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4 Pd{lpxp Olnholkrrg Hvwlpdwlrq

414 Wkh Olnholkrrg Ixqfwlrq

Ohw f�c � � � cf?
eh dq llg vdpsoh zlwk suredelolw| ghqvlw| ixqfwlrq +sgi, sE%�( w�c

zkhuh w lv d E& � �� yhfwru ri sdudphwhuv wkdw fkdudfwhul}h s E%�( w�� Iru h{dpsoh/ li

f���E>c j2� wkhq sE%�( w� ' E2Zj2�3�*2 i TE� �

2j2
E% � >�2� wkhq w ' E>c j2��

� Wkh

mrlqw ghqvlw| ri wkh vdpsoh lv/ e| lqghshqghqfh/ htxdo wr wkh surgxfw ri wkh pdujlqdo

ghqvlwlhv

s E%�c � � � c %?( w� ' sE%�( w� � � � s E%
?
( w� '

?\

�'�

sE%�( w��

Wkh mrlqw ghqvlw| lv dq ? glphqvlrqdo ixqfwlrq ri wkh gdwd %�c � � � c %? jlyhq wkh sd0

udphwhu yhfwru w� Wkh mrlqw ghqvlw|4 vdwlv�hv

sE%�c � � � c %?( w� � f]
� � �

]
sE%�c � � � c %?( w�_%� � � � _%? ' ��

Wkh olnholkrrg ixqfwlrq lv gh�qhg dv wkh mrlqw ghqvlw| wuhdwhg dv d ixqfwlrqv ri wkh

sdudphwhuv w G

uEwm%�c � � � c %?� ' s E%�c � � � c %?( w� '
?\

�'�

s E%�( w��

Qrwlfh wkdw wkh olnholkrrg ixqfwlrq lv d & glphqvlrqdo ixqfwlrq ri w jlyhq wkh gdwd

%�c � � � c %?� Lw lv lpsruwdqw wr nhhs lq plqg wkdw wkh olnholkrrg ixqfwlrq/ ehlqj d

ixqfwlrq ri w dqg qrw wkh gdwd/ lv qrw d surshu sgi1 Lw lv dozd|v srvlwlyh exw

]
� � �

]
uEwm%�c � � � c %?�_w� � � � _w& 9' ��

4Li [4> = = = >[q duh glvfuhwh udqgrp yduldeohv/ wkhq i+{4> = = = > {q> �, @ Su+[4 @ {4> = = = >[q @ {q,
iru d �{hg ydoxh ri �=
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Wr vlpsoli| qrwdwlrq/ ohw wkh yhfwru  ' E%�c � � � c %?� ghqrwh wkh revhuyhg vdpsoh1

Wkhq wkh mrlqw sgi dqg olnholkrrg ixqfwlrq pd| eh h{suhvvhg dv sE ( w� dqg uEwm ��

H{dpsoh 4 Ehuqrxool Vdpsolqj

Ohw f�� Ehuqrxool+w�� Wkdw lv/ f� ' � zlwk suredelolw| w dqg f� ' f zlwk sured0

elolw| � � w zkhuh f � w � �� Wkh sgi iru f� lv

sE%�( w� ' w%�E�� w��3%�c %� ' fc �

Ohw f�c � � � cf? eh dq llg vdpsoh zlwk f�� Ehuqrxool+w�� Wkh mrlqw ghqvlw|2olnholkrrg
ixqfwlrq lv jlyhq e|

sE ( w� ' uEwm � '
?\

�'�

w
%�E�� w��3%�

' w

S
?

�'�
%�E�� w�?3

S
?

