


ET^JQTC8CXjLET^NQmCFC
[\SXQmC7ORSXQ�ET^JC*ITC8vFSXUJl���^NC8UJv�C
3 · 3 = 32

p�¦§U�ET^JC*ITC8vFSXUJl?j!S2UJv�C*VxKJVX_a_
dyI�CFi{ETQoVXvqEmC8l?j{Em^NC�MwS:ITITd`KN_aCHSXGNEmv�S2[\C8I�ORSXQ�Em^NCZI�C+v�SXUwlxC�i{EmQmV2vqETd`SXU�VWQmC�S2UN_`z ¥ ��^NC8UJv�C
3 · 2

p
¬�SXQmC�e2CFUNC8QmVX_a_`zXj2d�ODb�C�^JV2l

n
lYda�LC8QTC8U2E�KJVW_`_`I8j{VWUJlfCFi{ETQoVXvqEmC8l

k
SXOLEm^NCF[�b�daET^xET^NC

�JQoIuE�QmGN_aC�gRMJGYE�EmdaUNe�Em^NC\C�i{ETQoVXv�ETC8lPKJVW_`_�KJVXvok�C8}XCFQmz�ETd`[\C+nqjDET^NC\U{GN[�KLCFQ�SXO]MwS:ITITd`KN_aC
QmC8ITGN_�EoI�b�S2GN_yl�KLC

nk
p

¦§U�ET^JC
ITC8v�S2UJl�vFV2I�C2jJb�^NC8UPb�C�lYSxUNSXE�MNGYE�ET^NC
KJVW_`_�KJVXvok!jJb�C7^JV&}2CXjwUNC8vFC8ImITVXQTd`_az
k ≤ n

g�SXUJvFC�b�C�^JV&}2C�C�i{ETQoVXv�ETC8l
n
KwVW_`_`I8j�UJSWET^JdaUNe�dyIf_`C�OhEqnqj�VWUJl-ET^JCPU{GN[�KLCFQfSXO

MLS2ImI�d`KN_`CZSXGYEov�SX[\C+I�d`I�v�SXGJU2EmC8l�K{z�UJSWETd`UNe\Em^JVcE�b�CZ^JV&}2C
n
MLS2ImI�d`KNd`_adaETd`C8I�VcE�Em^NCZ�JQoIuE

C�i{EmQmV2vqETd`SXU�j
n − 1

VcE�ET^NC\ITC8v�S2UJl?j
n − 2

VcE�ET^NC�ET^Nd`QmlDj!VXUJlPITSxSXU�jwGNU:Emda_�ET^JC
k−
ET^�j

b�^NC8U�b�C7^wV&}XC
n − (k − 1)

gRb�C�^wV&}XC7VW_`QmC8VXlNzxEmVXkXC8U
k − 1

KwVW_`_`I�V&b�V&z2p�£�CFUJvFC7ET^JC
U{GN[�KLCFQ�SXO�MLS2ImITdaKN_`C�QTC+I�GJ_�EoI�d`I

n (n − 1) (n − 2) . . . (n − k + 2) (n − k + 1)
p

­�CFEmVXda_yI�SXU.ET^Jd`I�Euz{MLCZSWO)vFVW_yv�GJ_`VWETd`SXUJI�v8VWU�KwC�ORS2GNUJl�daU�vo^JVXMYETC8Q ¢ SXO�Em^NCZKLS:S2k!p

