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Mathematical Models of the Monolith Catalytic Converter:

Parc III. Hysteresis in Carbon Monoxide Reactor

Hysteresis is examined for monolith chemical reactors
that are used to oxidize carbon monoxide in automobile
exhaust. The term hysteresis refers to a multiplicity of
steady states, and the actual steady state depends on the
past history of operation of the reactor. In particular, dif-
ferent outlet conversions are obtained for the same inlet
temperature depending on whether the device starts out
hot or cold. A model developed earlier (Young and Finlay-
son, 1976a, b) used the collocation method to solve the
equations for heat, mass, and momentum transfer in a
single adiabatic channel of the monolith. Here we exam-
ine the influence of several operating and design param-
eters on the earlier results: velocity, inlet concentration,
geometry of the duct, thermal conductivity of the wall,
* and effective diffusivity in the porous layer. We then com-
pare the model to experimental data.

MODEL

The basic model is the one described earlier (7, 8) as
model 1I-A: a square duct with axial conduction longitudi-
nally in the solid walls, but with infinitely fast conduction
peripherally around the square, and including the diffu-
sion of heat and mass in the transverse direction in the
fluid. Nusselt and Sherwood numbers are not assigned a
priori. The reaction rate expression is P2 in (8) with a
basic form
Dyogycoe™4'T  ko(E +y)y

(1+ C'ycoeB'T)2 ~ (1 + ay)?

This is the expression derived by Voltz et al. (1973) to
fit their data, Here, however, we allow diffusion limita-
tions in the very thin catalytic layer. The temperature is
assumed constant within the layer since the primary heat
transfer resistance occurs in the fluid. The effectiveness
factor curve is generated using a one-term collocation for
small Thiele modules and the asymptotic solution for large
Thiele modules (Finlayson, 1974).
The diffusion in the catalytic layer is governed by

rate =

(1)
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D,%‘;— = rate [c(x)]

C=1y,C, at x=¢ (2)

—=0 at x=0

dx

By introducing ¢ = yc,, with y the mole fraction carbon
dioxide, and setting yo, = (E + y)2/3 (with E = 0.03,
assuming yco/yn, remains constant), we can nondimen-
sionalize this equation to give ‘

d’y

—d = 42

o = ¢ )

at s=1 (3) |

(4)
with
gly) =

The asyptotic solution is

1= £ty "]

V2 o1 E 1
5 —g(yo) { ;;[—1 s + loge(1 + ay) ]

(5)

+1[1+ 2loge(1 + ay) 1 ] (e
AL T ERR T ) Ty }o )

The reader desiring other details of the model is referred
to Young & Finlayson (19674, b).

PARAMETRIC STUDY

The hysteresis effect is illustrated in Figure 1. Such
curves have been obtained experimentally by Hlavidek
and Votruba (1974) and Mosterky et al. (1974) in the
following manner. Beginning with a cold reactor, desired
inlet conditions are maintained at a low temperature until
steady state has been reached, giving one data point on
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Fig. 1. Hysteresis curve, O experimental date, — theory. Re = 152,
L=006m ¢« =023 ¢ = 00279 mm, r, = 0.749 mm, D =
1.63 X 10!9/T, kg/ks = 0.225, yco,in = 0.04.

TaBLE 1. INITION AND EXTINCTION TEMPERATURES FOR
DrFFereNT GEOMETRIES, P1 KINETICS

Geometry Tex(°C) Tig(*C) AT(°C)
Square 302 308 6
Circle 309 309 0
Trapezoid 309 312 3
Rectangle 314 - 314 0

the top part of the curve. Then the inlet temperature is
raised, and the experiment again proceeds to steady state,
giving another data point. This procedure is followed giv-
ing the curve denoted by —. At the ignition temperature,
light off occurs, and the concentration of carbon monoxide
out of the reactor decreases drastically. Almost complete
conversion is obtained for any higher inlet temperature.
Then the inlet temperature is lowered, step by step,
giving rise to the curve marked <. At the extinction tem-
perature the concentration suddenly increases and little
reaction takes place. The profiles shown in Figure 1 then
represent two cases, one with light off and the other nearly
extinguished.