�'�
%�

Iru d jlyhq ydoxh ri w dqg revhuyhg vdpsoh %/ sE%( w� jlyhv wkh suredelolw| ri revhuylqj

wkh vdpsoh1 Iru h{dpsoh/ vxssrvh ? ' D dqg % ' Efc � � � c f�� Qrz vrph ydoxhv ri w

duh pruh olnho| wr kdyh jhqhudwhg wklv vdpsoh wkdq rwkhuv1 Lq sduwlfxodu/ lw lv pruh

olnho| wkdw w lv forvh wr }hur wkdq rqh1 Wr vhh wklv/ qrwh wkdw wkh olnholkrrg ixqfwlrq

iru wklv vdpsoh lv

uEwmEfc � � � c f�� ' E� � w�D

Wklv ixqfwlrq lv looxvwudwhg lq �jxuh {{{1 Wkh olnholkrrg ixqfwlrq kdv d fohdu pd{lpxp
dw w ' f� Wkdw lv/ w ' f lv wkh ydoxh ri w wkdw pdnhv wkh revhuyhg vdpsoh % ' Efc � � � c f�
prvw olnho| +kljkhvw suredelolw|,

Vlploduo|/ vxssrvh % ' E�c � � � c ��� Wkhq wkh olnholkrrg ixqfwlrq lv

uEwmE�c � � � c ��� ' wD

zklfk lv looxvwudwhg lq �jxuh {{{1 Qrz wkh olnholkrrg ixqfwlrq kdv d pd{lpxp dw

w ' ��

H{dpsoh 5 Qrupdo Vdpsolqj

Ohw f�c � � � cf?
eh dq llg vdpsoh zlwk f��� E>c j2�� Wkh sgi iru f� lv

s E%( w� ' E2Zj2�3�*2 i T
�
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�

2j2
E%� >�2

�
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2
: fc �4 	 % 	4

vr wkdw w ' E>c j2�� Wkh olnholkrrg ixqfwlrq lv jlyhq e|

uEwm%� '
?\

�'�
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�
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Iljxuh {{{ looxvwudwhv wkh qrupdo olnholkrrg iru d uhsuhvhqwdwlyh vdpsoh ri vl}h ? ' 2D1

Qrwlfh wkdw wkh olnholkrrg kdv wkh vdph ehoo0vkdsh ri d elyduldwh qrupdo ghqvlw|

Vxssrvh j2
' �� Wkhq

uEwm%� ' uE>m%� ' E2Z�3?*2 i T

#
�

�

2

?[

�'�

E%� � >�2
$

Qrz

?[
�'�

E%� � >�2 '

?[

�'�

E%� � 7%n 7%� >�2 '
?[

�'�

k
E%� � 7%�2 n 2E%� � 7%�E%� 7>� n E7%� >�2

l

'

?[
�'�

E%� � 7%�2 n ?E7%� >�2

vr wkdw

uE>m%� ' E2Z�3?*2 i T

#
�

�

2

%
?[

�'�

E%� � 7%�2 n ?E7%� >�2
&$

Vlqfh erwk E%� � 7%�2 dqg E7%� >�2 duh srvlwlyh lw lv fohdu wkdw uE>m%� lv pd{lpl}hg dw

> ' 7%� Wklv lv looxvwudwhg lq �jxuh {{{1

H{dpsoh 6 Olqhdu Uhjuhvvlrq Prgho zlwk Qrupdo Huuruv

Wr eh frpsohwhg

H{dpsoh 7 DU+4, prgho zlwk Qrupdo Huuruv

Wr eh frpsohwhg

415 Wkh Pd{lpxp Olnholkrrg Hvwlpdwru

Vxssrvh zh kdyh d udqgrp vdpsoh iurp wkh sgi sE%�( w� dqg zh duh lqwhhvwhg lq

hvwlpdwlqj w� Wkh suhylrxv h{dpsoh prwlyhv dq hvwlpdwru dv wkh ydoxh ri w wkdw

pdnhv wkh revhuyhg vdpsoh prvw olnho|1 Irupdoo|/ wkh pd{lpxp olnholkrrg hvwlpdwru/

ghqrwhg 	w6,ec lv wkh ydoxh ri w wkdw pd{lpl}hv uEwm �� Wkdw lv/ 	w6,e vroyhv

4@ 
w

uEwm �

Lw lv riwhq txlwh gl!fxow wr gluhfwo| pd{lpl}h uEwm �� Lw xvxdoo| pxfk hdvlhu wr

pd{lpl}h wkh orj0olnholkrrg ixqfwlrq *?uEwm%�� Vlqfh *?E�� lv d prqrwrqlf ixqfwlrq wkh

ydoxh ri wkh w wkdw pd{lpl}hv *?uEwm � zloo dovr pd{lpl}h uEwm �� Wkhuhiruh/ zh pd|

dovr gh�qh 	w6,e dv wkh ydoxh ri w wkdw vroyhv

4@ 
w

*?uEwm%�
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Zlwk udqgrp vdpsolqj/ wkh orj0olnholkrrg kdv wkh sduwlfxoduo| vlpsoh irup

*?uEwm � ' *?