�¯®
��^NC�MNQTS2KN_`CF[�VcE�^JVWUJlxd`I�_aS2eXdyvFVX_a_`z�EmQTdyvok{zXj:daU�ET^JVWE�UNS*I�MLC8vFd��Lv�GNMJMwC8Q�U{GN[
KwC8Q�SXO?ETQmd��
VW_yI�^JVXI�KwC8CFU�eXd`}XC8UDp�¦§U.MNQmdaUJvFdaMJ_aC2j2Em^NCHC�iYMwC8QTd`[\CFU:E�I�^NS2GN_ylxeXS
SXUxGJU2Emda_?V*°�VXMNMwC+VWQoIFj
VWUwl=UNS2KwSYlYz=d`IZQmGN_`daUJe�S2GYE�ET^JVWE7d�E7b�SXU�� E7VWMJMwC+VWQfgRd`U~ET^NdyIZMJVXQ�Emd`vFGN_`VXQ�C�iYMwC8QTd`[\CFU:Eon
d`U-V�Em^NSXGJImVWUwl�zXC+VWQoIFp`pap=¦§U�MNQoVXvqEmd`vFCXj�CFi{MLCFQmd`[*C8U:EmI7_`d`kXCxEm^NdyI*lNS=UNSXE*v�S2U:ETd`U:GJC
�ud`UY�
lYCF�JUNdaETCF_`z2�op\±�daQoI�E�SXO�VX_a_²jDdaE7b�S2GN_`l�KLC*^Jdae2^N_az=GNU{GJI�GwVW_)ORSXQZV�°�UNCF}2CFQHETS�VXMNMwC+VWQ�d`U
ITCF}XC8QmVX_DlYSX³8CFUJI�SXQ�^{GNUJlYQmC8lJI�SWO�ETS:ITITC8I8p�´YC8v�S2UJl?jwd�O�b�CZ^JVXl�UNSXE�eXSXE�Vf°fVcOhEmCFQ�V*ORC8b
^NS2GNQmI8j{b�CHb�SXGN_yl.vFCFQTEmVXdaUN_`zxvFVX_a_!daE�µ:GNd�EoIFp���GYE+jNGNUN_`C8ImI�b�C�^JV&}2C�V\I�MLC8vFd��Lv�Em^NQmC8IT^NSX_yl
d`U
[\d`UJl�g�ImV&zL¡L�u¦�b�da_`_NIuEmSXM\VcOhEmCFQ ¢8¶2¶X¶ ETS2ImITC8I8jcUNS�[\VWE�EmCFQ�b�^JVWEu��nqjcEm^NCFQmC�d`I)UNS�UJVWETGNQoVW_
b�V&z�ETS�lYC�EmCFQm[\daUNCfVXU�GNMJMwC8QZ_ad`[\d�E+p�´{daUwv�C\b�CflYS�UNSXE7^JV&}XC\V.UJVcEmGNQmVX_�KwS2GNUJl?j�ET^NC
[fVcEm^NCF[fVcEmd`vFd`VXUPd`U=GJIHb�d`_a_�vo^NS{S2ITCZEmS�VX_a_`Scb·�ud`UY�JUJd�EmC*ITC8µ:GNC8UJv�C+I§��SXO�ETS2ImITC8I���b�^JCFQmC
b�^JVWEHdyIH[*C+VWU:E�dyI��uGJUN_ad`[\d�EmC8l:�qj?QoVcET^JCFQ��ud`UY�JUNdaETC��oj?d`UPEm^NCfI�C8UJITC7ET^wVcE�b�C\VWQmC
VX_ab�V&zYI
b�d`_a_`daUJefETSfe2SfETS\EmS2ImI

n + 1
VcOhETC8Q�b�C7^JV&}XCZe2SXUNC�Em^NQmSXGNe2^

n
EmS2ImI�C+IFjNC8}XC8U�d�O�b�C7b�da_`_

UNSXE7¸2¹�º²»J¸c¼h¼�½x[fVWkXC\¾h¿+Àt¿J¾hº§ÁF¼Â½fÃ\¸W¿J½\EmS2ImI�C+IFp
 �C
^JV&}XC
Vxvo^NSXdyv�C�SWO]ImVW[\MN_`C�I�MwVXv�C2jLlNCFMLCFUJlYd`UNe.SXU�b�^NCFET^NC8Q�b�C7b�VWU:E�ETS�ORSYv�GJI