The hysteresis is expressed in terms of extinction and
ignition temperatures. The ignition temperature is the mini-
mum inlet fluid temperature needed to cause the reaction
to light off if the reactor starts cold. The extinction tem-
perature is the temperature below which the reaction rate
essentially ceases, even if the reactor starts hot. We deter-
mine these two extremes by solving the steady state prob-
lem. The solution depends on the initial guess. We use
an initial guess for concentration and temperature as the
inlet values (no reaction) to determine the ignition tem-
perature and the adiabatic temperature and no reactant to
find the extinction temperature. We emphasize that the
source of hysteresis in these models is the axial conduction
of heat in the wall. The base case, unless otherwise noted,
is Re = 160, yco, met = 0.04, P2 kinetics, square geome-
try, ky/ks = 0.04, Dy/D, = 20. )

The first situation we investigate is the reaction rate ex-
pression. In Young and Finlayson (1976b) most calcula-
tions used a less realistic reaction rate expression

A Yoz yeo )
Yoz + ayco® exp (B/T)
Shown in Figure 2 is the hysteresis curve for P1 and P2

rate for P1 =
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kinetics. Clearly, the more realistic P2 kinetics shows more
hysteresis.

The effect of geometry is illustrated for P1 kinetics only
in Table 1. The effect of the shape of the duct is not
great, although its importance could be bigger for P2 ki-
netics. Henceforth, we use P2 kinetics for square ducts.

Since the mechanism for hysteresis is due to axial con-
duction of heat in the wall, the hysteresis should decrease
as k, or the wall thickness decrease. The parameter which
determines the magnitude of axial conduction effects is

kg 21';.2 1—¢

2 (8)

ky L2 €

and so changes of ¢ (changing the wall thickness) or k*
have similar effects. Shown in Table 2 is the effect of k,,
and here it needs to be about one-hundred times as small
as the fluid k; for the axial conduction effect to disappear.
This result is particularly important in view of the gen-
eral impression left by Young and Finlayson (1976b).
There, most calculations were P1 kinetics, for which axial
conduction is not an important phenomena (see Figure
2). With the more realistic P2 kinetics, Equation (1),
however, axial conduction is very important and leads to
the very wide hysteresis shown in Figure 1. The hysteresis
is 112°C for 49, carbon monoxide.

The effect of flow rate is illustrated in Figure 3. As
flow rate increases, the ignition temperature increases

TABLE 2. IGNITION AND EXTINCTION TEMPERATURES FOR
DrrFERENT WALL THERMAL CONDUCTIVITIES

ky/ks Tex(°C) Tig(°C) AT(°C)
0.01 218 326 108
0.04 214 326 112
1.0 293 326 33

100 324 324 0
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Fig. 2. Effect of reaction rate expression.
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Fig. 3. Effect of flow rate.
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TaBLE 3. IeNTTION AND EXTINCTION TEMPERATURES FOR
DrFrErenT INLET MoLE FRACTIONS

Mole fraction
CO inlet Tex(°C) Tig(°C) AT(°C)
0.01 319 319 0
0.02 312 326 14
0.04 214 326 112

TABLE 4. IGNITION AND EXTINCTION TEMPERATURES FOR
DrrFERENT EFFECTIVE DIFFUSIVITIES IN CATALYTIC LAYER

D!/Dg Tex( °C) T]s( °C) AT("C)
20 214 326 112
70 279 326 47

slightly, and the extinction temperature increases more
drastically. The net effect is to narrow the temperature
range over which hysteresis is possible. The extinction
curve for Re = 640 shows that emission breakthrough has
occurred, even though the reactor has lit off, the exiting
fluid still contains appreciable unreacted carbon monoxide
due to mass transfer limitations.

The effect of carbon monoxide concentration is shown
in Table 3. Hysteresis is enhanced by high levels of carbon
monoxide. This agrees with the experimental results,

Finally, the effect of diffusivity in the porous catalytic
layer is demonstrated in Table 4. A lower effective diffu-
sivity in the solid reduces the reaction rate at high tem-
perature, which decreases the range of hysteresis.

