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a b s t r a c t
Much of the skeleton of sharks, skate and rays (Elasmobranchii) is characterized by a tessellated structure,
composed of a shell of small, mineralized plates (tesserae) joined by intertesseral ligaments overlaying a soft
cartilage core. Although tessellated cartilage is a deﬁning feature of this group of ﬁshes and has been
maintained for millions of years, the signiﬁcance of this skeletal tissue type — particularly from a mechanical
perspective — is unknown. A cross-sectional model, based on empirical material property and morphological
data, was developed in the present work to analyze the function of intertesseral joints in regulating the stress
distribution within the skeletal tissue during bending. The results indicate that this structure distributes
more stress to the tesserae loaded in compression when compared to those loaded in tension. A functional
bias towards compression has also been observed for bone, but with the formation of microcracks in the
region under greatest tension. The present model demonstrates how functional compression bias can also be
achieved in tessellated cartilage structures but in the absence of microcracking. This behavior provides
possible advantages including increasing the resistance to fatigue damage as well as mitigating the risk of
tearing under excessive bending loads.
© 2010 Elsevier B.V. All rights reserved.

1. Introduction
The typical adult chordate skeleton is made up of bones with
cartilaginous elements serving as bearing surfaces, but the elasmobranch (sharks, skates and rays) ﬁshes are unusual in having
skeletons of only mineralized and unmineralized cartilage. This
skeletal design is counterintuitive since cartilage, unlike bone, cannot
self-heal [1]; and yet elasmobranch ﬁshes lead particularly dynamic
lifestyles. They are some of the fastest and largest animals in the
oceans, and many feed on prey larger than themselves or as hard and
tough as mollusk shell. We hypothesize that a key component of the
high level of performance of their skeletons is the unique arrangement of tissue: much of the axial skeleton and the entire appendicular
skeleton is made of tessellated cartilage, a composite of mineralized
hydroxyapatite blocks (tesserae) over a core of uncalciﬁed cartilage
(Fig. 1) [2–6].
Adjacent tesserae are adjoined by stout intertesseral ligaments
that apparently allow for movement of tesserae relative to one
another: either separation when the tesseral mat is loaded in tension
or abutting when under compression (Fig. 2). Both of these situations
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can occur in bending of a skeletal structure (e.g. a beam of uncalciﬁed
cartilage sheathed in tiles) where an applied nonaxial load produces a
maximum tensile stress in the tesseral layer farthest from the axis of
bending and a maximum compressive stress in the contralateral layer.
This differential loading would result in starkly different intertesseral
joint volume fractions from one side of the element to the other; the
intertesseral joints must therefore inﬂuence the stress distribution of
tessellated cartilage in bending. Since external surfaces are typically
more susceptible to fatigue crack initiation, bending is particularly
detrimental because the particularly damaging maximum tensile
stresses are localized to one of the surfaces of the skeletal element.
Further, shear stresses are also produced in bending that are
proportional, albeit smaller in amplitude, to the maximum tensile or
compression stresses. Hence, it is reasonable that tessellated cartilage
loaded in bending (a particularly common mode for a swimming or
biting ﬁsh) is in serious danger of fatigue and fracture. This risk is
particularly poignant for cartilage since, having essentially no vascular
system, it cannot readily repair itself.
The multiple interacting constituents of tessellated cartilage tissue
increase the difﬁculty of predicting its mechanical behavior, particularly
when it is subjected to multiaxial stresses such as those associated with
bending. To address this complexity, we developed an idealized
dynamic numerical model to gain a better understanding of the bending
behavior of tessellated cartilage as depicted schematically in Fig. 2.
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Fig. 1. Uncalciﬁed and mineralized phases of tessellated tissue, depicted as a schematic
of the inset cross sectional BSE image.

The purpose of the present work was three-fold: 1) to develop a model
that it is reasonably realistic in terms of geometry and mechanical
properties but also provides insightful and easily interpretable predictions of bending behavior; 2) to predict the bending behavior of the
tessellated structure for different elastic moduli of intertesseral joints
(for which empirical data are lacking) to determine how the value of this
property affects the distribution of stresses; and 3) to gain a better
understanding of shark skeletal tissue under bending loads, which are
common and often repeated under physiological loading conditions.
The limited healing capacity of cartilage suggests that the tessellated
design imparts some resistance to fatigue damage, a typical failure mode
for man-made structures loaded in bending. The present model was
therefore also intended to yield qualitative insights as to how the
morphology of tessellated cartilage tissue might affect its susceptibility
to damage from excessive or repeated bending loads.