SXU*Em^NC�MNQmC8ITCFU:EtCFi{MLCFQmd`[*C8U:EtSXUN_`z�g�b�^Ndyvo^fSXUN_`z
vo^NC+vokYI�b�^NC�Em^NCFQ�b�C�^wV&}XC�VZ°ZS2QtUNSWEqnqj
SXQHb�dyI�^�EmS�VX_a_`ScbÄORSXQ�ORGNQTET^NC8QZVWUJVX_azYITd`I
gR_`dak2C
b�^JVWEHU{GN[
KwC8QmIHvFVX[\C
GNM�KwCFORSXQmC7Em^NC*°
CFUwlYC8l�SXGJQ�ITC8µ:GNC8UJv�C&nqp
¦§U�ET^NC��JQoI�E�v8VXITCXj{b�CZSXUN_`zxUNC8C8l�ETSfvo^NC8vok�b�^NC�Em^NCFQ�b�C�^JVXl�VZ��ITGJvFvFC8ImI§�\g�°fvFVX[\C

GNMwn�jJS2Q�UNSWE+p]­�C8UNSWEmC7V7��ITGJv8v�C8ImIu��K{z ¢ jwVWUJl�V7�uO�VWd`_aGNQmCq�fg�ITSX[\C�SWEm^NCFQ�U{GN[
KwC8Q�vFVX[\C
GNMwn�K{z ¶ p���^NCFUPS2GNQHMwS:ITITdaKJ_aC
SXGYEov�SX[\C+I�VWQmC
ITC8µ:GNC8UJv�C+I�SXO ¶ I8jJEmCFQm[\daUJVWETC+l�K{z�V ¢ j
_`dak2C

{1} , {01} , {001} , {0001} , {00001} , . . .
VWUwl-ITS=SXU�p�¦§U-MNQmd`UJv�d`MN_`CXj]b�C.VXQTC�lYC+VW_`daUNe�^NCFQmC�b�d�Em^-d`UY�JUNdaETC8_az�[fVXU:z�ITC8µ:GNC8UJv�C+IFj
SXUJC�ORSXQfC8V2vo^|ETS2ImIxVWExb�^Nd`vo^6b�C��JUJVX_a_`z-e2C�E�V�°Np©¦§U|ET^NCPUJSWEmVWETd`SXU|SWO�ET^JC�KwS{SXk!j
E1 = {1} , E2 = {01} , . . .

pÅ£�C8QTC2j�S2GNQ�ImVW[\MN_`C�I�MJV2v�C�^JV2IfC8V2vo^¨C8}XC8U2E
Ek

VXIfV
ITdaUNe2_aCFETS2U.C8}XCFU:E+p
 �C7vFSXGN_ylx^JScb�C8}XCFQ�vo^NS{S2ITC

Ω
ETS\k2CFCFM.ETQoVXvokfSXO�Em^NCZI�MLC8vFd��wvHQmC8ITGN_aEmI�SWO�C8V2vo^xETS:ITI

KLC�ORSXQmCZVf°Np�¦§U�ET^Jd`I�v8VXITCXjYC8_aC8[*C8U:EmI
ω
b�S2GN_`l._`S:S2kx_`dak2CXjJImV&zXj

{1, 4, 2, 2, 4, 5, 1, 6}
jNSXQ

¥



{2, 3, 3, 1, 5, 6}
j!CFEmvWp���^NC7CF}2CFU:E

E1

b�S2GN_yl�daUJvF_aGwlYC�S2UN_az.ET^JC�CF_`CF[\C8U2E
{6}
jLKNGYE

E2b�SXGN_yl.vFSXUJITdyIuE�SWO
{1, 6} , {2, 6} , {3, 6} , {4, 6} , {5, 6}

jJVWUJl�ITS*S2UDp
±�daUJVX_a_`zXj)UNSXETCfEm^JVcE+j)b�^JVcEmCF}XC8Q7vo^NSXdyv�CfSXO

