Asset Risk Measures

Let Ly, Lo, ... are iid random variables representing risks or losses associated
with some investment with CDF F

Example 1. Let R; denote the daily simple return on an asset and let W)
denote the initial value of the investment. Then the daily dollar return is

R:Wo

If Ry > 0 then there is a profit and if R < 0 then there is a loss. If, by
convention, losses are reported as positive amounts then the loss distribution
F' is the the distribution of

— R W)
percent losses : Ly = —Ry

dollar losses : Ly



Example 2: Let 4 = In(1 4+ R;) denote the daily continuously compounded
return on an asset and let Wy denote the initial value of the investment. Then
the daily dollar return is

Wo (exp(ry) — 1) = ReWy
The loss distribution F' is the distribution of

dollar loss : L; = —Wp(exp(ry) — 1) = —Wo Ry
percent loss : L; = —(exp(ry) — 1) = — Ry



Value-at-Risk (VaR). For 0.95 < q < 1, say, VaRy is the gth quantile of the
distribution F’

VaRy = F1(q)

where F—1 is the inverse of F.

Expected Shortfall (ES). ESg is the expected loss size, given that VaRy is
exceeded:

Note: Writing L = VaRq+ L — VaRg, ESq is related to VaRy via



Remark:

For positive losses, q is the probability level associated with the upper quantile
of F. Sometime, VaR and ES are stated in terms of the loss loss probability
a=1—qfor0 < a<0.05. Then

VaRa = F1(1-a)



Example: VaR and ES for normal distribution: L ~ N(u,o?)
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pw+o-zq, 095<¢g<1

——0 - z2q, 0 <a<0.05
q - 100% upper quantile for N(0, 1)
a - 100% lower quantile for N(0,1)
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Nonparametric VaR and ES (Historical Simulation)

{L1,...,L7} = sample of losses
VaR(?S = ﬁ’_l(q) — empirical quantile
1 T
ESIS = Ly x 1 (L > VaR]®
q (1 _ q)Tt—i—z:I t ( t q >

1 (Lt > vaRfs) = 1if Ly > VaR”

= 0, otherwise



VaR for location-scale Return Distributions

Assume that L+ can be represented as
Ly = p+oug, ug = (L —p)/o

E[L{] = p, var(Ly) = o2
ug ~ tid (0,1) with CDF F,

Then
VaRg=F Y(q)=p+o-F, ' (q)

normal VaR :  F, !(g) = N(0,1) quantile
Student'st VaR : F !(g) = Student’s t quantile
Cornish-Fisher (modified) VaR :  F;; (¢) = Cornish-Fisher quantile
EVT VaR : F, 1(q) = GPD quantile



Cornish-Fisher quantile estimate

|dea: Approximate unknown CDF F}, using 2 term Edgeworth expansion around
normal CDF &®(-) and invert expansion to get quantile estimate:

_ 1 1
Fu,éF(q) = zq+ g(zg — 1) X skewy + ﬂ(zg’ — 3zq) X kurty
1
—£(2z2 — bzq) X skewy
2q = ¢_1(Q)
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