2. Elastic moduli and composite geometry
Tessellated cartilage is comprised of three distinct tissue phases:
unmineralized cartilage, mineralized cartilage, and ﬁbrous joint
tissue. The elastic properties and dimensions used in the present
model were derived from representative measured values. We
imagined a simple cross-sectional slice of a tessellated beam, with a
solid uncalciﬁed cartilage block sandwiched between upper and lower
tessellated layers. Each tissue component was treated as a linear
elastic element in the present model. While this simpliﬁcation does
not completely capture the nonlinear behavior of the soft tissue
components, it was useful for providing tractable and insightful
descriptions of the role that the overall structure has in determining

the stress distribution in bending. The elastic modulus for mineralized
tessera, ET, has been found to be approximately equal to 3 GPa in
recent nanoindentation tests [7]. A representative elastic modulus of
approximately 3 MPa was used for the uncalciﬁed cartilage sandwiched between the tessellated layers; this value is also supported by
this recent experimental work. There are no empirical data for
intertesseral ﬁbers. Depending on the elastin to collagen ratio and
strain rate, the elastic modulus of the joints between the tesserae can
realistically lie somewhere in the range of 3 MPa to 1 GPa [8].
Accordingly, the present model was exercised with different values
for the joint modulus within this range.
The dimensions of each mineralized tessera in the outer layers of
the tissue was approximated at 0.7 mm thick by 1 mm wide and the
size of the joints was set at 20 µm wide in the y direction and 0.7 mm
between the tessera based on anatomical measurements [9–12].
These estimates give an unloaded joint volume fraction, fJi, of 0.02
within each of the tessellated layers. The uncalciﬁed cartilage was
assigned a representative thickness of 10 mm. The dimensions used in
the present model are all within the typical ranges of values observed
in cartilaginous ﬁshes. Whereas these dimensions can vary with
species and skeletal location [e.g. 4,11], the understanding gained in
executing the present models should be qualitatively relevant for
most tessellated tissues.
3. Composite behavior of the tessellated layer
Our model approximates a skeletal cross section, represented by a
monolithic block of uncalciﬁed cartilage sandwiched between two
external tessellated layers (mats of tesserae adjoined by intertesseral
ﬁbers). The effective elastic modulus of each of the external
tessellated layers, Eext, can be approximated by the Reuss (isostress)
description of composite behavior given by

Eext

2

fJ
=4 +
EJ

!
"3−1
1−fJ
E
5 =
! T "
ET
ET
1 + E −1 fJ

ð1Þ

J

where fJ is the volume fraction of intertesseral joint phase, EJ is the
elastic modulus of the intertesseral joint phase, and ET is the elastic
modulus of the tesserae. We note that there are also joints running
parallel to the stress direction in a three-dimensional tessellated
structure as illustrated in Fig. 3. The isostrain relation governing their
contribution to the composite modulus would be
!
"
Eext = fJo EJ + 1−fJo ET :

ð2Þ

Considering this equation and the fact that the volume fraction of
parallel joints is approximately 0.02 and would not change, it is safe to
assume that the effect of parallel joints on the overall composite
modulus is negligible. By contrast, it can be seen that the value of EJ

Fig. 2. Schematic of the present model of a tessellated composite inspired by the tissue in Fig. 1 in both (a) unloaded and (b) bending conﬁgurations. The thickness of the tessera and
curvature in (b) are exaggerated for the purposes of illustration.
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where the applied stress σ = EJ εJ = ET εT acts on both the joint and the
tesserae (isostress). Substituting Eq. (6) into Eq. (1), the modulus for
the external layers is then given by
Eext =

1+

!