#
?\

�'�

sE%�( w�

$
'

?[
�'�

*? s E%�( w�

Vlqfh wkh poh lv gh�qhg dv d pd{lpl}dwlrq sureohp/ zh zrxog olnh nqrz wkh

frqglwlrqv xqghu zklfk zh pd| ghwhuplqh wkh poh xvlqj wkh whfkqltxhv ri fdofxoxv1

D uhjxodu sgi s E%( w� surylghv d vx!flhqw vhw ri vxfk frqglwlrqv1 Zh vd| wkh s E%( w�
lv uhjxodu li

41 Wkh vxssruw ri wkh udqgrp yduldeohv fc7f ' i% G sE%( w� : fjc grhv qrw

ghshqg rq w

51 sE%( w� lv dw ohdvw wkuhh wlphv gl�huhqwldeoh zlwk uhvshfw wr w

61 Wkh wuxh ydoxh ri w olhv lq d frpsdfw vhw X

Li sE%( w� lv uhjxodu wkhq zh pd| �qg wkh poh e| gl�huhqwldwlqj *?uEwm � dqg

vroylqj wkh �uvw rughu frqglwlrqv

Y *?uE	w6,em �

Yw
' f

Vlqfh w lv E& � �� wkh �uvw rughu frqglwlrqv gh�qh &/ srwhqwldoo| qrqolqhdu/ htxdwlrqv

lq & xqnrzq ydoxhv=

Y *?uE	w6,em �

Y�
'

3
EEEC

Y *?uE	w6,e� �
Yw�

1

1

1

Y *?uE	w6,e� �
Yw&

4
FFFD

Wkh yhfwru ri ghulydwlyhv ri wkh orj0olnholkrrg ixqfwlrq lv fdoohg wkh vfruh yhfwru

dqg lv ghqrwhg

7Ewm � '
Y *?uEwm �

Yw

E| gh�qlwlrq/ wkh poh vdwlv�hv

7E	w6,em � ' f

Xqghu udqgrp vdpsolqj wkh vfruh iru wkh vdpsoh ehfrphv wkh vxp ri wkh vfruhv iru

hdfk revhuydwlrq %� G

7Ewm � '
?[

�'�

Y *? sE%�( w�

Yw
'

?[

�'�

7Ewm%��

zkhuh 7Ewm%�� '
Y *? sE%�(w�

Yw
lv wkh vfruh dvvrfldwhg zlwk %��

H{dpsoh 8 Ehuqrxool h{dpsoh frqwlqxhg
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Wkh orj0olnholkrrg ixqfwlrq lv

*?uEwmf� ' *?
�
w
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%�E�� w�?3

S
?
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'

?[
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%� *?Ew� n

#
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?[
�'�
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Wkh vfruh ixqfwlrq iru wkh Ehuqrxool orj0olnholkrrg lv

7Ewm � '
Y *?uEwm �

Yw
'
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w
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?[
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Wkh poh vdwlv�hv 7E	w6,em � ' fc zklfk diwhu d olwwoh dojheud/ surgxfhv wkh poh

	w6,e '

�

?

?[

�'�

%��

Khqfh/ wkh vdpsoh dyhudjh lv wkh poh iru w lq wkh Ehuqrxool prgho1

H{dpsoh 9 Qrupdo h{dpsoh frqwlqxhg

Vlqfh wkh qrupdo sgi lv uhjxodu/ zh pd| ghwhuplqh wkh poh iru w ' E>c j2� e|

pd{lpl}lqj wkh orj0olnholkrrg

*?uEwm � ' �
?

2
*?E2Z��

?

