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Outline

e Stochastic Volatility and Stylized Facts for Returns

e Log-Normal Stochastic Volatility (SV) Model

e SV Model with Student-t Errors

e Asymmetric SV Model

e Multivariate SV Model



Reading

e APDVP, chapters 8 and 11

e FMUND, chapter 4 (section 7)



Stochastic Volatility and Stylized Facts for Returns

Assume daily cc returns can be described as

Tt = U+ Otut

where
1. o is a positive random variable s.t. var(o¢|ri_1,7¢—2,...) >0
2. {04} is stationary, E[o}] < oo and Pr o2 = corr(o?, a§+7) > 0 for all 7
3. ug ~ did (0,1)

4. {ut} and {04} are independent



SV vs. ARCH

The ARCH model is expressed as

Tt = W+ OtUt
J% = ao—|—a17“tz_1
However,
var(a%|rt_1, Tt—2y ..y ) — E[0§-|rt—17 rt—2 .. ] T E[O-§|rt—17 rt—2 .. ']2

= E[(ag + a1r7_1)%re—1,r¢—2 .. ] — Elag + a1rf_q|re—1,m4—2. . |°
2
— (ao —|_ a/]_’l"%_l)z _ (a,o -+ a,]_'r'%_l> — 0

so that there is no unpredictable volatility component.



SV vs ARCH

e SV specification can be motivated by economic theory

e Discrete-time SV specification has continuous-time diffusion representation

e SV fits nicely into continuous-time finance theory



Properties of Returns in SV Model

Key result: Because {ut} and {o+} are independent, for any functions f7 and
fo we have

E[fl(o-ta Ot—1y--+» )fZ(U’t? Ut—15- -+ )]
— E[f1(0t7 Ot—1--+» )]E[f2(ut7 Ut—15- -+ )]

Moments

Elry —p] = Elowuy] = Elot]E[u] =0
E|(rt — )] = Elofuf] = E[of]Eluf] = Elof]

var(r¢)



Moments continued

E[(rs — "] = Elofuf] = EloHEuf] = kurt(ur) Elof)
El(r — )] _ kurt(us) E[o})
E72 B[P

= kurt(u) (1 + ) > kurt(ug)

kurt(rt) =

var(o?)
Elof]?

Autocovariances and Autocorrelations

Yrr = coV(rs,reir) = cov(otus, OtprUtir)
Elowutoriruiyr] — Elowut| Elotrutir]
= Elototqr]Elutuiyr] — Elod Elu] Elot ] Elut -] =0



Define st = (1t — )2 = o2u?. Then

Yrs = cov(st,St4r) = COV(O‘%U%, U%—I—TU%—I—T)

2.2 2 9 2 N2 2

= Elotuiotyruiyr] — Elotut]Eloty ruiy ]
- 2 2 21 1y, 2 21 1 27 7y 2 2

= FElototy 1Eut] Eluiy ;] — Elot] Elu] Eloty ] Elut, ;]
- 2 2 21 a2

= FElototi;] = Elot]Eloty,]

2 2
= COV(O't,O't+7-) — 77.70.2 > 0

Positive dependence in squared returns result from positive dependence in 0%

Note:

b — cov(s¢, St+7) _ cov(at, oy yr)var(of) _ , var(a7)
T var(e) var(0?)  var(s)) 777 [var(s)



Define
at = |1t — p| = ot|ugl
Then for 7 > 0
oy oy |t P |wg g7 ]P]
2

oy oty 1 E[|ug]?]

2
E[@f]E[aquT] = Elo t]E[Jt+T]E[|ut|p]

|
&

E[a’fa’f—l—'r]

|
&

and

cov(ay, af+7) = b [afaf+7] — E[a}]E [af+r]
2
= (EloYo?, ] — Elo}1E[o},]) Ellusl’]
= vy opE[|ut|P]? for 7> 0



Note:

var(a}) = Ela;”] — E[a}]?
.
= E[o}?|u|*?] — Elo}|u|P]?
- 2D~ 2 2 2
= Elo;"|E[|u¢|*P] — E[o}]°El|ut|?]