ET
EJ

−1

"h

ET
1+

lTo
lJo

!
"i−1
exp Eσ − Eσ
T

ð7Þ

J

3.1. Equivalent cross section method
The stress distribution in a composite beam (e.g. a tessellated
skeletal element) can be determined using a method that derives a
monolithic equivalent cross section from the original composite
conﬁguration [13]. Consider a composite beam cross section consisting of materials with elastic moduli E1 and E2 as shown in Fig. 4. In this
illustration, the elastic modulus of the top section, E1, is lower than
that for the section below, E2. From elastic beam theory, strain varies
linearly according to
ε=
Fig. 3. Top view of the tessellated layer under tension in the present composite bending
model. The low joint volume fraction of 0.02 in Eq. (2) predicts that the joints parallel to
the applied stress would not have a signiﬁcant effect on the overall modulus of the
structure and, thus, they can be omitted in the model. This assumption implies that the
stress in the parallel joints is transferred to the tesserae and joints in series, which is
also consistent with the relatively low modulus of the joint phase.

could have a signiﬁcant effect on Eext in Eq. (1) if it is sufﬁciently
smaller than ET, even for fJ values as low as 0.02. Accordingly, only the
effect of joints running perpendicular to the stress direction needs to
be considered in the present model. By not including the parallel
joints, we assume that all of the stress in these joints is transferred to
the tesserae and perpendicular joints in series. This assumption is not
only consistent with the low value of fJ in Eq. (2) but also the relatively
low modulus of the joint tissue, EJ.
Constraint on the joint by the much stiffer tesserae requires that
straining the intertesseral joint in the plane of the tesserae is
accompanied by a change in its volume fraction within the tessellated
layer. Consequently, the volume fraction of the joint is given by
fJ = !

lJ
lJ + lT

"

ð3Þ

lJ
dl
= ln
εJ = ∫
l
l
Jo
l
Jo

!

where lJ and lJo are the ﬁnal and initial joint widths respectively.
Similarly, the strain in the tesserae is given by
εT = ln

σ1 = E1 ε =

#

$
lT
:
lTo

ð5Þ

ð9Þ

dF1 = σ1 dA =

E1 y
E y
dA; dF2 = σ2 dA = 2 dA:
ρ
ρ

ð10Þ

In order for the equivalent cross section to have the same bending
rigidity as the composite, it is necessary to use a larger cross section
with modulus E1 to replace the material with modulus E2 if E1 b E2.
Therefore, the external force on the E2 material is altered to
ðnE1 Þy
E y
E
dA = 1 ðnb1 dyÞ where n = 2 :
ρ
ρ
E1

ð11Þ

Thus, the equivalent cross section width of the beam is
E2
b
E1 1

ð12Þ

in the section where the modulus is E2, and becs = b1 in the section
with modulus E1.
The stress in the equivalent cross section in bending is then given
by
σecs =

Mz y
ðIz Þecs

ð13Þ

where Mz is the applied bending moment and (Iz)ecs is the moment of
inertia for the equivalent cross section area, Aecs. The equivalent cross
section moment of inertia is given by

Rearranging terms and substitution into Eq. (3) gives
! "
"
!#−1
lJo exp εJ
l
σ
σ
! "
= 1 + To exp
fJ =
−
ET EJ
lJo
lJo exp εJ + lTo expðεT Þ

E1 y
E y
; σ2 = E2 ε = 2 :
ρ
ρ

A composite beam can be treated as a monolithic beam by creating
an equivalent cross section so that it deforms in a manner that is
identical to that for the composite beam. Once the corresponding
stresses are determined for the equivalent cross section, they can then
be transformed to those in the composite structure using a relatively
simple procedure. In order to illustrate this procedure, consider
elemental forces on the sections illustrated in Fig. 4:

becs = b2 =
ð4Þ

ð8Þ

where ε is the strain in the plane of the cartilage, y is the distance from
the neutral axis normal to this plane, and ρ is the curvature of the
neutral layer of the cartilage as deﬁned in Fig. 5. Hooke's law then gives

dF2 =

where lJ is the length of the intertesseral joint (i.e. length of the ﬁbers
in Fig. 2) and lT is the length of the tesserae (Fig. 2). The true strain of
the intertesseral joint is deﬁned as
l

ydθ
y
=
ρdθ
ρ

ð6Þ

2

2

ðIz Þecs = ∫ y dA = ∫ y becs dy:
Aecs

y

ð14Þ
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Fig. 4. Illustration of an equivalent cross section for a composite beam with a stiffer lower component, E2 N E1. Strain, ε, equivalent cross section stress, σecs, and actual stress, σ, are
also shown as a function of distance, y.

