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1 Reading

• FRF chapter 2; chapter 5 sections 5-6.

• QRM chapter 2, section 3.

• SDAFE chapter 18 and chapter 19

• FMUND, chapter 3 sections 1-6.

1. Zivot, E. (2008). “Practical Issues in the Analysis of Univariate GARCH
Models,“ Handbook of Financial Time Series (available on class web-
page).

2 Data and Programs

Download daily adjusted closing prices on Microsoft and the S&P 500 over
the period 2000-01-03 to 2012-04-10 and compute the continuously com-
pound returns. (e.g., use getSymbols() from the quantmod package and
Return.calculate() from the PerformanceAnalytics package). You will
find my R scripts on the class webpage helpful for this assignment.
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3 MLE of Univariate Return Distributions
and Monte Carlo Estimates of VaR and ES

In this exercise, you will find the maximum likelihood estimates (mles) of the
parameters of several univariate distributions for asset returns. You will use
the fitdistr() and cov.trob() functions from the MASS package and the
and the st.mle() function from the sn package. . I also encourage to look
at the maxLik() function from the maxLik package You will also use Monte
Carlo simulation to find VaR and ES for Microsoft and S&P500 daily stock
returns

1. Fit normal distribution to the returns on Microsoft and the S&P 500
using the fitdistr() function from the MASS library or the maxLik()
function from the makLik package. Report the estimates together with
95% confidence intervals. Check your result against the sample moment
estimates.

2. Fit Student’s t distribution to the returns on Micrsoft and the S&P 500
using the fitdistr() function from the MASS library or the maxLik()
function from the makLik package. Report the estimates together with
95% confidence intervals. Check your result against the sample moment
estimates. (Hint: you can estimate the degrees of freedom using the
sample kurtosis (see first lecture)).

3. Fit the skewed Student’s t distribution to the returns on Micrsoft and
the S&P 500 using the st.mle() function from the sn package. Report
the estimates together with 95% confidence intervals.

4. Using the fitted distributions found above, simulate 10,000 observa-
tions and compute nonparametric estimates of 95% and 99% VaR
and ES (Hint: use the VaR() and ES() functions from PortfolioAn-
alytics package with method="historical"). Set the seed to 2345.
(set.seed(2345))
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4 MLE of Bivariate Return Distributions and
Monte Carlo Estimates of VaR and ES

In this exercise, you will find the maximum likelihood estimates (mles) of
the parameters of two bivariate distributions for asset returns. You will also
use Monte Carlo simulation to find VaR and ES for a portfolio of Microsoft
and the S&P 500. For simulating multivariate normal and multivariate t
distributions, you will use the mvtnorm package.

1. Fit a bivariate normal distribution to the returns on Micrsoft and the
S&P 500 using the sample moments. Simulate n observations from this
fitted distribution, where n is the sample size of your data, and create
a scatterplot showing the observed data together with the simulated
normal data. How well does the normal data capture the scatter of the
observed data?

2. Fit a bivariate Student’s distribution to the returns on Micrsoft and the
S&P 500 using cov.trob() function from the MASS library (profile
MLE). Compare the estimates of the mean and correlation matrix to
those from the bivariate normal distribution. Simulate n observations
from this fitted distribution, where n is the sample size of your data,
and create a scatterplot showing the observed data together with the
simulated Student’s t data. How well does the Student’s t data capture
the scatter of the observed data compared to the bivariate normal?

3. Now consider a portfolio of 40% Microsoft and 60% S&P 500 Using the
fitted bivariate Student’s t distribution found above, simulate 10,000
observations and compute nonparametric estimates of 95% and 99%
VaR and ES as well as nonparametric estimates of the asset contribu-
tions (marginal, component and percent) to portfolio ES.

5 Bootstrap S.E of Risk Measures

In the TA LAB session, Yian briefly talked about how to bootstrap the SE
of VaR in R. In this exercise, you will have a change to practice how to use
the boot() function in the boot package to calculate a bootstrap standard
error.
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1. Using the Microsoft and the S&P 500 returns, construct an equally
weighted portfolio. Find the risk measures standard deviation, VaR
and ES with historical simulation, normal distribution and Cornish-
fisher at α = 95% and use the boostrap to find their standard errors
(SEs). Make a table to compare the values. Use 999 bootstrap values
for all calculations.

6 Analytics for the GARCH(1,1) Process

Consider the GARCH(1,1) process

rt − μ = εt = σtzt, zt ∼ iid N(0, 1)

σ2t = a0 + a1ε
2
t−1 + b1σ

2
t−1

Derive the following results:

1. E[εt] = 0, E[ε2t ] = E[σ2t ] = a0/(1− a1 − b1) = σ̄2

2. E[εt|It−1] = 0, E[ε2t |It−1] = σ2t

3. ε2t has an ARMA(1,1) representation of the form

ε2t = a0 + (a1 + b1)ε
2
t−1 + vt − b1vt−1

where vt = ε2t − σ2t is a MDS.

4. σ2t has an ARCH(∞) representation with ai = a1b
i−1
1

5. Write out the GARCH(1,1) log-likelihood function lnL(μ, a0, a1, b1)based
on a sample {r1, . . . , rT} of size T. Specify initial values for ε20 and σ20
and the parameters a0, a1 and b1.

6. σ2T+k has the forecasting equation

ET [σ
2
T+k]− σ̄2 = (a1 + b1)

k−1(E[σ2T+1]− σ̄2).
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7 Estimating GARCH Models and Comput-
ing Volatility Forecasts

In this exercise you will analyze univariate ARCH and GARCH models for
the Microsoft and the S&P 500 returns. Univariate GARCH estimation in R
is most easily performed using the functions in the rugarch package. Be sure
to read the package documentation (in the doc directory of the package)

1. In this exercise, you will test for ARCH effects in the daily returns on
Microsoft and the S&P 500. For each series, compute Engle’s LM test
for ARCH effects using 5 and 10 lags.

2. In this exercise, you will estimate ARCH and GARCH models for the
daily returns on Microsoft and the S&P 500.

(a) First, estimate an ARCH(5) model for the each series. What is
the sum of the ARCH coefficients?

(b) Plot the in-sample estimates of the conditional volatility and com-
pare with the absolute returns. What is the estimate of the un-
conditional volatility? Compare this with the sample standard
deviation of returns.

(c) Next, estimate a GARCH(1,1) model for each series. What is
the sum of the ARCH and GARCH coefficients? Plot the in-
sample estimates of the conditional volatility and compare with
the absolute returns. Do the conditional volatility estimates look
similar to the ARCH(5) estimates? What is the estimate of the
unconditional volatility? Compare this with the sample standard
deviation of returns and the estimate from the ARCH(5) model.

3. Using the estimated ARCH(5) and GARCH(1,1) models, compute h-
step-ahead volatility forecasts for h = 1, . . . , 100 days and plot these
along with the estimate of unconditional volatility. Which forecasts
converge faster to the unconditional volatility?
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