2
*?Ej2��

�

2j2

?[

�'�

E%� � >�2�

Wkh vdpsoh vfruh lv d E2� �� yhfwru jlyhq e|

7Ewm � '

#
Y *?uEw� �

Y>
Y *?uEw� �

Yj2

$

zkhuh

Y *?uEwm �

Y>
'

�

j2

?[

�'�

E%� � >�

Y *?uEwm �

Yj2
' �

?

2
Ej2�3� n
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2
Ej2�32

?[

�'�
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Qrwh wkdw wkh vfruh yhfwru iru dq rehuydwlrq lv

7Ewm%�� '

#
Y *? sEw�%��

Y>
Y *? sEw�%��

Yj2

$
'

#
Ej2�3�E%� � >�

�

�

2
Ej2�3� n �

2
Ej2�32E%� � >�2

$

vr wkdw 7Ewm � '
S

?

�'�
7Ewm%���
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Vroylqj 7E	w6,em � ' f jlyhv wkh qrupdo htxdwlrqv

Y *?uE	w6,em �

Y>
'

�

	j2
6,e

?[

�'�

E%� � 	>
6,e

� ' f

Y *?uE	w6,em �

Yj2
' �

?

2
E	j2

6,e
�3� n

�

2
E	j2

6,e
�32

?[

�'�

E%� � 	>
6,e

�2 ' f

Vroylqj wkh �uvw htxdwlrq iru 	>
6,e

jlyhv

	>
6,e

'
�

?

?[

�'�

%� ' 7%

Khqfh/ wkh vdpsoh dyhudjh lv wkh poh iru >� Xvlqj 	>
6,e

' 7% dqg vroylqj wkh vhfrqg

htxdwlrq iru 	j
2

6,e
jlyhv

	j
2

6,e
'

�

?

?[

�'�

E%� � 7%�2�

Qrwlfh wkdw 	j
2

6,e
lv qrw htxdo wr wkh vdpsoh yduldqfh1

H{dpsoh : Olqhdu uhjuhvvlrq h{dpsoh frqwlqxhg

wr eh frpsohwhg

416 Surshuwlhv ri wkh Vfruh Ixqfwlrq

Wkh pdwul{ ri vhfrqg ghulydwlyhv ri wkh orj0olnholkrrg lv fdoohg wkh Khvvldq

MEwm%� '
Y2 *?uEwm%�

YwYw
�

'

3
EEEC

Y2 *?uEw� �

Yw
2

�

� � �

Y2 *?uEw� �
Yw�Yw&

1

1

1

1

1

1

1

1

1

Y
2 *?uEw� �
Yw&Yw�

� � �

Y
2 *?uEw� �

Yw
2

&

4
FFFD

Wkh lqirupdwlrq pdwul{ lv gh�qhg dv plqxv wkh h{shfwdwlrq ri wkh Khvvldq

UEwm%� ' �.dMEwm%�o

Li zh kdyh udqgrp vdpsolqj wkhq

MEwm � '
?[

�'�

Y2 *? sEwm%��

YwYw
�

'
?[

�'�

MEwm%��

dqg

UEwm%� ' �
?[

�'�

.dMEwm%��o ' �?.dMEwm%��o ' ?UEwm%��

Wkh odvw uhvxow vd|v wkdw wkh vdpsoh lqirupdwlrq pdwul{ lv htxdo wr ? wlphv wkh

lqirupdwlrq pdwul{ iru dq revhuydwlrq1

Wkh iroorzlqj sursrvlwlrq uhodwhv vrph surshuwlhv ri wkh vfruh ixqfwlrq wr wkh

lqirupdwlrq pdwul{1
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Sursrvlwlrq ; Ohw sE%�( w� eh d uhjxodu sgi1 Wkhq

41 .d7Ewm%��o '
U
7Ewm%��s E%�( w�_%� ' f

51 Li w lv d vfdodu wkhq

�@oE7Ewm%�� ' .d7Ewm%��
2o '

]
7Ewm%��

2sE%�( w�_%� ' UEwm%�

Li w lv d yhfwru wkhq

�@oE7Ewm%�� ' .d7Ewm%��7Ewm%�
�o '