Autocorrelations of |at|P

Define

E[o2P
A0 = it

Taylor (1994) derived the following result

_ ElJu]
Bludl P2

and B(p)

p D
p P — Corr(a,f a,f_‘_ ) — Cov(a't Y a’t"—T)
T, ) T

var(al)
VT,JPE”qu]Z
Elo 7P| El|ut|2P] — E[o}12E[juy|P]2
Ap)-1 _ 1
A(p)B(p) — 1~ B(p)

— C(p)p’T,O'p

C(p) =



Result: If uy ~ itd N(0, 1) then
EllufP] = 2?22 120((p +1)/2)
Mu) = /OOO ¥ le ™ %dz, u>0
[(1/2) = m, 1) =1, Mu+1) =ull(u)
[(n) = (n—1)!if nisan integer
If us ~ 22d Student’'s t with v df then

2v/v =2 ((v+1)/2)
V(v — 1)l (v/2)

Eljut|] =



The Log-Normal AR(1) Stochastic Volatility Model

= U+ otut
In(o¢) —a = ¢(In(or—1 — @) + 14, [P] <1

() ~ax((3)-(o )

In(o¢) ~ N(cv, %)
@ = = oy = (1~ ¢°)
=

Note




Log Normal Distribution

Definition: If In(Y) ~ N(u,0°) then Y ~ LN(u, 0?) such that
2
1 1 (In(y) — p
2
, O — exp | —= , y>0
o) = p(2< ) ’

1
E[Y"] = exp (n,u - §n202>

E[Y] = exp (,u -+ %02)

var(Y) = exp (Z,u -+ 02) (exp(az) — 1>
In the Log-Normal AR(1) SV model

ot ~ LN(a, 8?)



Alternative Parameterization

Some authors specify the log-Normal SV model as
re = p+ exp(we/2)uy
wt — w = ¢(wt—1 - aw) + Nw,t> Mw,t ™ id N(07 J727w)
Here
wi = In(c?) = 21In(oy) and oy = exp(wy/2)
It follows that
ay = FElwi] = 2F[In(ot)] = 2«
82 var(wy) = var(2In(o¢)) = 4var(In(oy)) = 482
0y = Bu(l—9%) =45%(1 - ¢°)



Basic Properties
e {r:} is strictly stationary
e All moments of r; are finite
o kurt(ry) = 3exp(452)
o cov(ry,7t47) =0 ({rt —p, It} isa MDS)
o cov(st, Sitr) > 0 when ¢ > 0, sp = (1t — p)?

o ACF of a; = |rt — [P behaves like ACF of s;



Extensions of Standard SV Model

e Fat tailed distribution for u; (e.g. Student’s t)

e Dependence between u; and 7; to capture leverage effect

e Long memory behavior for In(o¢)

e Multivariate formulation



Density and Moments
rt —pu = opur = log-Normal X Normal
= no closed form expression for density

Derivation of Moments

Exploit independence between {o+} and {u:}

Utilize moments of log-Normal distribution

Absolute Moments

Ellry — plP] = Elay] = Eloju] = Eloy]1E[|ug|”]



Now
In(e?) = pln(oy) ~ N(pp,p°5%)
= o} ~ LN(pp,p*5?)
Hence
Elo}] = exp (poz + —p252>
Furthermore, recall for uy ~ itd N(0,1)
Ellug|P] = 2P/27 7120 ((p + 1) /2)
Therefore,

p+1

Ellry — pl’] = Eloj]E[lu|’] = exp (m + 1p252) oP/2,=1/2F ( 2



Forp=1and p =2

Blire—ul] = exp(a+362) /2/m
Ellre — pl|?] = var(ry) = exp (204 - 262) %F (g)
= exp (2a + 262)

