1 Beta as a Measure of Portfolio Risk

Key points:

e Asset specific risk can be diversified away by forming portfolios. What
remains is “portfolio risk”.

e Riskiness of an asset may be judged in a portfolio context



Motivating Example

Consider investing in an equally weighted portfolio with 99 assets

1
xT; = @7 Rgg = portfolio return, 059 — var(Rgg)

Now consider adding a new asset, say IBM, to the portfolio

Rrppr = return on IBM, J%BM = var(RIBM),
099, 1BM = cov(Rgg, Rrppr)

Create a new equally weighted portfolio of 100 assets

R100 = (\99)Rgg + (.01)Rrpas



Portfolio variance (risk)

var(Rigo) = (.99)var(Rgg) + (.01)?var(Rrpa) +
2(.99)(.01)cov(Rgg9, RrBr)

(.98)059 + (:0001)0F 5, + (:02)099 15
(.98)0g + (.02)099 1B

Q



3 Cases

1. Adding IBM does not change the risk of portfolio

2 2
0100 = 999

2. Adding IBM increases portfolio risk

2 2
0100 -~ 799

3. Adding IBM decreases portfolio risk

2 2
0100 < 099



Case 1

2 _ 2

(.98)069 +(.02)o99 1B = 5792)9
= (.02)og9, 150 = (.02)0gg

N 99,12‘BM 1
999
cov(Rgg, Rrpnr) 1
var(Rgg)

= BrBMm,99 =1
Conclusion: if

cov(Rog, Rrpnr) _
var(Rog)

then adding IBM to the portfolio does not change risk (variance) of the port-
folio.

1

BIBM,99 =



Case 2

If O‘%OO > 059 then

BrBm,e9 > 1

and adding IBM to the portfolio increases the risk (variance) of the portfolio.
Case 3

If O‘%OO < 059 then

BrBm,o9 <1
and adding IBM to the portfolio decreases the risk (variance) of the portfolio.



Conclusion: beta measures portfolio risk

Rp = return on any portfolio
R; = return on any asset 7
5, cov(R;, Rp) 0ip
(2% o
var(Rp) o

Conjecture: If Bi p is the appropriate measure of the risk of an asset, then the
asset’s expected return, ;, should depend on 5, ,,. That is

wi = f(Bip)
The Capital Asset Pricing Model (CAPM) formalizes this conjecture.



2 Sharpe’s Single Index Model

where

Assumptions

Ry = o+ B; Ry + €
1,...N:t=1,....T

1

o, [; are constant over time
Ry = return on market index portfolio
g;+ = random error term

COV(RMt, 5it) =0
cov(e;s,€4¢) = 0 forall i # 3, t and s
eit ~ iid N(0,02;)

Ryry ~ iid N(ups, 0%)



Intuition:

git = Ryt — a; — B; Ry

e Return on market index, R4, captures common “market-wide” news.

e (3, measures sensitivity to “market-wide” news

e Random error term e;; captures “firm specific’ news unrelated to market-

wide news.

e Returns are correlated only through their exposures to common “market-

wide” news captured by ;.



Remark: CER model is a special case of Single Index (SI) Model where 3, = 0
forallt =1,..., N. In this case, o; = E[R;] = 1;



2.1 Statistical Properties of the S| Model

o u; = B[R] = o + By
o 02 =var(Ry) = B%a%/_, + ag,i

i =

o 0;j = cov(Rjt, Rjt) = 03,88,



Derivations:

var(R;;) = var(ay + B; Ryt + €it)
= Bivar(Ryy) + var(e;r)
= Biofr+ o2,

where

5220%4 — variance due to market news

oy variance due to non-market news
)



Next

oij = cov(Ryt, Rjt)
= COV(O&L' -+ BiRMt + Eity a4 + BjRMt + 5jt)
= cov(B;Rast, B;Rurt) + cov(B; Rast, €t)
—|—cov(ﬁjRMt, eit) + cov(eg, 5jt)
= B;Bcov(Ryt, Base)
= o8B,