]
7Ewm%��7Ewm%��s E%�( w�_%� ' UEwm%�

Surri1 Iru sduw 4/ zh kdyh

.d7Ewm%��o '
]
7Ewm%��s E%�( w�_%�

'
]

Y *? s E%�( w�

Yw
sE%�( w�_%�

'
] �

sE%�( w�

Y

Yw
s E%�( w�s E%�( w�_%�

'
]

Y

Yw
s E%�( w�_%�

'
Y

Yw

]
sE%�( w�_%�

'
Y

Yw
� �

' f�

Wkh nh| sduw wr wkh surri lv wkh delolw| wr lqwhufkdqjh wkh rughu ri gl�huhqwldwlrq dqg

lqwhjudwlrq1

Iru sduw 5/ frqvlghu wkh vfdodu fdvh iru vlpsolflw|1 Qrz/ surfhhglqj dv deryh zh

jhw

.d7Ewm%��
2o '

]
7Ewm%��

2s E%�( w�_%� '
] #

Y *? sE%�( w�

Yw

$
2

sE%�( w�_%�

'
] #

�

sE%�( w�

Y

Yw
sE%�( w�

$
2

s E%�( w�_%� '
] �

sE%�( w�

#
Y

Yw
sE%�( w�

$
2

_%�

Qh{w/ uhfdoo wkdw UEwm%�� ' �.dMEwm%��o dqg

�.dMEwm%��o ' �
]

Y2 *? s E%�( w�

Yw2
s E%�( w�_%�
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Qrz/ e| wkh fkdlq uxoh

Y2

Yw
2
*? s E%�( w� '

Y

Yw

#
�

sE%�( w�

Y

Yw
s E%�( w�

$

' �sE%�( w�
32

#
Y

Yw
sE%�( w�

$
2

n sE%�( w�
3�

Y2

Yw2
sE%�( w�

Wkhq

�.dMEwm%��o ' �
] 5
7
�sE%�( w�

32

#
Y

Yw
sE%�( w�

$
2

n s E%�( w�
3�

Y2

Yw2
sE%�( w�

6
8 sE%�( w�_%�

'
]

s E%�( w�
3�

#
Y

Yw
s E%�( w�

$
2

_%� �

]
Y2

Yw2
s E%�( w�_%�

' .d7Ewm%��
2o�

Y
2

Yw
2

]
sE%�( w�_%�

' .d7Ewm%��
2o

417 Frqfhqwudwlqj wkh Olnholkrrg Ixqfwlrq

Lq pdq| vlwxdwlrqv/ rxu lqwhuhvw pd| eh rqo| rq d ihz hohphqwv ri w� Ohw w ' Ew�c w2�
dqg vxssrvh w� lv wkh sdudphwhu ri lqwhuhvw dqg w2 lv d qxlvdqfh sdudphwhu +sdudphwhu
qrw ri lqwhuhvw,1 Lq wklv vlwxdwlrq/ lw lv riwhq frqyhqlhqw wr frqfhqwudwh rxw wkh qxlvdqfh
sdudphwhu w2 iurp wkh orj0olnholkrrg ixqfwlrq ohdylqj d frqfhqwudwhg orj0olnholkrrg

ixqfwlrq wkdw lv rqo| d ixqfwlrq ri wkh sdudphwhu ri lqwhuhvw w��

Wr looxvwudwh/ frqvlghu wkh h{dpsoh ri llg vdpsolqj iurp d qrupdo glvwulexwlrq1

Vxssrvh wkh sdudphwhu ri lqwhuhvw lv > dqg wkh qxlvdqfh sdudphwhu lv j2� Zh zlvk wr

frqfhqwudwh wkh orj0olnholkrrg zlwk uhvshfw wr j2 ohdylqj d frqfhqwudwhg orj0olnholkrrg

ixqfwlrq iru >� Zh gr wklv dv iroorzv1 Iurp wkh vfruh ixqfwlrq iru j2 zh kdyh wkh �uvw

rughu frqglwlrq

Y *?uEwm �

Yj2
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Ej2�3� n
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E%� � >�2 ' f

Vroylqj iru j2 dv d ixqfwlrq ri > jlyhv

j
2E>� '

�

?