Ω
b�Cx[fVXkXCXj�b�Cf^JV&}XC\EmS=v�S2UJI�dylYC8QZET^NC

MLS2ImI�d`KNd`_adaEuzxEm^JVcE�Vf°�¿!Á�ÆcÁ�Ç*VWMNMLC8VXQmI8p]��^NdyI�b�SXGN_yl�v�S2QTQmC8ITMwS2UJlfEmS\ET^NC�SXUN_`z.V2vqETGwVW_`_az
d`UY�JUNdaETC�ITC8µ:GNC8UJv�C�d`U
S2GNQtI�MwVXv�C2¡Dd`U
Em^NC��JQoIuE�UNSXEmVcEmdaS2UDjXVXU
d`UY�JUNdaETC�ITC8µ:GNC8UJv�C�SXOw³FC8QTS:IFp
¦§U
ET^NC�ITC8v�S2UJl?jcEm^NCZgRd`UY�JUNdaETC8_azNn�[fVWU{z�ITC8µ:GNC8UJv�C+I�[\V2lYC�SWO

1, 2, 3, 4, 5
SXUN_`zXp�¦ÈOLb�C�v8VW_`_

ET^JCHvFSXQmQTC+I�MLSXUJlNdaUNe�CF}XC8U:E
E∞

j{b�CHv8VWUxS2KJITCFQm}XC�Em^JVcE ⋃k=∞

k=1
Ek

[*C+VWUJI��uORSXQ�I�S2[\C
k
j

ω ∈ Ek

�opt£�CFUJvFC

Ω =

(

k=∞
⋃

k=1

Ek

)

⋃

E∞

SXQ

E∞ = Ω \

(

k=∞
⋃

k=1

Ek

)

=

(

k=∞
⋃

k=1

Ek

)c

�¯ÉËÊNÌ�Í
Î MLS2ImI�d`KN_`C7ITVX[*MJ_aC7ITMJVXvFCxgR_`C�E+� I�vFVW_`_DdaE�ET^NC�[*d`UNd`[fVW_�MLS2ImITdaKN_`C+n�jNb�d`_a_�QTC+v�SXQol�VW_`_DMwS:Iu�
ITdaKN_`C��TIuEoVcEmC8Iu�HORS2Q�ET^JC
ITz{I�ETC8[�jLV2I�lYCF�JUNC8l�d`U�Em^NC�MNQmSXKJ_aC8[�¡�VW_`_�Ïc�²}2C8v�ETSXQoI�SWO ¶ I�VWUwl
¢ I8j{b�^NCFQmC�V ¢ daU�ET^NC

j−
ET^�MLS2ITdaETd`SXU�[\C+VWUJI]ET^JVWE�v�SX[\MLSXUNC8U:E

j
dyI�b�S2QTk{d`UNeJj{VWUJl.V ¶

[\C8VXUJI�d�E�dyI�O�VWd`_`daUNewp
Ð  �C7vFSXGN_yl�C8U{GN[\CFQoVcETCZVX_a_?MLS2ImI�d`KNd`_adaETd`C8I8¡

{0, 0, 0, 0, 0} , {1, 0, 0, 0, 0} , {0, 1, 0, 0, 0} , {0, 0, 1, 0, 0} , . . .