COMPARISON TO EXPERIMENTAL DATA

The experimental data of Hlavicek and Votruba (1974)
is shown in Figure 1. When the inlet concentration is 4%
carbon monoxide, the reactor can light off at room tem-
perature; that is, if the reactor starts out hot, an inlet tem-
perature of room temperature causes ignition. If the re-
actor is initially cold, an extinguished state is also possible
at room temperature. The data show a small conversion
for the extinguished state, which may be an artifact or
due to reaction outside the reactor itself. Calculations
were done using model II-A (transverse conduction in
fluid, axial conduction in solid) and model II (transverse
conduction in fluid). The reaction rate expression, Equa-
tion (1), was used, along with an assumed value of D,.
We have no evidence that this is appropriate for the plati-
num catalyst used experimentally, since no reaction rate
data were given by Hlavicek and Votruba (1974). We
used the dimensions of the experimental reactor and the
experimental flow rate and inlet conditions. We assumed a
thermal conductivity for the wall, which was stated as
porous alumina (holes were drilled directly into it). The
activity of the catalyst and the depth of platinum ({)
were unknown, We assumed a reasonable value for { based
on previous work by Young and Finlayson, (1976b). The
activity of the catalyst was determined by fitting the cal-
culated curve to the data for Yco, m = 0.04, T;, = 190°C,
Thus, the right-hand side of the 4% curve in Figure 1 is
fit by parameter choice. [Here, the catalyst is 350 times
more active than that used by Young and Finlayson
(1976b)]. The rest of the calculated curves are thereby
determined; there are no more adjustable parameters.

The calculations for 49, carbon monoxide indicate that
light off can occur at room temperature, as in the data.
The experimental results are not clear as to the extinction
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temperature. Calculations were not done for inlet tem-
peratures below room temperature (25°C), but the cal-
culations indicate the extinction temperature is below
room temperature. Thus, the data and calculations agree
that the reactor can be ignited from room temperature
(25°C) to 190°C.

The calculations and data for 29, carbon monoxide are
compared in Figure 4 and indicate that ignition occurs at
187°C (vs. 182°C experimentally) and that extinction oc-
curs at 136°C (vs. 118°C experimentally). The fact that
the region of hysteresis narrows at lower carbon monoxide
concentration is correctly modeled.

In view of the uncertainty of some of the parameter
values, we regard the agreement with the data as quite
adequate. The model is qualitatively correct and is capa-
ble of fitting the data. Based on the results given below,
we can say that the essential features of the model are
the inclusion of transverse conduction in the fluid, axial

. conduction in the wall, and the use of the kinetics ex-

pression, Equation (1). The regions of hysteresis are af-
fected by ki, the solid thermal conductivity, ¢, the void
fraction, and D, the effective diffusivity in the solid.

MODEL DISCRIMINATION

Young and Finlayson (1976b) presented several models
and argued that the model which included transverse
conduction and diffusion in the fluid and axial conduc-
tion in the wall was the correct one (model II-A). The
models were called model I for a model with assigned
Nusselt and Sherwood numbers, which are usually obtained
as the asymptotic solutions to a Graetz type of problem
with no chemical reaction. Model II included transverse
conduction in the fluid (and transverse diffusion), with
the argument being that in a Graetz problem if the wall
temperature suddenly increases (as it does in the reactor
at light off), the Nusselt number goes to infinity, and
when that happens the multiple steady states predicted
by model I are not possible. Using finite Nusselt and Sher-
wood numbers in this region, as is done in model I, is
incorrect. We can also add axial conductivity to both
models to obtain models I-A and II-A. Despite the fact
that the theoretical underpinnings of model I are weak,
this model has been attractive to some because of its sim-
plicity. We wish to examine further the question of which
model is appropriate.

In model I we must solve the following equations:

dym h 8 m
—— = 2a3 Sh (y* — y™) (9)
dz
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Fig. 4. Hysterésis curve, 2% carbon monoxide, other conditions as in
Figure 1. O Experimental data, — theory.
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—— = 20y Nu (T* — T™) (10)
dz

Sh(ym—y') = — 2agf <r> (11)

Nu (T™ — T¢) = 285 <r> (12)

The solution to Equations (11) and (12) need not be
unique. For the parameter values used here, model I
predicts multiple steady states which are qualitatively
similar to those illustrated in Figures 1 and 4. Unfortu-
nately, model I predicts an infinite number of stable steady
states between the highest and lowest ones (Liu and
Amundson, 1962). In agreement with Eigenburger (1972),
we find that the addition of axial conduction to model I
(giving model I-A) reduces the maximum number of
steady states to at most two, one similar to the highest
steady state of model I and possibly one similar to the
lowest steady state of model I. The lower steady state
of model I-A occurs only when the lowest steady state of
model I does not exhibit light off. Thus, for steady calcu-
lations, models I and I-A are similar provided the correct
steady state(s) of model I is chosen.