?[

�'�

E%� � >�2�

Qrwlfh wkdw dq| ydoxh ri j
2E>� gh�qhg wklv zd| vdwlv�hv wkh �uvw rughu frqglwlrq

Y *?uEw� �
Yj2

' f� Li zh vxevwlwxwh j
2E>� iru j2 lq wkh orj0olnholkrrg ixqfwlrq iru w zh jhw

wkh iroorzlqj frqfhqwudwhg orj0olnholkrrg ixqfwlrq iru > G
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Qrz zh pd| ghwhuplqh wkh poh iru > e|pd{lpl}lqj wkh frqfhqwudwhg orj0olnholkrrg

ixqfwlrq *?u2E>m%�� Wkh �uvw rughu frqglwlrqv duh

Y *?uSE	>
6,e

m%�

Y>
'

S
?

�'�
E%� � 	>

6,e
�

�

?

S
?

�'�
E%� � 	>

6,e
�2
' f

zklfk lv vdwlv�hg e| 	>
6,e
' 7% surylghg qrw doo ri wkh %� ydoxhv duh lghqwlfdo1

Iru vrph prghov lw pd| qrw eh srvvleoh wr dqdo|wlfdoo| frqfhqwudwh wkh orj0
olnholkrrg zlwk uhvshfw wr d vxevhw ri sdudphwhuv1 Qrqhwkhohvv/ lw lv vwloo srvvleoh
lq sulqflsoh wr qxphulfdoo| frqfhqwudwh wkh orj0olnholkrrg1

418 Wkh Suhflvlrq ri wkh Pd{lpxp Olnholkrrg Hvwlpdwru

Wkh olnholkrrg/ orj0olnholkrrg dqg vfruh ixqfwlrqv iru d w|slfdo prgho duh looxvwudwhg
lq �jxuh {{{1 Wkh olnholkrrg ixqfwlrq lv dozd|v srvlwlyh +vlqfh lw lv wkh mrlqw ghqvlw|
ri wkh vdpsoh, exw wkh orj0olnholkrrg ixqfwlrq lv w|slfdoo| qhjdwlyh +ehlqj wkh orj ri
d qxpehu ohvv wkdq 4,1 Khuh wkh orj0olnholkrrg lv joredoo| frqfdyh dqg kdv d xqltxh
pd{lpxp dw 	w6,e1 Frqvhtxhqwo|/ wkh vfruh ixqfwlrq lv srvlwlyh wr wkh ohiw ri wkh

pd{lpxp/ furvvhv }hur dw wkh pd{lpxp dqg ehfrphv qhjdwlyh wr wkh uljkw ri wkh

pd{lpxp1

Lqwxlwlyho|/ wkh suhflvlrq ri 	w6,e ghshqgv rq wkh fxuydwxuh ri wkh orj0olnholkrrg

ixqfwlrq qhdu 	w6,e� Li wkh orj0olnholkrrg lv yhu| fxuyhg ru �vwhhs� durxqg 	w6,ec wkhq

w zloo eh suhflvho| hvwlpdwhg1 Lq wklv fdvh/ zh vd| wkdw zh kdyh d orw ri lqirupdwlrq

derxw w� Rq wkh rwkhu kdqg/ li wkh orj0olnholkrrg lv qrw fxuyhg ru � dw� qhdu 	w6,ec

wkhq w zloo qrw eh suhflvho| hvwlpdwhg1 Dffruglqjo|/ zh vd| wkdw zh gr qrw kdyh pxfk

lqirupdwlrq derxw w�

Wkh h{wuhph fdvh ri d frpsohwho|  dw olnholkrrg lq w lv looxvwudwhg lq �jxuh {{{1

Khuh/ wkh vdpsoh frqwdlqv qr lqirupdwlrq derxw wkh wuxh ydoxh ri w ehfdxvh hyhu|

ydoxh ri w surgxfhv wkh vdph ydoxh ri wkh olnholkrrg ixqfwlrq1 Zkhq wklv kdsshqv zh

vd| wkdw w lv qrw lghqwl�hg1 Irupdoo|/ w lv lghqwl�hg li iru doo w� 9' w2 wkhuh h{lvwv d

vdpsoh  iru zklfk uEw�m � 9' uEw2m �1
Wkh fxuydwxuh ri wkh orj0olnholkrrg lv phdvxuhg e| lwv vhfrqg ghulydwlyh +Khvvldq,

