was. In other words, we pick H win probabiliy 1 — p, and T wich
prababilivy p - no improvement an vhe direct methad of picking vhe lirs.
auLeome, with che probabiives simply swivched.

+# 61 (C)
This iz the standard maodel [or genelie wransmission ol characiers, Lhraugh gens
inheritance. In this madel, P[AA] = P[Ada] = Plad] = Plaa] = §, and vou

receive ane pene [ram each parent’s pair, with prababilivy i, asach. INove, howeyer,
thal there fs no purely machemalical reason o consieler the Lwo conliguracions
ad and Ae as disuince - vhis s a biological quesvion (how is vhis informarion
suored ). Very much like vhe decision v consider BT and TH disvinct auwcomes
[ar the cain Loss - apprapriave for real eaing, b (as v ourns aul) inappropriaie
[ar Losons, like prowons - is nol & machemacical decision per s, since iu simply
carrespands Lo the cholee of ane madel over analher.

Consider now the standard maodel. In vhis problem, we have vwo children,
ane of which is of v¥pe aa. Since the parents are anly carriers, they musy e
Aa or A, The ather child is nov ao, 20 he/she can be od, Ao, AA Kowe
thal, given the penelic surueiure ol the parenis, a priord, each combinalion was
asquiprabable. The secand child has Lhus é probabilive of being a carrier.

ate Lhay Lhe "non-sandard” madel (oA is now dillerent Cram Aa) is now very
sipnilicany here: ance vour parents are bovh healthy carriers, if vou are healihy,
wall suill hawe the same '; probatedlivy of being a carrier, since the oplions are
three aun of the 4 possibile anes: o bom facher | A Dom movher, o Dom mather
| A fram facher, A [rom bavh (sinee vhe furvh, a fram bovh, has been exclided).

a This second child marries with a person known 1w e Aa or ad. The spouse
will pass an a pens with probabilivy L The child will oo - caneditional an

H

being a carrier, which has probabilivy $: the probabilivy of ceansmiuing

an a pene is thus ‘=’ = is The wwa wransmissions being independesnt., Lhe
resuluing ollspring will be an albing wich probabiliy § - & = £ [(insiead

al ll when boh parenis are known w be carriers). In standard “woual

prababilivy™ oemuladan, iC D s the event “the newlharn child is albing®™,



and ' the evenu “the child of the original couple is a carrier”™

2
P(D| = P[DICIP(C]+ PIDICE| P[C] = 1 -2 +0.1 = 1
i A 3
b KNow, we are considering Do, given Dy (the subseripis referring 1o the hinh
arder):
P Dt n Dyl
> a 1] = ;.-‘
S P[Dy]

We know vhay P[Df] = 2, and

PDINDo) = P[DIND:|C]| P|C] + PDIND|C°)| P[CT] =

since each ¢hild receives penes independendly, and, prowided bavh parents

are carriers, Lhere is ll poseibilivy of vhe secand child gewing a kom baovh,
f - ] f f T ' | '

and vhus (independendy} 7 of nou gewding i for the firsy child. Summing

LU,

3

P(Da|D]= § =

S -

466 (C)

This relay pleiure is olien used as a mevaphor for reliab:iliny model, where sach
relay carrespands 1o A campanent, “clased” carrespands v “warking®, and “cur-
rent [lows™ maps Lo “svsiem is working™.

a This syvsiem works il lirsy of all, relay 5 is closed |, and then, il avleasy one al
the Lwa saquences |-2 aned 3-4 (each a “series” svsiem) s warking (Lhe Lwa
saquences are “in parallel”. The wwo sequences are working, respecively,
with probabilivy pyps, and pgpy. Their parallel arrangement, will work
with probabilicy 1 — (1 — ppa) (1 — papa) . Overall,

ps(l — (1 —pupa) (1 — papa)) = ps (prp2 +Paps — pipapspa)

b The hine sugeesis o compute the probabilivy of che svsem working, say
P W] [rom

P[W |3] P[3] + P[W|3°] P[3°] = P[W|3]pa + P[W3°] (1 — ps)

I 3 js closed, Lhe svsvem will wot work onlv il bovh | and 2 are apen, or, il
aLleast ane of them is closed, bavh 4 and & are open. Te, ivwill work as a
series of Lwo relays, Lhe lirsy working wich probabilivy 1T—(1 — py)(1 — pa),
vhe second wich probabilivy 1 — (1 — pa) (1 — ps). Overall,