The addition of transverse conduction and diffusion to
model I (giving model II) results in a model which pre-
dicts that multiple steady states do not occur. The single
steady state of model II is always similar to the lowest
steady state of model 1. Thus, for steady state calculations,
models I and II are similar provided the lowest steady
state of model I is chosen, This choice is different from
the one model I-A indicates we should elect.

Thus, the addition of axial conduction (model I-A) or
transverse conduction and diffusion (model II) indicate
that model I can be appropriate for steady state calcula-
tions; however, these two more complex models suggest
that different steady states of model I should be selected.
For a case when the lowest steady state of model I ex-
hibits light off, model II suggests that this is the only
steady state which is correct, while model I-A suggests that
only the highest steady state of model I should exist.

Model II is obviously inappropriate for the experimental
reactor performance illustrated in Figures 1 and 4, since
it can only predict a single steady state. Model I-A can
predict hysteresis of the type illustrated in Figures 1 and
4. Even though model I obviously contains incorrect physi-
cal assumptions, it can also predict hysteresis of the type
illustrated in Figures 1 and 4. Since models I and I-A are
sometimes favored over model II-A owing to their simplic-
ity, it is important to determine whether they can predict
the correct influence of the model parameters on the mag-
nitude of the hysteresis. Since models I and I-A predict ap-
proximately the correct ignition temperature, we will con-
centrate on the question of whether they predict the cor-
rect extinction temperature.

From Table 5 it is apparent that model I predicts ap-
proximately the correct influence of inlet carbon monoxide
concentration on extinction temperature. Model I will
not, however, predict the correct influence of flow rate
on extinction temperature. To illustrate this problem, we
combine Equations (9) to (12) for the case of a; = a3
(appropriate for gases, with Pr = Sc):

Y* = Yo+ (To — T*)eBa/Bs (13)
Tm = Ts + 285 <r(y°, T*)>/Nu (14)

Note that in Equations (13) and (14) the flow rate
does not appear. Equations (13) and (14) can be used
to determine whether an upper and lower steady state
exists for model I at the inlet conditions. The minimum
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TABLE 5. HYSTERESIS FOR DIFFERENT MODELS OF
ExpERIMENTAL CONDITIONS. TEMPERATURES IN °C

ycom Exp 1A I LA 1

0.04 ignition 190 188 189 185 192
0.02 183 18 187 179 188
0.01 175 174 174 174 182
0.4 extinction ~21 <21 189 <21 <2l
0.02 118 137 187 100 108
0.01 129 174 174 169 168

inlet temperature at which an upper steady state exists
will be only slightly greater than the extinction tempera-
ture, since a change in inlet temperature of approximately
20°C is sufficient to move the reaction zone from the
front of the converter to the back (see Figure 5). In con-
trast to the prediction of model I, Figure 3 shows that
model II-A predicts a substantially greater influence of
flow rate on extinction temperature. The effects predicted
by model II-A tend to be supported by the experimental
data in Figure 6 (Mosterky et al, 1974). The physical
explanation for this discrepancy is that in model I the
velocity acts only as a scale for the converter length
(through & and ap), whereas in model II-A velocity not

600
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Fig. 5. Temperature profile in reactor. Model Il (no axial conduction).
Values shown are Tin (°C), parameters for experimental reactor.
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Fig. 6. Extinction temperature for experimental data (5). yco,inlet =
0.01.
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only scales the converter length but also reduces the ef-
fect of axial conduction. The source of hysteresis in this
reactor is axial conduction. Model I predicts multiple
steady states due to a combination of physically incorrect
assumptions, The fact that model I predicts approximately
the correct hysteresis in Table 5 is fortuitous. For different
parameters (wall thickness, kinetic expression, flow rate,
etc.) this agreement would not occur.