As shown in Fig. 4, σ = σecs at locations in which the elastic
modulus is E1. Stresses at locations that correspond to the greater
elastic modulus, E2, are transformed according to
σ=

E2
σ :
E1 ecs

ð15Þ

4. Equivalent cross section for calciﬁed cartilage
The calciﬁed cartilage structure shown in Fig. 2 is a typical section
through an elasmobranch skeletal element, and contains two layers of
greater modulus, one at the top and one at the bottom. However,
because of the intertesseral joints, the modulus of each of these layers
depends on the stress and loading regime (tension or compression)
imposed in each. Substituting the relation for Eext in Eq. (7) for E2 in
Eq. (15) leads to the following equivalent cross section width for the
external tessellated layers in Fig. 2:
bext =

Eext
ET b1
!
" i
b = h
Eu 1
Eu 1 + EET −1 fJ

ð16Þ

volume in compression. In addition, the equivalent external layers
have the shape of isosceles trapezoids as opposed to rectangles due to
the gradient in stress, and therefore elastic modulus, in these regions.
We also note that the shape of the present equivalent cross section
varies with changes in bending moment as intertesseral joints
compress or stretch from their resting states. In particular the width
of the regions corresponding to the tessellated layers change
signiﬁcantly as the bending moment increases or decreases.
The present model begins its determination of the stress
distribution from the unloaded state. Substituting the unloaded
joint volume fraction, 0.02, into Eq. (7) gives (Eext)o = 131 MPa and
(bext)o is then equal to 44 mm for both external layers. According to
Eq. (14), the initial unloaded value for the equivalent second moment
of inertia is 1.84 × 10−9 m4. Starting with these values, the stress
distribution for the composite cartilage was then determined for an
incrementally small increase in the bending moment. Based on
Eqs. (13) and (15), this incremental change in stress with a small
change in bending moment is given by
Δσext =

J

where Eu is the modulus of the uncalciﬁed cartilage sandwiched
between the two external tessellated layers, and b1 is the actual cross
section size of the composite structure. For convenience, b1 was
assigned a value of unity in the present model.
The transformation from the composite cross section to equivalent
cross section is illustrated schematically in Fig. 6. Once bext is
determined for both tessellated layers, (Iz)ecs can be calculated using
Eq. (14). We note that the equivalent cross section of the tensile side is
smaller than the compressive side when loaded due to the increase in
volume of the soft tissue joints in tension and the decrease in joint

Eext ΔMz y
Eu ðIz Þecs

ð17Þ

in the external tessellated layers while
Δσu =

ΔMz y
ðIz Þecs

ð18Þ

holds for the internal uncalciﬁed cartilage. Taken together, Eqs. (17)
and (18) can be used to determine the change in stress at vertical
positions, designated by y, through the entire composite cross section
for an incremental increase in the bending moment. The total stress at
a position y can then be determined from
σext =

1
E ΔMz y
∑ ext
Eu
ðIz Þecs

ð19Þ

and
σu = ∑

Fig. 5. Geometric conventions for a beam in bending. The neutral axis in this ﬁgure
happens to be in the same location as the central axis.

ΔMz y
:
ðIz Þecs

ð20Þ

We note that (Iz)ecs is not constant during loading as a result of the
variation in bext. Accordingly, the value of y for a given position in the
composite also changes during bending as a result of a shift in the
neutral axis as (Iz)ecs changes. Eqs. (19) and (20) were solved
numerically by incrementally increasing the bending moment by
1 × 10−5 Nm from 0 to 0.4 Nm. This increment in bending moment
was sufﬁciently small to avoid signiﬁcant error. For each iteration, the
calculated stress distribution was used in Eq. (7) to update the
modulus in each tessellated layer. New values of bext and then (Iz)ecs
were then also determined using the updated Eext. These values were
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Fig. 6. Schematic of the transformation from a tessellated composite cross section to its equivalent cross section in bending with tension at the top and compression at the bottom.
The shaded areas correspond to the tessellated layers shown in Fig. 2.