(§)-r(e) -

Straightforward algebra gives

because




Autocorrelations

o {ry —pu}t ={otus} is a MDS =- {r;} is an uncorrelated processes

e {0:} is autocorrelated because In(o¢) follows an AR(1) process

® a; = |’I“t —,u| = O‘t|ut|, Iy =Ilnay = In(at)—|— |n(|ut|) and sy = (rt—,u)2
are autocorrelated and behave similarly to {o+}



Autocorrelations of I+, o¢, at, and st

Autocorrelations of I} = In(at) = In(o¢) + In(|ut|)

cov(ly, lt++) = cov(In(ot) + In(Jut]), In(ot4r) + In(Juet+]))
= cov(In(ot), In(o¢+7)) (b/c uy is iid)
= ¢"B% (b/c In(o}) follows an AR(1))
Then

COV(lt, lt_|_7-) _ ¢TB2
var(ly) var(In(o) + In(|ug|))

pr = corr(ly, leyr) =



Now

var(In(a¢)) = 82, var(In(Jus|)) = ©2/8
Hence
¢TB° 8978
52—|—7T2/8 o 862"'_772
sign(pr,)) = sign(9)




Autocorrelations of af

As In(af) is a Gaussian AR(1) process, with mean ap, variance 232 and
autoregressive coefficient ¢ it can be shown that

In(o?) +In(ot, ) = In(ofo?, ) ~ N(2pa,2(1 + ¢7)p?8?)

This follows since

Elin(o}) +In(ol,,)] = pa+pa = 2pa
var(In(oy) + In(o}, ) = var(In(c})) + var(In(co}, ;)
+2cov(In(ah), In(af+7))
_ p252 —I—p2ﬁ2 + 2]?252@5‘7-‘
= 2(1+¢l)p??



Hence
oy0tyr ~ LN(2pa, 2(1 + ¢ ™p252))

It follows that

E[afaerT] — exp (2pa + (1+ ¢T)p262)
b = oPPBT) ~ 1

exp(p28?) — 1



Autocorrelations of a} = |ry — p|P

Previous we stated that

prap = corr(ay,ay ) = C(p)pr op
Ap) — 1 _ Blo{] _ Ellu*]
‘W)= Api) 1P = B ™ ) = B

Hence, it can be shown that

o _op(piB%T) ~ 1
T B(p)exp(p?8%) — 1
When p = 2, we have

_ exp(48%97) — 1
Pr.s = 3exp(452) — 1




Log-Normal AR(1) SV Model with Student-t Errors

rt = U+ oy, up ~ 1id St(v), v > 2
In(o4) — a = ¢(In(oy_1 — @) + 1y, 1y ~ iid N(0,07)
u¢ Is independent of 7; for all ¢

Here

—(v+1)/2

u2
, U > 2

o) = ofo) 1+

r v+1
c(v) = ( 2 )

" (3) /rv-2

Elu]l = 0, var(u) =1, kurt(u) =

3(v—2)
v—4




Note: by definition

Then we can write

Ut — Ut/ Wt

T —

Ino;

v ~ iid N(0,1)
(v —2)w; '~}

OtUt — Ot/ WVt — O';gk’l)t
Ot/ Wt

| y

no¢ + > n wg

AR(1) + WN(0,02 )
ARMA(1,1)



Moments

at = |rt — p| = otluy
ug ~ iid St(v)

Then
Ela;] = Elo}]E[Jwl)
1
= exp (pa - §p252) Elf|ut)’] < oo forp < w

Example

Elag] = exp ( 152) 200 - 201 ()

o+ — < U > 1
2° ) m(v—1)r (3)
E[a?] = exp(2a+28%), v > 2
_ 3(v — 2
E[a?_ = exp (404 + 862) (vv_ 2 ), v >4



Note: Moment existence depending on v causes problems for GMM estimation
of v.