Model I-A contains axial conduction, so one might think
that it can predict the correct influence of the parameters
on extinction. This assumption would be incorrect. Trans-
verse conduction and diffusion tend to increase the extinc-
tion temperature, while axial conduction decreases it.
Thus, the extinction temperature for model II-A is always
between those for models I-A and IL If the parameters
are changed so that axial conduction becomes less im-
portant (for example, increased velocity, decreased wall
thickness, etc.), the extinction temperature for model II-A
will move continuously toward that for model II. On the
other hand, the extinction temperature for model I-A will
never be less than that for model I, because the upper
steady state of model I-A is near the highest steady state
of model I (see Eigenberger, 1972). Model I-A predicts
the correct extinction temperatures only when axial con-
duction effects are very large, whereas for model parame-
ters of interest, both axial conduction and transverse con-
duction and diffusion are important.

CONCLUSION

The parametric sensitivity of model II-A has been deter-
mined. Hysteresis is enhanced by high carbon monoxide
levels and low flow rates. The model agrees qualitatively
with experimental data. The reaction rate expression (1)
and axial conduction in the walls have a crucial effect on
comparison with experimental data. The simplest model I
is not appropriate to cases with multiple steady states,
since it predicts an extinction temperature essentially in-
dependent of flow rate, in contradiction to experimental
data.
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NOTATION

A = constant in reaction rate expression, K

B = constant in reaction rate expression, K

C = concentration, kg * mole/m?

C, = inlet concentration of gas, kg - mole/m3

D = rate constant, kg - mole/sm°K, 4.67 x 10'¢/T
(1.63 x 10*/T)

D; = diffusivity of carbon monoxide in air, m?/s

D, = effective diffusivity of carbon monoxide in cata-
lytic layer, m2/s

E = inlet oxygen concentration is E + yco, in

f(y) = function defined in Equation (4)

G = mass flux, kg/m?s

g(y) = function defined in Equation (5)
— AH = heat of reaction, 3.37 X 10° J/(kg mole CO +

1/3 kg mole H;)
h® = heat transfer coefficient, J/sm?K
k, = rate constant = D exp(— A/T)
k; = fluid thermal conductivity, J/smK

ks = solid thermal conductivity (J/smK), k, = k;/

° The numbers listed are for the base case. The numbers in paren-
theses are the values used for modelling the experimental data.
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0.04 (k, = k,/0.225)

k® = mass transfer coefficient, m/s

L = length of monolith, 0.102 m (0.08 m)

Nu = Nusselt number, 4r,h°/k,

Pe, = Peclet number for heat, Pr Re

Pe,, = Peclet number for mass, Sc Re

<r> = reaction rate, kg - mole/sm?

rn = hydraulic radius, duct open area/perimeter, 0.305
mm (0.749 mm)

Re = Reynolds number, 4r,G/g, 160 (152)

s = dimensionless distance in catalytic layer, x/¢

Sh = Sherwood number, 4r3k*/D;

T = temperature, K

x = distance in catalytic layer, m

y: = mole fraction of species i

Yo = inlet mole fraction of carbon monoxide

Greek Letters

@ = constant in reaction rate expression, « = C’exp

(B/T)
a; = dimensionless thermal converter length, . .
L/ (2rnP6n), 1.49 (0.376)

a3 = dimensionless mass converter length,
L/ (2rnPen), 1.49 (0.376)

ag = (Ds/Dy)(2r/0), 2 (2.68)

Bs = [*/CD,, 2.02 X 10~ m?3s/kg (6.79 X 10—10)

Bs = — AHyz4)2rnl/ks, 4.35 X 1076 m? sK/kg mole
(1.97%x10-5)

¢ = void fraction of reactor, 2/3 (0.23)

{ = thicl)cness of catalytic layer, 0.0152 mm (0.0279
mm

7 = effectiveness factor, rate at bulk conditions/ (aver-
age rate in catalytic layer)

u = gas viscosity, kg/ms :
¢ = Thiele modulus, £k.g(y,)/(D,C,

Superscripts and subscripts

) = solid value

m = average fluid value
0 = inlet value
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