then used in the subsequent iteration to calculate the stress
distribution for the next incremental increase in bending moment.
The predictions were limited to bending moments that correspond to
a maximum applied stress of approximately 300 MPa in the
tessellated layer under compression, which is approximately an
order of magnitude greater than the ultimate compressive strengths
measured for vertebral calciﬁed cartilage from elasmobranch species
[14]. This is a reasonable limit due to the fact that stresses are
transferred from the uncalciﬁed cartilage to the stiffer tessellated
cartilage and that the thickness of the uncalciﬁed regions is
approximately 10 times greater than that for the tessellated layers.
5. Results
The composite elastic modulus calculated using Eq. (7) is plotted
in Fig. 7 for different values of joint modulus, EJ, and as a function of
stress. These results demonstrate a pronounced and abrupt change in
composite modulus under compressive stresses for the lowest joint
moduli. This trend is due to the change in volume fraction of joint
tissue that can decrease to very low values for applied compressive
stresses and substantially increase under tension. This difference in
joint volume gives rise to a very high modulus in compression and a
relatively low modulus in tension. As EJ decreases, the compressive
and tensile composite moduli of the tessellated layer are increasingly
dominated by the mechanical behavior of the separate hard and soft
tissues, respectively, resulting in strikingly different composite
moduli under different loading conditions. Conversely, the moduli

Fig. 7. Composite elastic modulus as a function of applied stress for layers made up of
tesserae and joints as predicted by Eq. (7). Results are shown for joint elastic modulus,
EJ, values ranging from 3 to 1000 MPa. The elastic modulus of the calciﬁed tesserae was
assigned a value of 3 GPa.

in compression and tension approach the same value as EJ increases in
value.
Predicted stress distribution for applied bending moments of 0.01,
0.04 and 0.4 Nm are plotted in Fig. 8. Several features are worth noting
in this ﬁgure. First, the magnitudes of the maximum stresses in the
tessellated layers becomes more different as the bending moment
increases, with the compressive layer exhibiting much larger
maximum stresses. From the lowest to the highest bending moments,
the maximum compressive stresses increase over 200-fold, whereas
maximum tensile stresses only increase by about a factor of 10.
Second, the stresses in the uncalciﬁed cartilage (central plots) are
relatively low in amplitude, remaining less than 0.03 MPa in
compression and 8 MPa in tension (red) even though the stress
amplitude in the tessellated layer under compression (blue) exceeds
300 MPa. By comparison, the stress in the tessellated layer under
tension reaches a value slightly less than 14 MPa. Finally, the neutral
axis in the tissue (where the stress transitions from tension to
compression) migrates, with increasing bending moment, toward the
compression side of the tissue until it enters the tessellated layer
there.
Neutral axis migration is plotted for multiple values of the joint
modulus in Fig. 9 as a function of bending moment. It can be seen in
this ﬁgure that this migration is more pronounced for the lower values
of EJ and occurs at lower bending moments. For EJ = 300 and
1000 MPa, neutral axis migration is negligible. These results demonstrate how stress redistribution becomes less prominent as joint
modulus increases. We note that for EJ = 3 MPa the neutral axis shifts
into the tessellated layer under compression at a relatively low
bending moment of about 0.04 Nm. Comparison with Fig. 8 indicates
that this migration into the tessellated layer corresponds to the
formation of a discontinuity in stress distribution at the interface
between the uncalciﬁed cartilage and the tessellated layer.
Maximum tensile stress in the upper tessellated layer is plotted as
a function of bending moment in Fig. 10 (a). With increasing joint
stiffness, stress increases more rapidly in the tensile tessellated layer
and reaches a larger maximum stress. As before, changes in joint
stiffness have less of an effect at EJ ≥ 100 MPa. It can be seen that the
tensile stress reaches about 57 MPa for EJ N 100 MPa and an applied
bending moment of 0.4 Nm. By comparison, the maximum tensile
stress for EJ = 3 MPa is less than 14 MPa for a bending moment of
0.4 Nm as also shown in Fig. 8. Thus, reducing EJ from 1000 to 3 MPa
results in a 75% decrease in maximum tensile stress.
Maximum compressive (most negative) stress in the lower
tessellated layer is plotted against bending moment for different
values of EJ in Fig. 10 (b). The amplitude of this stress exceeds 300 MPa
under a bending moment of 0.4 Nm for EJ = 3 MPa indicating an
extreme bias towards compression compared with the corresponding
maximum tensile stress in Fig. 10. As noted above, changes in joint
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Fig. 8. Stress distributions throughout a calciﬁed cartilage composite loaded in bending predicted for EJ = 3 MPa where compression is in blue and tension in red. The applied bending
moments for each stress distribution are (a) 0.01, (b) 0.04, and (c) 0.4 Nm. The shaded areas correspond to tessellated layers that lie on either side of the thicker uncalciﬁed cartilage
as illustrated in Fig. 2. Each distribution corresponding to a given bending moment is split into three different horizontal scales to better illustrate the stresses within the tessellated
layer under compression (left), the uncalciﬁed cartilage (center), and the tessellated layer under tension (right).