. . . , {0, 1, 1, 1, 1} , {1, 1, 1, 1, 1}
KJGYE�Em^JVcE�b�S2GN_`lHKLC�ÆcÁ�Çq½HV&b�k{b�VXQml*g�VXUJl�ET^JdaUNkHSWOYEm^NC�Emda[\C]d`U{}XS2_a}2C8l?j8d�ONb�Ctb�CFQmC
_`S{SXk{d`UNe=VcE+j�ITV&z2j ¢+¶X¶ v�S2[\MwS2UNCFU:EmIonqp� ~C.v8VWUDj)^NScb�CF}2CFQ+j�v8VW_yv�GN_yVcEmCfET^NCxETSWEoVW_
U{GN[
KwC8Q)SWO!Ïc�²}2C8v�ETSXQoIDUJCFC8lNC8l?p�¦§U�O�V2vqE8jXC8VXvo^�MwS:I�daETd`SXU*vFVWU�EmVXkXC ¥ }cVW_`GNC+IFjc^NC8UJv�C
Eub�S�MLS2ITd�EmdaS2UJIDVXU�EmVWk2CXj+Sc}XC8QmVX_a_²j

2·2 = 4
}cVW_`GNC8I8j+ET^NQmCFC�vFVWUHEoVWkXC

2·2·2 = 23 = 8}cVX_aGNC+IFj�VXUJl�I�S�S2UDpP±NS2Q*Ï�MLS2ITd�EmdaS2UJI8j�b�Cx^JV&}2CxV�ETSXEmVW_�SWO
25 = 32

MwS:ITITdaKJ_aC
vFSX[
KNdaUwVcETd`SXUwI�SXO ¶ I�VXUJl ¢ IFp�¦ÈO�b�C*^wVXl?jDImV&zXj ¢+¶X¶ vFSX[\MLSXUNC8U2EoIFj!Em^NC\U{GN[�KLCFQ
b�SXGJ_`l~KLC

2100
j)b�^Nd`vo^�dyI7QmC8VX_a_`z�ETS{S�KNd`e�ORS2Q�I�d`[\MN_`C
��vFSXGNU:EmdaUNeW�
EmS�b�S2QTk|gRd`U

O�V2vqE
2100 ' 1.3 · 1030

jNb�^Jd`vo^�I�C8CF[fI�KNd`efCFUNS2GNeX^Lnqp
Ñ BDCFE]GJItlYC8UNSWEmC�K{z

x
Em^NC�}cVW_`GNC�d`UxV�MwS:I�daETd`SXU\SXOLb�^Ndyvo^fb�C�lYSZUNSWE�I�MLC8vFd�ORz
b�^NC�Em^NCFQ

daE7dyI7V ¶ SXQZV ¢ px��^NCfv8VXITC*b�^JCFQmC ¢ VXUJl ¥ b�SXQmk-g#VWUJl�b�CxlNSXUD� E�vFVXQTC*b�^JVcE
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⋂
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⋂
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⋂
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⋂
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A1

⋂
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⋂
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⋂
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p
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⋂
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⋂
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⋂
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⋃
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=
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(
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⋃

(

A
⋂

A2

)

⋃
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A
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=
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A
⋂

B = ∅
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P
[

A
⋃

B
]

= P [A] + P [B]

£�C8UJv�C2j
Ð ��^NC�MNQTS2KJVWKJda_`d�EuzfSXO�CFdaET^JCFQ A

SXQ
B
SYvFv�GJQTQmdaUJe�dyIZga��SXQ��Hv�S2QTQmC8ITMwS2UJlYd`UNe7EmS���GNUNd`SXUY�un

P [A] + P [B] = .3 + .5 = .8
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⋂

Bc]
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lNd`VXeXQoVW[âEmS�v�S2U:}{d`UJv�C�z2SXGNQoITCF_aOmnqjXET^JVWEt[�GYEmGJVW_wC�iNv�_`GJITda}{daEuz�SWO
A
VXUJl

B
da[\MN_`d`C8I

A ⊆ Bc
jJVXUJl�I�S

A
⋂

Bc = A
p�¦§U�SXET^NC8Q�b�S2QmlNI8j

P [A
⋂

Bc] = P [A] = .3

Ú ´{d`UJv�C A
VWUJl

B
VWQmCP[�GYEmGJVW_`_`z¨CFiYvF_aGwI�d`}XC2j�ET^NC8z|v8VWUNUNSXE�SYvFvFGNQ.ITda[
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