Implications:

e 0;; =0if5,=00rp5;,=0 (asset i or asset j do not respond to market
news)

e g;; >0if Bi,ﬁj > 0 or 3;, Bj < 0 (asset i and j respond to market news
in the same direction)

e 0;; <0if 8; >0and B; <Oorif 3, <0and fB; >0 (asset i and ]
respond to market news in opposite direction)



2.1.1 Interpretation of 3;

_cov(Ry, Rppe) o
i = -2
var(Rt) oM

B, captures the contribution of asset ¢ to the variance/risk of the market index.

Derivation:

cov(R;t, Rpye) = cov(a; + B; Rt + ity Rast)
= cov(B;Rpres Rare)

= Byvar(Ryyt)
cov(R;t, Ryre)

var(Rp¢)

= B, =



2.1.2 Decomposition of Total Risk

2 2 2 2
o, = Var(Rit) = B’L O\ -+ 0-6,’1:

total risk = market risk - non-market risk

Divide both sides by O',LZ

2 2
Bz' 0'%\4 Oci

1 = +
of 0}
— R?+1- R?
where
2.2
3o
R,% = bi 2M — proportion of market risk

g,

1— RL2 — proportion of non-market risk



Sharpe’'s Rule of Thumb: A typical stock has R? = 30%; i.e., proportion of
market risk in typical stock is 30% of total risk.



2.1.3 Return Covariance Matrix

3 asset example
Rit = o+ PRy +ei, 1=1,2,3
o2 var(R;:) = B,LZO'%W + agﬂ-
2
oij = cov(R, Rjt) = 09788



Covariance matrix

[ 01 o1 013
Y = 012 O'% 093
\0'13 023 O-%

(ﬁ JM+‘751 04,8182 0M5153 )
3

2 2 2
— UM5152 B2O-M + Oc2 0]\45253

\ 055183 0918283 530M+%
2

, B2 B1B2 B1B3 0c1 0
= o3| B1Bo B3 BoB3 | +| O 03,2 0
B1B3 BaB3 B3 0 0 o2

3



Simplification using matrix algebra

2
b1 Te,1 (2) 0
,8: 52 , = O 0'872 O
B3 0 0 o023
Then
S =0y BB '+ D
(3x3) (3x1)(1x3)  (3%3)
where
a%w . B8’ = covariance due to market

D = asset specific variances



2.2 S| Model and Portfolios

2 asset example

Tr1 + X2

a1+ B1Rye +e1e
ap + BoRpse + €2t
share invested in asset 1

share invested in asset 2
1



Portfolio return

where

Rp,t

r1R1t + x2 Ry

r1(aq + B1Rart + €1¢)

+x2(a2 + BoRprs + €2t)

(T101 + 2002) + (181 + 2282) Ry
+ (w181t + T2E21)

ap + BpRyre + €pit

ap = X107 + T2
161 + 2285
T1€1t + T2ED¢
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2.2.1 S| Model with Large Portfolios

i = 1,...,N assets (e.g. N =500)



Portfolio return

N
Ryt = Y xRy
i=1
N
= > zi(o; + B;Rppt + €it)
i=1

N
= Z T;0 + (
=1

1 N 1 N 1 N
v ) oy g

= a+ BRyp + &

1

N N
xiBi | Ry + ) wicit
—1 i—1



where

Result: For large N,

because ;4 ~ iid N(O, 0F ;)
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Implications

In a large well diversified portfolio, the following results hold:
o Ryt~ a-+ BRys : all non-market risk is diversified away

o var(Rpt) = Bzvar(RMt) : Magnitude of portfolio risk is proportional to
market risk. Magnitude of portfolio risk is determined by portfolio beta /3

o R?2

5~ 1 : Approximately 100% of portfolio risk is due to market risk