stiffness above EJ ≥ 100 MPa have negligible effect on predicted
stresses. Whereas compressive stresses are much higher for cartilage
complexes with lower joint stiffness values, for EJ ≥ 100 MPa, stresses
in the tessellated layers are more symmetrically balanced such that
both maximum compressive and tensile stresses approximate an
absolute value of 57 MPa under a bending moment of 0.4 MPa
(Figs. 10 and 11).
Maximum tensile stress in the uncalciﬁed cartilage layer is plotted
versus bending moment in Fig. 11 (a). As shown in Fig. 8, this
maximum stress exists at the interface with the upper tessellated
layer. The greatest stress at a bending moment of 0.4 Nm is exhibited
for EJ = 3 MPa while lower values are obtained for higher values of EJ .
Stress versus bending moment at the center of the uncalciﬁed
cartilage (central axis) is plotted in Fig. 11 (b) to examine the
likelihood of the development of fatigue damage there. This central
axis corresponds to cartilage tissue that is exactly in the middle

between the two tesseral mats and furthest away from the ﬁbrous
perichondrium that wraps skeletal elements (Fig. 1). This region is
therefore likely to have the lowest access to nutrients that diffuse in
from the surrounding vascularized tissue and as a result would have
the lowest capacity for repairing any fatigue damage that develops
under repeated bending. Fig. 11 (b) shows that the only signiﬁcantly
ﬁnite stresses are tensile by nature as in the cases of EJ = 3, 10, and
30 MPa. The greatest tensile stresses were predicted for EJ = 3 MPa
but reach a value slightly less than 4.2 MPa for a bending moment of
0.4 Nm.
Maximum compressive stress in the uncalciﬁed layer, plotted
versus bending moment, is illustrated in Fig. 11 (c). The greatest stress
amplitude at a bending moment of 0.4 Nm is exhibited for
EJ = 100 MPa while lower values are obtained for higher values of EJ.
The absolute values of these stresses are about an order of magnitude
less than those for maximum tension shown in Fig. 11 (a). Larger
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Fig. 9. Neutral axis position within the cartilage complex as a function of applied
bending moment predicted for different values of the joint modulus, EJ. The shaded
regions in this plot correspond to the tessellated layers.

differences between maximum compression and tension stresses
were predicted for the lower EJ values. For EJ = 3 and 10 MPa,
compressive stresses in the uncalciﬁed cartilage are eliminated with
increasing bending moment as a result of the migration of the neutral
axis into the lower tessellated layer. Despite this absence of
compressive stress, the maximum tensile stress within the uncalciﬁed
layer remains extremely low compared to the compressive stresses
that develop in the adjacent tessellated mat. While the tessellated
structure assures low tensile stresses, it can result in the broad
distribution of tension throughout the structure due to the migration
of the neutral axis. The possibility exists that this widely distributed

Fig. 11. Model results for (a) maximum tensile, (b) central axis, and (c) maximum
compressive stress in the uncalciﬁed layer for different values of the joint modulus, EJ.

low-level tension is advantageous. For example, it could be hypothesized that the resulting hydrostatic tension throughout most or all of
the uncalciﬁed core layer could increase the presence of nutrients that
diffuse from the vascularized perichondrium under compression.
More work is needed to explore this possible advantage.
6. Discussion

Fig. 10. Maximum stress in the tessellated layers under (a) tension in bending and
(b) compression in the corresponding tessellated layer as a function of bending
moment for different values of the joint modulus, EJ.