P[W|3] = (1 — (1 —p1) (1 —p2)) (1~ (1 — ps) (1 — ps5))

12



I 3 is open, then we have a suraighy parallel of vwo series lines: Lhe upper
paLth is available wich probabilivy pypy, and vhe second wich prababilive
paps. The parallel beuween the vwa warks with probabilicy

L—(1—pipa) (1 — paps)

Combining all the alxove, we me

PIW]=ps(1 = {1 —p (1 —pa)) (1 = (1 — pa) {1 — ps) ) 4+(1 — pa) (1 — (1 —papa) (1 — paps)

Remark The saluion manual ignores che hing Lor quesiion (b aluogecher, aned
simply lists all combrinavions that resuly in a working system, calculaving
the probabilivy of each. The resuly is no dillsrent, biuw is mare cumber-
same Lo evaluate. Nove also thay problem (a) represents an sxample of a
“parallel-series® cirein - ie, a combinavian of parallels, and series Blocks
Ko all cireuits can be describved as such, buw vhe hine Lor (1) (which (s mot
a parallsl-series cireuic) indicaves how, through condidaning an a surave-
psically chosen relay, we can oflien reduce Lthe problem Lo a combinavion af
parallel-series circuivs, which is how we solveed the problem here.

# 67 (C)
boue ol s anovher popular modsl Lor vhe reliabilive of svslems.

a Towork 2 componencs (an leasy) musy work . Now wowork, 3 or all musy [ail
The laver happens with probabilice (g = 1 —p;)

qif2q3Pa + iq2qaPs + Gagaiapr +quqaqsqs = py
Ilence the required probabilive is 1 — py

b This is much vhe same: we compute py, which now corresponds wa 4 or all 4
campanents failing, and vhen ake 1 —pp

Remark The soluvion manual goss e che direcy caleulavion (probabilivy of 2
at 3 ar 4 warking, for {a}, and probabilicy of 3, 4 or 5 warking for (B
The result is cbviously the same, tuw the expression is shorer when vou
check 2 candilions inswead al 3

¢ Things gel quickly complicaled when the p,'s are dillereny, as the number af
compansnls nereases. When all camponents have the same reliabilivy, p,
Lhen we are, ellecuively, Lossing n calns, and loaking lor the probabilicy of
kok+1,..., now ecame up “heads” {(or whavever we call the svani vhal has
probatailivy p). This is, in emulas,

Z ( ’; )P“ (T=p~

i=k

)



(we counuing all surings of § svmbrols 1, and » — j symbols 0, and thav's
the number of ways Lo arrange them - reler w chaprer | lor the devails,
b i wou are familiar with Newon's binomial emula

(a+d" = Z ( 'l; ) a’ b

=1
Lhe caellicient in [rone of the product does just thal: v counis the way

voucan arrange j svmbals ol one type - here a - and n— j of anaLher Lype
- here b.)

76

Nove Lthay we are nou assuming thay B = F°. Az we repeat the experiment, we
wall [or either ang v aceur. Onee ang of vhe twa has accurred, which one wags
iL? Well, we are looking au, say,
PIEN{EUF) P|E]
P[EUF] PE] + P|F]

PE|EUF]

since Lhe Lwo evenls are incampadtitle.

# 81

This is a direct application af the gamtider’s ruin problem (Example 4], p. 50}
The investor is playing o game, wich probabilivy p ol winning, and proteabidilive
1 —pallosing (p = .55}, Formda (4.3) on p. 82 wells we thay the probabilivy of
aneing up “wich all vhe monev” (reaching level N, when siaruing from level 4 js
1—p "

- (52)

: (2

{we are in the case p # ). The “zerc” level is given when the siock (which is
waday au 25) hivs 10, The “I” level is when iv reaches 40 8a N = 40 — 10 = 30,
and we are suariing au @ = 25 — 10 = 15, The [ormula (2) gives us
- 1 a 1
45415 o415
l+|.l>1 ]'+rl|_‘l|_l]

= .05

This is now surprising: o investar is acling like & casing, with a goad bias in
ite fawar (A5% is bever than mosu plays al rauleue) against a player thau is
starting au the middle ol i allowed range (he will guiv when the game will have
deviated [ram the siar by 15, up or down). As we know [orm vhe pambler’s
ruin problem, even with less ounrageous odeds, che casing has always a verv larpe
probabilivy of coming oul the winner in such a game.
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