MEwm � ' Y2 *?uEw� �
YwYw

� � Vlqfh wkh Khvvldq lv qhjdwlyh vhpl0gh�qlwh/ wkh lqirupdwlrq lq

wkh vdpsoh derxw w pd| eh phdvxuhg e| �MEwm �� Li w lv d vfdodu wkhq �MEwm � lv

d srvlwlyh qxpehu1 Wkh h{shfwhg dprxqw ri lqirupdwlrq lq wkh vdpsoh derxw wkh

<



sdudphwhu w lv wkh lqirupdwlrq pdwul{ UEwm � ' �.dMEwm �o� Dv zh vkdoo vhh/ wkh
lqirupdwlrq pdwul{ lv gluhfwo| uhodwhg wr wkh suhflvlrq ri wkh poh1

41814 Wkh Fudphu0Udr Orzhu Erxqg

Li zh uhvwulfw rxuvhoyhv wr wkh fodvv ri xqeldvhg hvwlpdwruv +olqhdu dqg qrqolqhdu,
wkhq zh gh�qh wkh ehvw hvwlpdwru dv wkh rqh zlwk wkh vpdoohvw yduldqfh1 Zlwk olqhdu
hvwlpdwruv/ wkh Jdxvv0Pdunry wkhruhp whoov xv wkdw wkh ruglqdu| ohdvw vtxduhv +ROV,
hvwlpdwru lv ehvw +EOXH,1 Zkhq zh h{sdqg wkh fodvv ri hvwlpdwruv wr lqfoxgh olqhdu
dqg qrqolqhdu hvwlpdwruv lw wxuqv rxw wkdw zh fdq hvwdeolvk dq devroxwh orzhu erxqg
rq wkh yduldqfh ri dq| xqeldvhg hvwlpdwru 	w ri w xqghu fhuwdlq frqglwlrqv1 Wkhq li dq
xqeldvhg hvwlpdwru 	w kdv d yduldqfh wkdw lv htxdo wr wkh orzhu erxqg wkhq zh kdyh
irxqg wkh ehvw xqeldvhg hvwlpdwru +EXH,1

Wkhruhp < Fudphu0Udr Lqhtxdolw|

Ohw f�c � � � cf?
eh dq llg vdpsoh zlwk sgi s E%( w�� Ohw 	w eh dq xqeldvhg hvwlpdwru

ri w( l1h1/ .d	wo ' w� Li sE%( w� lv uhjxodu wkhq

�@oE	w� � UEwm%�3�

zkhuh UEwm%� ' �.dMEwm �o ghqrwhv wkh vdpsoh lqirupdwlrq pdwul{1 Khqfh/ wkh
Fudphu0Udr Orzhu Erxqg +FUOE, lv wkh lqyhuvh ri wkh lqirupdwlrq pdwul{1 Li w lv d
yhfwru wkhq �@oEw� � UEwm%�3� phdqv wkdw �@oE	w�� UEwm%� lv srvlwlyh vhpl gh�qlwh1

H{dpsoh 43 Ehuqrxool prgho frqwlqxhg

Wr ghwhuplqh wkh FUOE wkh lqirupdwlrq pdwul{ pxvw eh hydoxdwhg1 Wkh lqiru0

pdwlrq pdwul{ pd| eh frpsxwhg dv

UEwm%� ' �.dMEwm%�o

ru

UEwm%� ' �@oE7Ewm%��

Ixuwkhu/ gxh wr udqgrp vdpsolqj UEwm%� ' ? � UEwm%�� ' ? � �@oE7Ewm%���� Qrz/ xvlqj

wkh fkdlq uxoh lw fdq eh vkrzq wkdw
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Wkh lqirupdwlrq iru dq revhuydwlrq lv wkhq

UEwm%�� ' �.dMEwm%��o '
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wE�� w�
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vlqfh
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Wkh lqirupdwlrq iru dq rehuydwlrq pd| dovr eh frpsxwhg dv
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Wkh lqirupdwlrq iru wkh vdpsoh lv wkhq

UEwm%� ' ? � UEwm%�� '
?

wE�� w�

dqg wkh FUOE lv

�-u� ' UEwm%�3� '
wE�� w�

?