The present model predicts that signiﬁcantly more stress will be
borne by the tessellated layer on the compressive side compared to
the core and the tensile tessellated layer for a bending skeletal
element with joint tissue stiffness less than 100 MPa (EJ b 0.01ET). This
result is consistent with the fact that the tesseral mat more closely
behaves as a homogenous layer when the joints stiffness approaches
that for the tesserae. The predicted functional bias towards compression also becomes more pronounced when the composite bears a
larger bending moment. Based on a comparison of Figs. 10 (a) and (b),
the maximum compressive stress could be over two orders of
magnitude greater than the maximum tensile stress in the tessellated
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layers. We note that the resistance to fatigue damage of other
composite materials has been found to be much greater under
compressive loading than it is under tensile loading [15,16]. Thus, the
model suggests that tessellated cartilage can reduce the risk of fatigue
failure by stress redistribution to a loading regime (compression) that
is less damaging for the tissue.
The present model of elasmobranch calciﬁed cartilage in bending
provides qualitative insights on the beneﬁcial functions of these
composite tissues. However, certain assumptions should be taken into
consideration when analyzing the model's predictions. First, the
moduli used in the model are estimates based on of the few values
that have been measured so far for elasmobranch tissues. Second,
strain rate dependencies — which may play a large part in cartilage
biomechanics — are not addressed, though the effect of strain rate
increase could be roughly equivalent to an effective decrease in joint
modulus. Third, the size and spacing of the tesserae in the model are
assumed to be constant though there is some variation in these
dimensions in actual tissues. We expect that the spatial inhomogeneity of the tesserae would mean that the sharp discontinuities
predicted for EJ = 3 MPa would not be observed in practice for a bulk
specimen. Rather, the actual variation in joint thickness and tesserae
size would make these anomalies more diffuse. However, stress and
displacement discontinuities in certain individual joints could be just
as pronounced locally depending on their dimensions and properties
as well as those of the adjacent tesserae.
There have been a number of investigations [17–19] aimed at
understanding the bending behavior of bone that are relevant to the
present work. For example, Burstein and coworkers [17] ﬁrst included
post-yield straining in tension in their analysis to explain why
experimental measurements of bending strength were generally
greater than those predicted by linear elastic bending models and
ultimate tensile strength data. The results of the nonlinear model they
developed indicate that stresses redistribute to the compressed side of
a bone specimen due to the fact that the yield stress in tension is
substantially lower in amplitude than the yield stress in compression.
They further showed that his stress redistribution is accompanied by a
migration of the neutral axis towards the compressive side of the
specimen. Currey [18] later pointed out that the bend strength for
bone is consistently underestimated by the yield strength in tension
for a large number of bone types and species as a result of this
asymmetric yielding behavior. Ebacher and colleagues [19] subsequently investigated the bending strength of human long bones using
both optical and backscattered electron (BSE) microscopy on cadaver
specimens tested in bending. Their results indicated very different
inelastic deformation mechanisms in tension and compression.
Speciﬁcally, yielding in tension is facilitated by diffuse formation of
microcracks transverse to the tensile stress while that under much
higher stress amplitudes in compression was accompanied by
somewhat larger shear cracks that were inclined to the compressive
stress. In consideration of the strain redistribution from tension to
compression, it was concluded that the bending strength of bone
primarily depends on its compressive strength [19], and is therefore
not limited to its weaker strength in tension.
The similarity between the stress redistribution in bending
predicted in the present work for tessellated cartilage and that
observed earlier for bone is worth noting. In the case of bone,
migration of the neutral axis towards the side under compression also
occurs as a result of asymmetric yielding due to the formation of
microcracks under tension [17–19]. We surmise that this yielding
behavior is sustainable under moderate loading amplitudes for two
reasons. First, the observed neutral axis migration keeps the tensile
stresses low. Second, bone can repair the microcrack damage
relatively quickly by remodeling processes [20]. A beneﬁcial migration
of the neutral axis also occurs in tessellated cartilage but as a result of
an asymmetric and repeatable contribution of the joint ligaments that

does not require the formation of microcracks. This difference in
facilitating a bias towards compressive stresses appears to be essential
because calciﬁed cartilage tissue, unlike vascularized bone, cannot
readily repair microcrack damage.
7. Conclusion
A numerical model was used to gain insight into the functional
characteristics of tessellated cartilage found in elasmobranch species.
The results indicate that tessellation serves to manage bending loads
in a way that can increase resistance to damage by distributing the
highest stresses to the tissues and loading regimes best able to bear
them. The stresses produced in the external tessellated layers can be
well over an order of magnitude greater than those in the internal
uncalciﬁed cartilage. The model also demonstrates how the external
tessellated layers can produce much lower tensile stresses compared
to the corresponding compressive stresses in bending. This functional
bias towards compression was also observed for bone in bending but
with the formation of microcracks in the regions under greatest
tension. By contrast, the same functional bias can be achieved in a
tessellated cartilage structure if the modulus of the soft tissue joints is
less than about 1% of the modulus of the tesserae, a reasonable range
for the soft tissue ligaments. The predicted functional bias towards
compression is accompanied by a migration of the neutral axis from
the midpoint of the tissue so that more of the uncalciﬁed tissue is
periodically under relatively low tensile stresses. The tessellated
structure modeled here could provide guidance for manufactured
biomimetic materials in which a low modulus core is overlaid with a
jointed or tiled high modulus layer. We show that soft tissue joints in
this outer layer are a key feature to this design, one that allows for
neutral axis migration and the associated shifting of stresses to the
less damaging compressive regime.
Acknowledgement
This work was supported by the National Science Foundation
(Award No. IOB-0616322). Fellowship support from the Department
of Chemical Engineering and Materials Science at UC Irvine is also
gratefully acknowledged.
References
[1] D.E. Ashhurst, Matrix Biology 23 (2004) 15.
[2] M.N. Dean, A.P. Summers, Zoology 109 (2006) 164.
[3] J.G. Clement, Australian Journal of Marine and Freshwater Research 43 (1992)
157.
[4] G. Dingerkus, B. Séret, E. Guilbert, Experientia 47 (1991) 38.
[5] N.E. Kemp, S.K. Westrin, Journal of Morphology 160 (1979) 75.
[6] S.A. Moss, American Zoologist 17 (1977) 335.
[7] M.N. Dean, S. Enders, S.N. Gorb, A.P. Summers, Micromaterial Properties of
Tessellated Cartilage in Two Species of Elasmobranch Fishes, in preparation.
[8] T.L.H. Donahue, M.L. Hull, M.M. Rashid, C.R. Jacobs, Journal of Biomechanics 36
(2003) 19.
[9] M.N. Dean, W.A. Chiou, A.P. Summers, Microscopy & Microanalysis 11 (Suppl. 2)
(2005) 1196.
[10] M.N. Dean, J.T. Schaefer, The FASEB Journal 19 (2005) A247.
[11] M.N. Dean, L.F. Hale, C.G. Mull, S.N. Gorb, A.P. Summers, Journal of Anatomy 215
(2009) 227.
[12] M.N. Dean, D.R. Huber, H.A. Nance, Journal of Morphology 267 (2006) 1137.
[13] R.G. Budynas, Advanced Strength and Stress Analysis, McGraw-Hill, Boston, 1999,
p. 302.
[14] M.E. Porter, J.E. Beltrán, T.J. Koob, A.P. Summers, J. Experimental, Biology 209
(2006) 2920.
[15] J.C. Malzahn, J.M. Schultz, Composites Science and Technology 27 (1986) 253.
[16] C.L. Hacker, M.P. Ansell, Journal of Materials Science 36 (2001) 609.
[17] A.H. Burstein, J.D. Currey, V.H. Frankel, D.T. Reilly, Journal of Biomechanics 5
(1972) 35.
[18] J.D. Currey, The Journal of Experimental Biology 202 (1999) 2495.
[19] V. Ebacher, C. Tang, H. McKay, T.R. Oxland, P. Guy, R. Wang, Bone 40 (2007) 1265.
[20] D. Taylor, J.G. Hazenberg, T.C. Lee, Nature Materials 6 (2007) 263.