Wklv wkh orzhu erxqg rq wkh yduldqfh ri dq| xqeldvhg hvwlpdwru ri w�

Frqvlghu wkh poh iru w/ 	w6,e ' 7%� Qrz/

.d	w6,eo ' .d7%o ' w

�@oE	w6,e� ' �@oE7%� '
wE�� w�

?

Qrwlfh wkdw wkh poh lv xqeldvhg dqg lwv yduldqfh lv htxdo wr wkh FUOE1 Wkhuhiruh/
	w6,e lv h!flhqw1

Uhpdunv

� Li w ' f ru w ' � wkhq UEwm%� '4 dqg �@oE	w6,e� ' f +zk|B,

� UEwm%� lv vpdoohvw zkhq w ' �

2
�

� Dv ? $ 4c UEwm%� $ 4 vr wkdw �@oE	w6,e� $ f zklfk vxjjhvwv wkdw 	w6,e lv

frqvlvwhqw iru w�
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H{dpsoh 44 Qrupdo prgho frqwlqxhg

Wkh Khvvldq iru dq revhuydwlrq lv
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Wkh lqirupdwlrq pdwul{ iru wkh vdpsoh lv wkhq
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dqg wkh FUOE lv
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5+{l � �,5@�5 lv d fkl0vtxduh udqgrp yduldeoh zlwk rqh ghjuhh ri iuhhgrp1 Wkh h{shfwhg ydoxh

ri d fkl0vtxduh udqgrp yduldeoh lv htxdo wr lwv ghjuhhv ri iuhhgrp1
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Qrwlfh wkdw wkh lqirupdwlrq pdwul{ dqg wkh FUOE duh gldjrqdo pdwulfhv1 Wkh FUOE

iru dq xqeldvhg hvwlpdwru ri > lv j
2

?
dqg wkh FUOE iru dq xqeldvhg hvwlpdwru ri j2
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Wkh pohv iru > dqg j
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vr wkdw 	>
6,e

lv xqeldvhg zkhuhdv 	j
2

6,e
lv eldvhg1 Wklv looxvwudwhv wkh idfw wkdw pohv

duh qrw qhfhvvdulo| xqeldvhg1 Ixuwkhupruh/

�@oE	>
6,e
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?
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dqg vr 	>
6,e

lv h!flhqw1

Wkh poh iru j
2 lv eldvhg dqg vr wkh FUOE uhvxow grhv qrw dsso|1 Frqvlghu wkh

xqeldvhg hvwlpdwru ri j2

r
2
'
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?� �
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E%� � 7%�2

Lv wkh yduldqfh ri r2 htxdo wr wkh FUOEB +Wr eh frqwlqxhg,
Uhpdunv

� Wkh gldjrqdo hohphqwv ri UEwm �$4 dv ?$4

� UEwm � rqo| ghshqgv rq j
2

419 Lqyduldqfh Surshuw| ri Pd{lpxp Olnholkrrg Hvwlpdwruv

Rqh ri wkh dwwudfwlyh ihdwxuhv ri wkh phwkrg ri pd{lpxp olnholkrrg lv lwv lqyduldqfh

wr prqrwrqlf wudqvirupdwlrq ri wkh sdudphwhuv ri wkh orj0olnholkrrg1 Wkdw lv/ li 	w6,e

lv wkh poh ri w dqg k ' �Ew� lv d prqrwrqlf ixqfwlrq ri w wkhq 	k6,e ' �E	w6,e� lv wkh

poh iru k�

H{dpsoh 45 Qrupdo Prgho Frqwlqxhg
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Wkh orj0olnholkrrg lv sdudphwhul}hg lq whupv ri > dqg j
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vd|v wkdw 	j6,e ' E	j26,e�
�*2 '

�
�

?

S?
�'�E%� � 	>

6,e
�2
�
�*2

�

47


